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BIOGRAPHICAL NOTE

S Isaac Newrton 1647-1727

 was bom at Woolsthorpe Lincoln
m Clyitmas D y 16%.. His father 2
«mall {armer died 8 few mo ths before hus
turth, and when m 164 his mother married
the rector of \orth Witham Newton was left
wath hus maternsl grandmotbe at Wools-
thorpe Aft having scqu red the rudiments
of educat on at small schools close by Newton
wascent ¢the soe of twelve?t the grammar
shool at Grontham where he hived 10 the

tasteand ptitudefo mechamealeo triv nees
be made windmill. w ter-clocks Jates, 2 d
sundnls apd b 13 smd t have in ented a
{ ur wheel carnage which was to be moved by
thend

Afte th desthof h  second husband m
166 Newto mothe returned t Wools-
th rpeandrem  ed hereldes sonfrom  hool
20 that b mught prepare tumself to manage
the farm. But t was soon evide tth:thmﬁ-

an

boys wh perf rmed memal services in retum
fo thewr expenses. Although there1sn record
I'bis formal progressas  stud ¢ \ewton
Tt ha  resd midely 1 matt mates
d mechsnes. His first reading at Cambnidge
wisinth ptealw ks fheple H turned
10 Eu 111 because he was both red by bus 1n
blity to comprehend certun diaerams o a
astrology he tad bo ght t & far
finding ts proposits ns selfe de t h ptit
ande as o tnflmg book, until tus teache
Issse Barrow md ced bum to take up the book
azun It ppears to have been the study f
Geom try which mspired tum to d
onginal math mat cal work. I a mall com
monplace book k pt by Newt n as o under
er3duste there rese ersd 1t leso a ular
et s and the squanng { curves eev ral
caleulstions bout musieat notes, geometrieal

Bems from Viets and Van Schooten an
rx?un nsout of Wallis Arthmetic of Infmbies
tomether with observat ons on _r'efm\ on on

{aking the Bachelor’s degree 10 lvuo tuat
\ewton discovered the b omial theorem and
msde the Erst notes on lus dsco ery of the

shire where he co ducted experunents 2 0p-
trcs and chemustry and contioued his mathe
matieal speculat ons From this forced retire-

same tume hus w rk on optics fed to bus expla
nation of the composit: 0 of white ight Of the
%k he accomplizhed 1n these years Newton
lste remarked Al this was 1n the two years
£1060 and 1606 fo i those years I was in
the prime of roy age for1n e t on and ounded
M th matics and Philosophy more than at
any t me since
On the re-opening of Trimity College in 1667
\ewton was elected a f llow and two years
later alttl bel rehis twenty-seventh birth
dsy he was appomnted Lu asian profeso of
moath maties succeeding hus fniend and teache
er Dr Barrow Newton hsd already built a
reflecting telescope 1n 1668 the second tele-
scope of Iuima!ung he prece:ted to the Royal

tom 1e Hooke Lucss Linus a d others

N\ 1o who alw yz found cont;
te teful p e ¥

qui t to run afte a shadow His papers on.



ES Brograrnicar Note

aptics the most impartant af wh b« -

wa Lot inat Newton began to
think of malung known his work on gravity
Hooke Haltey and Sir Chnstopher W ren had
mdependently come to some notton of the law
of gravity but were not having any success in
explanmg the orbits of the planets Tn that
year Halley consulted Neswton on 41 a
and was as
solvedit M
rems and s¢ u provwems which proved to be
the nucleus of fus major work In some seven
teen or eighteen months duning 1685 and 1686
he wrote i Latin the Mathemoticol Principles
of Xatural Phulosophy Newton thought for
some time of suppressing the third book and
1t was only Halley s 1nsistence that preserved
1t Halley also took upon himself the cost of
publishing the work 1n 1687 after the Royal
Society proved unable to mest its cost The
book caused great excitement throughout Eu
rope and in 1689 Huygens at that time the
most famous scientist came to Ingland to
make the pers n 1~

hac
um
ten
alle,, utie and supremacy at the umsersity
Newton was elected parhamentary member for
Cambr ton @
suffer
fum fi
sdera
worke
sty tc
frend

o wia tx Nom

1696 he solyed overmight a probl m o7
» -

3 w 11 ieet the pulse of the En
iish analysts  He was much occupled to s
own distres. with teo mathematical contro-
versies one regarding the astronomical obser
vations of the astronomer royal and the other
with Leibnits regarding the msention of eal
culus He also worked on revisions for a second
edition of the Principles which appeared m
1713

Newton s screntific work brou,ht him great
fame He was a popular viatar at the Cont
and was kmghted 1n 1700 Many honors eame
to hum from the content he was . corre~
spondence with all the leading men of seience
and visitars became so frequent as to prote s
senons discomfort Despite ns fame Newton
mamntamed his modesty Shortly before hs
death he remarhed I do not know what [
may appear to the world but to m=1f 1
seem '
the se
then { v
shell tusn ordinary whilst the great n f
t

t

£ u un.ad begun to study the proph
ectes In that year he wrote m the form of 8
letter to Locke an Hastorical Account of Tiro
Aotahl Orrr » =

¢ » w ypse and other works of exege 1§

After 17.o Nerton s health was much 1m
pared and his duties at the Mint were dis-
charged by a deputy In February 179/ he
presided for the last time at the Royal Soctety
of nhich he had been president since 1,03 and
died on March °0 1727 1n hs ewghty fifth
year He was burted in Westminster Abbey
after ly1ng 1n state m the Jerusalem Chamber
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PREFACE TO THE FIRST EDITION

f me-
told by Pappus) esteemed the scienee o
P mef mm:];st (:;:;:X:ceom nfe investigation of natural things nl:dd
Chnn:cs u__gril ot & ubstantial forms and occult quahities, have endeas o

4m Awsamar 1 IWBIG u p R

1
or
4 with perfect accuracy he would be the most pertect meciuu o1 du
‘t‘gdacnphon of nght Lines and eircles upon which geometry 15 founded be-
lon~s to mechames Geometry does not teach us to dra\\h th::;‘«:‘:hx:v?; l:ut r:;
— -t 14 fire

that geometry 15 commonly referred to therr magmtude and mechames to
the motion In this <ense rational mechames will be the science of motions
result ng from any forces whatsoever and of the forces required to produce
any motions accurately proposed and demonstrated This part of mechanies
as far a1t extended to the five po ers which relate to manual arts was cul
tivated by the ancients who considered gravity (it not being a manual power)
n?‘ other: 1ce than in movin,, ey hts by those powers But I eonstder philoso-
- - — -

therefore I offer this work as the math 1 les of ph phy forthe
whote burden of philosophy <eems to cons.t n this—from the phenomena of
motions to investigate the forces of nature and then from these forces to dem

oostrate the other phenomens and to thus end the general propesitions mn the
firt and second book ared rectad T #h hedbh 1 Toe -

1
1



2 MaTHEMATICAL PRINCIPLES
the several planets Then from these forees hv ntha - -
3 _

ol A
¢
1 o = w4 wa puncples tor I am induced by
many reasons to suspect that they may all depend upon certam forces by
which the particles of bodies by some causes hitherto unknown are erther
mutually mmpelled towards one another and cohere 1n regular figures or are
repelled and recede from one another These forces bemng unknown philo-
sophers have hutherto attempted the search of Nature mn vain but I hope
the prineiples here laid down will afford some light exther to this or some truer
method of phalosophy

In the pubhication of this work the mn +
Ldmund Halley not only assisted 1 |

n en rne +h

-1

o wu uunuy pressed me to communieate the
same {o the Royal Scetety who afternards by thew bind encouragement and
entreaties engaged me to think of pubhshing them But after 1 had begun to
constder the mequahties of the lunar motions and had entered upon some
other things relating to the laws and meastres of gravity and other forces and
the figures that would be desenbed by bodies attracted according to gven
lavs and the moton of seve Thatn — -
of bodies 1n resisting medium
the orbits of the comets anc
made a search into those mau ws anu couid put forth the whole together
‘What relates to the lunar motions (bemng unperfect) Ihave put all together in
the corollaries of Prop 66 to avoid bemng obliged to propose and distinctly
demonstrate the several things there contained 1n a method more prolix than
the subject deserved and interrupt the senes of the other proposttions Some
things found ous after the rest I chose to msert in places less smitable rather
than change th~ number of the propositions and the citations I heartily beg
that what I have here done may be read with forbearance and that my labors
m a subject so difficult may be examined not so much with the view to censure
as to remedy therr defects

Is Nrwrov

Cambridge Trimity College Afay 8 1686

PREFACE TO THL SECOND LDITION

n Lpdutd dnd contirmed by new expertments

w owu )
In the thurd book the lunar theory and the precession of the equinoxes were

more fully deduced from thewr pr les and the theory of the comets was




-

Prerace 3
firmed by more fes of the ealculation of their ortats done also with
greater accuracy

London Varch 28 1713

Is NewTov

PREFACE TO THE THIRD EDITION

~- hm  hcare by Henry Pemberton M D a
things 1n the second book on

there are added new

» of the diameters of

d on the comet which

appeared 1 the year 1650 made m Germany w wonth of November by
Mr Kirk which havelately come to my hands. By the belp of these1t becomes
upp:uent how nearly parabolic orbits represent the motions of comets The
mt  d teruned somewhat more accurately than before by

by \ir Bradley Profes.or of Astronomy at Uxtord
Is Newro
London Jan 1 1 206 *? N



2 MATREMATICAL PRINCIPLES

the several planets Then from these forces by other propositions which are
also mathematical I deduce the motions of the planets the comets the moon
and the sea I wish we could denve the rest of the phenomena of Nature by
the same kind of reasoning from mechaneal prineiples for I am mduced by
many reasons to suspect that they may all depend upon certain forees by
which the particles of bodies by some causes hitherto unknown are either
mutually impelled towards one another and cohere 1n regular figures or are
repelled and recede from one another These forces being unhnown philo-
sophers have utherto attempted the search of Nature m vain but I hope
the pninetples here laid down will afford some hight erther to this or some truer
method of philosophy

In the publication of this work the most acute and umversally learned Mr
Ldmund Halley not only assisted me 1n correcting the errors of the press and

o
same to the Royal Society who afterwards by their hind encouragement and
entreaties engaged me to think of publishing them But after I had begun to
consider the inequahties of the lunar motions and had entered upon some
other things relating to the laws and measures of gravity and other forces and
the figures that would be described by bodies attracted according to given
Jaws and the motion of several bodies moving among themselves the motion
of bodies m resist d the forces densities and motions of mediums

the orbits of the comets and such hhke I deferred that publication till I had
made 2 search mto those matters and could put forth the whole together

‘What relates to the lunar motions (being mmperfect) I have put all togetherin
the corollares of Prop 66 to avoid being obliged to propose and distinetly
demonstrate the several things there contained in 2 method more prolix than
the subject deserved and nterrupt the sceries of the other propositions Some
things found out after the rest I chose tonsert in places less smtable rather
than change th~ number of the propositions and the eitations I heartily beg
that what I have here done may be read with forbearance and that my labors
1n a subject so difficult may be examined not so much with the view to censure

as to remedy their defects

Is Nowron
Cambnidge Trmty College May 8 1686

PREFACE TO THL SECOND EDITION

In ths second edition of the Principia there are many emendations and some
additions In the second section of the first book the deternination of forces
by which bodies may be made to revolve in given orbits 18 1llustrated and en
larged In the scventh section of the second book the theory of the resistances
of flnds was more accurately investigated and confirmed by new expenments
Tn the third book the lunar theory and the precession of the equinoxes were
more fully deduced from their principles and the theory of the comets was



DEFINITIONS

DEFINITION 1

™ £ wi.er 18 the mecsure of e eme mngfm:lsdmrjcd
¢ 1

¥ of
atope spare <EXILP € Ll yuws

o 2 r< that are eonden:ed LV L e ue-
a«:ﬁ gx:%cg[d:ﬁ t:)di; that are by anv causes whatever diferenthy con-
demsed. 1have roresard mnthr pla:etuamedxum,dam‘wththaeb tha
freely pervades the 1n evtices between the parts of bodi= It 1o th qus;u;v
tha 1 mesn hereafter evervwhee under th pume of bodv 0 mass An l‘\ e
aree 18 known by the wesght of esch body fo 2t proportional to the we ht

s lbavefound b expeniments o pendutum. very securs elv made which
shall be hovn berealter

DEFINITION TT
The quantity of rotion 15 Lt me_ture of the gome crivrg from he relocaty end
que 4 gof metterco jo g
Th rmoaon of the who 1. the sum of the motiozs of all the parts and theve-

fore 1 a body double 1 quant v W hequ.d veloaty the motion 13 ouble
with twre th veloar ¥ 1t ke gusdruple

DEFINITION ITY

The v18 1msuta, or 1 nee force of mawsr 116 pover of reastiry by whuch aery
tol) eamuehest ttle eomtrur ntspresen.siue vheferilbe of ree o-of
ront g u tformly forvevdst en b line

foree 15> alwayvs proportional to the body whose foree 2t 15 nd &ifers
£g kg from the mctivity of the mass but i our msacer of coneetvin, 1 A
bod  from the wert pature of matter 1spo without difSeul v pat out of uts
€t eof re=t o~ motion. Lpon whach 2eeouat tho nssnatamay bramos =,
wican noxe be ealled mertis (mr 1rerfiz) o force of martmty But s body
ool exerts thus force when snother fote tmpressed ypon t endeaves to
chane 1.5 cond.tion. a.d the exercue of ths force mav be concidered as both
resttance and impule 1 18 Tesice g0 far as the bodv fo muntamogit.
Presen #*3 e opposes the foree immpressed 1 »mpolmso o s thebody by
Eo eadly mmng way to the impressed foree of wnother endesvors to changs

the state of thet other Resstance 1s tcuallv seribed to boes at rect ond 1me
pubetothosenmot on but motion

zad ret 3. commonly eoncerved, are onlv
relaavele dstinzished nor are those bodies sy
rela el ohed o vs rolv at rest which com-

5






7
DEFINTIIONS
e whea nor could the moon without

1 - ¢ Y
- et e T
ven veloaty
s of agiven
mav be made to deviate HOW o s o

im':'l'ciem quantity of any centnpetsl force may be conuidered as of three ands
shsolute sccelerative and motnne
DEFINITION V1

The absolute quantily of & centrypetal force 18 the measure of the same propertional

to the eficacy of the cause that propagales from the centre through the spaces
ro.nd about

Thus the maznetic force 1s greater 1n one 1oadstone and less in another ac-
cordmg to their suzes and strength of intenaty
DEFINITION VIE

The acceleratice quant 1 of a centripetal force 15 the measure of the same propor
tional to the relocity which 1t generales 1n @ given fime
.

W f e fhe <ame loadstone s greater at aless distance and lessat

~noad ng
ces
b
ac
DEFINITION VHI
-
3
sort of Quantity 1> the centnpetency oOf propension 0 Lie v 2u € gy

wad
the centre or asImsy sav its wer ht anditis alnays known by the quantity
of an equal and contrary foree Just sufficient to hunder the de<cent of the body
These quantities of forces wemay for the sake of brevity callby the names
of moive accelerati ¢ and absolute forces and for the sake of di tinction
consider them with respect to the bodies that tend to the centre to the places
of those bodies and to the centre of foree towards which they tend that ts to
83\ I refer the motuve force to the body as an endeavor and propensity of the
whole towards a centre an.in,, from the propenzities of the several parts taken
ro- AF



6 MATHEMATICAL PRINCIPLES

DLTINITION 1V

An umpressed force 15 an action ezerled upon a body 1n order lo change 1s state
euther of rest or of uniform motion in a right line

‘This force consists in the actton only and remains no longer n the body
when the action 15 over Tor a2 body maintains every new state 1t acquires by
ats mertia only But impressed forces are of different origins as from percus
sion from pressure from centnpetal force

DETINITION V

A centripetal force 15 that by which bodues are drawn or umpelled or any way tend
towards o pownt as {6 o centre

Of this sort 1s gravity by which bodses tend to the centre of the earth mag
netism by which iron tends to the loadstone and that foree whatever it 18
by which the planets are continually drawn aside from theve ¢ 1nn ~

W -

LAl

1
force asit
away Tha

1 w v ay vl wiuch restrains them to and detams
them 1n therr orbits which I therefore call centripetal would fiy off 1n nght
lines with an umform motion A projectile 1f 1t was not for the force of gravity
would not deviate towards the earth but would go off from 1t 1 & nght Ime

and that with an umform motion 1f the resistance of the air was taken avay

It1s by 1its gravity that it 1s drawn aside continually from its rectilinear course

and made to deviate towards the carth more or less according to the foree of
its gravaty and the velocity of 1ts motion The less its gravity 1s or the quan

tity of 1ts matter or the greater the velocity with which 1t 1s projected the less
will 1t deviate from a rectilincar course and the farther 1t will go If a leaden
ball projected from the tan nf o~ -

given

Iine to
resista.. - © axel away wWith a double or decuple veloaity would

fly twice or ten times as far And by mereasing the veloaty wemay at pleasure
ncrease the distance to whach 1t mght be projected and s n

ture of the hine which 1t might desenbe

of 10 30 or 90 degrees or even mught gc

falls orlastly so that it might never fall Lo the earth but go forwards into the
celestial spaces and proceed 1n 1ts motion 2 wnfinitum  And after the same
manner that a projectile by the force of gravity may be made to revolse in an
orbit ond go round the whole earth the moon also either by the force of
gravity 1f 1t 18 endued with gravity or by any other force that mmpels it to-
wards the earth may be continually drasn aside towards the earth out of the
rectilmear way which by 1ts innate force 1t would pursue and would be made



9
TrrINIIIoNs

to the

on nor

sequal

W Pou

cnehes

h the sum

out of tts

the translations of the parts out of
e whole1s the same as the umof tle
T hal hody
ice
oto

t of
oy
the

eal

1ov

1

5 las
fthe

Jace
buw aves
e partly from the true mo-
f m the relative motions as

partly from the relative motion of thestpont ¢
alo relatively in the shap ats true mo!.mnI will an

3
carnied to vards the west with a velooity expressea by oot tnose pat o a

53 Jor walks1n the shap tonards the eat with 1 part of the sud velooaty then
the ailor mill be moved truly 1 immorable space tonards the east vitha
yelooty of 10001 parts anl relatnely on the earth towards the y est mith a
veloe ty of 9 of tho e parts

Absolute time 1 astronomy 18 distingut hed from relatnie by the equaticn
or correction of the apparent time For the natural day  are truly unequal

[P



8 MaTnEMATICAL PrincrrLEs

of the magnetic force or the earth in the centre of the rravt + ng foree) or
b ! ve & mathe-

causes and

Wherefore the aceelerativeforcewall stand i the samawat + an v

wwuy uasamt quantity of matter Tor the sum of the

-
actions of the M 15 the
moti e forc where
tha '

¢ « w o ulid wnays be as the product of the body by the ac
celerative gravity So in those regions where the accelerative gravity 1s d
minished into one-half the weight of a body two or three times less wall be four
or s1x times less

mot

1

1, ~ v ulus i anywnere take upon me to define the kind or
the manner of any action the causes or the physical reason thereof or that I
attribute forces 1n a true and phy sical sense to certain centres (which are only
mathematical ponts) when at any time I happen to speak of centres as at-
tracting or as endued with attractive poners

Scrrortust

Hitherto I have laid down the defimitions of such words as are less known
and expluned the sense 1n which I would have them to be understood 1n the
following discourse 1 do not define time space place and motion as bemg
well known to all Only I must observe that the cornmon people concetve tho e
quantities under no other notions but from the relation they bear to sensible
objccts And thence anse certam prejudices for the removing of which 1t will
be cony enient to distinguwish them into absolute and relative trzeand nn we-

“ uwu v lu Uve dpparent and common trme 18 some sensible and
external (whether accurate or unequable) measure of duration by the means of
motion which 13 commeonly used wstead of true trme such as an hour a day
a month a year

bous Ul Nea 1L O LG ALsUIULE spaces which our senses determune by 1ts pow
tion to bodies and which 1s commonly taken for immosable space  such 13 the
dimenston of a subterrancous an acrial or celestial space determined by 1ts
position 1n respect of the earth Absolute and rclative space are the same 1n
figure and magmtude but they do not reman always numerteally the same



DerxrmoNs n
~ ~e nmotion are po other than parts of
' -

CODE L0 s naren
i;d;‘m;!“t:‘;ls:ﬁor Wherefore entire and ab-olute motions cant e tdy
wree determined than by immorsble place and for that reason 1 did before
refer those absolote moton. to ummovable places, but relative ones 12 mov
sble places. ow no other places are ymovsble but these that from infimty
tomfmty doall retaun the same gven pesition one to another and upen this
secount mmust ever remun uzmoved and do thereby con ntute immovable

tps';;e canses by which true snd relative mo ons are dr tingurhed ane from
he other are the forces impresed upoa bodies to geperate motion. ‘Troe mo-
tion 1. perther geersted nor altered but by <ome force 1mpressed upon the
bodv moved but relative motion msv be generated or altered without any
forve rapressed upon the bodv Foraty «uffinent onlv to impress <ame force
on other bodses with which the formers compared that by thetr pving wav
that relstion mav be chaneed 10 which the relative re<t or motton of thy. other
bodv did eonst. Agun true motan =uffers alwavs some change from anv
force tmpresced upon the movia= body but relstive motion does not pecessanly
undervoapy thange by <uch forces. Forif the same forces are hhewise impressed
©n those other bodies, with which the companson 1 made that the relative
posttion rosv be preserved then that condition will be preserved wm which the
relative mobion conasts 4nd therefore anv relative mobion mav be chaneed
when the true moaon remarn unsitered ard the relative may be preserved
when the true suffers <ome ¢han~e_Thus, true motion by no mean conat.1n
<uch relations.

The effects which ditingui h abeolute from relative motion are the forees
of recedin,, from the ax:. of arcular motion. For there ure no <uch forces m a
ureudar moaon purely relstive but 1n a true and abeolute arcular motion
then are gren ey or Jess acrordine to the guant tv of the mooon. 1§ a vessel
bue, by alon, eord, 1. <0 often turned about that the cord . troniv twi. ed,
then f.led math water and held at rest toretber with the water thereupon, by
the <udden action of another force 1t 1> whirled about the contrary wav and
while the cord 15 untwitin,, itself the vessel continues for <ome time 1 ths
moaon the surface of the wat rwll at first be plain, asbefore the vescel began

conesve fzure (a8 1 have expenenced) and the <wifter the motion becoms
lb: tigber will the water nse 83l at last performing st. revolution. in the ‘m::se
L-h_?s with the vessel, t becomes relativelv at rest imt. This secent of the water
bu:;s its endeavor to recede from the ax of 1ts motion and the frue and
:vh\x te arcylar n;’o:)cm of the water which 2 bere derectly eantrary to the
e
e mm“hu“ mo:‘wn, and msv be measured by tlus endeavor At firet

€Cace nor any ascent towards the wides of the vessel but remained
surface and therefore its true qrculsr mohon had not yet begun. Bo‘fna al;?e?
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necessity of thisequation for detemmiming the times of a phenomenon 13evinced
as well from the expeniments of the pendulum clock as by eclipses of the <atel
Iites of Jupiter

As the order of the parts of time 1s immutable so also 1s the order of the
parts of space Suppose those parts ta he ma ¥~
will be moved (if the ¢ i
and spaces are as it we
All things are placed n « v u wsslon and 1o space 28 to order
of situation It 1s from their essence or nature that they are places and that the
primary places of things should be motable 1s absurd These are therefore the
absolute places and translations out of those places are the only absolute
motions

But because the parts of space cannot be scen or distingmshed from one
another by our senses thercfore 1n therr stead we use sensible measures of
them Yor from the positions and distances of things from any body considered
as immovable we define all places and then with respect to such places we
estimate all motions considering bodies as transferred from some of those
places nto others And so 1nstead of absol ta nl » -

Al

1
€

oft
res ” vu anvur And therefore asit s possble

that 1n the remote regrons of the fived stars or perhaps far beyond them there
may be some body absolutely at rest but mpossible to know from the position
of bodtes to one another in our regions whether any of these do heep the same
posttion to that remote body 1t follow s that absolute rest cannot be determined
from the position of bodtes 1n our regions

It 15 a property of motion that the parts which retan given positions to
therr wholes do partake of the motions of those wholes Tor all the parts of
revolving bodies endear or to recede from the axs of motion and the impetus
of bodtes moving fornards an es from the jomnt impetus of all the parts There-
fore 1f surrounding bodies are moved those that are relatively at rest within
them will partake of therr motion Upon which account the true and absolute
motion of a body cannot be determined by the translation of 1t from those
which only scem to rest for the external bodies ought not only to appear at
rest but to be really at rest Tor otherwise all mcluded bodies besides their
translation from near the surrounding ones partahe likewzse of their true mo-
tions and though that translation were not made they would not be really at
rest but only scem to be so For the surrounding bodies stand m the bike relg
t1on to the surrounded as the extertor part of a whole does to the intenor or as
the shell does to the hernel butif the shell moves the hernel wall also move as
beng part of the whole without any remot al from near the shell

A property near alin to the preceding 1s this that if » place 1s maved
whateser 1s placed therein moves along with it and therefore a body which1s
moved from a place :n motion partakes also of the motion of its place Upon
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now the determmation of their motions. And thus we mught find both the
qusntity and the determination of thus eircular motion even in an 1mmense
vacuum where there was nothing external or sensible with whch the globes
could be campared But mon af in that pace ome remote bodies were placed
that kept always a gnen position one to another as the fixed stars do 1n our
region. we could not mndeed deterrmee from the relative translation of the
globes among those bodies whether the motion did belong to the globes or to
the bodies. But of ne observed the cord and found that its ten ron was that
very tension which the motions of the globes required we might conclude the
motion to be in the globes and the bodies to be at rest and then lastly from
the tran Istion of the globes among the bodies we should find the determu

nstion of therr motion. But ho v we are to obtain the true motions from thewr
causes effect. and apparent cifferences and the comerse hall be expluned
more at large 1n the following trestise For to this end 1t was that T composed st
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wards when the relative motion of the wate = 11

towards the sides of the vessel proved its e

this endeavor showed the real errcular mot

g tillit had aen o3

m the ve

of the » wou DL Lan true errcular motion be
defined by such translation There 1s onlv ana ¥

“ » gy perhaps partahe of that one only
true motion And therefore mn their svstpm 1hn -

~ -

v
t v vuu ts Liuly at rest) and bemng carried
together with their heavens partake of their motions and as parts of revolving
wholes endeaver to recede from the aws of their motions

Wherefore relatiy e quantities ave not the quantities them.elves whose names
they bear but tho e scnsible measures of them {e th
wht
if th
time ¢ stuie) measures are properly to be
understood and the expression will be unusual and purely mathematical if
the measured quantities themselves are meant On this account those violate
the accuracy of language which ought to be kept precise who interpret these
words for the measured quantities Nor do those less defile the punty of math
ematical and phuilosophical truths who confound real quantities with therr
relations and sensible measures

It 15 indeed a matter of great difficulty to discover and effcetually to dis
tinguish the true motions of partieular bodies from the apparent because the
parts of that immovable space n which those motions are performed do by no
means come under the obsery ition of our senses Yet the thingis not altogether
desperate for we have some arguments to guide us partly from the apparent
motions which are the differences of the true motions partly from the forces
which are the causes and effects of the true motions Forinstance if two globes
kept at a grven dxstunce one from the other by means of & cord th + ~n—
them mare a ot
tenstor

of ther
crrenlal s wu  1uttes snould be impressed ot once on

the alternate faces of the globcs to augment or dimmsh their circular motions
from the mcrease or decrease of the tension of the cord we might infer the
mcrcment or decrement of therr motions and thence would be four 1 rn what

mght
those

being
| - wsau tu sugutilly L opposite ones that precede we should hkewise
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-t motions And thusve mght find both the
. m w

hwe g those bodies whether Ll 1t “a
A

» >
%+ tension was that
ght conclude the

hen lastly from

ind the determ:
\otrons from their
1all be explamed

nat 1 composedit



AXIOMS, OR LAWS OF MOTION

LAW I

Every body continues 1n 1{s state of rest or of unform motion 1n @ right hine unless
1t 25 compelled to change that state by forces vmpressed upon

Projectales continue 1n their motions so far as they are not retarded by tha
resistance of the mr nr mnalt 1 2
whose parts by th
tions does not ce U 1wise tiian as 1t 18 retarded by the arr
The greater bodies of the plnnets and comets mecting with less resistance n
freer spaces preserve their motions both progresstve and errcular for a much
longer time

LAW II

The change of molzon 1s proportional to the motue force smpressed and 1s made 1n
the direction of the right line 1n which that force ts impressed

If any force generates a motion s double force will generate double the mo-
tion a tnple force trple the motion whether that force be impressed alto-
gether and at once or gradually and successively And this motion (beng al
ways directed the same way with the generating force) 1f the body moved be-
fare 1s added to or subtracted from the former motion accordmg as they
directly conspire with or are directly contrary to each other or obliquely
jowed when they are oblique so as to produce a new motion compounded from
the determination of both

LAW IIT
Toetery net an bo~
tuo bodie
Whate alv 138 as much drawn or pressed by that

other If you pressa stone with your finger the finger 18 also pressed by the
stone If o horse draws a stone tied to o rope the horse (if I may sosay) wil
be equally drawn bach towards the stone for the distended rope by the same
endeny or to relax or unbend itself will draw the horse as much towards the
stone as 1t docs the stone towards the horse and will obstruct the progress of
the one as much as 1t advances that of the other If & body impinge upon
another and by its force ch:mge the motion of the other that body also (i~

cause of th an
itso

arce

bodi

aree o g L u LU alipts ol tneyelocities made towards contrary parts
are mversely proportlozml tothe bodies This law tahes place alsoin attractions

as will be proved m ke next Scholum
14
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COROLLARY 1

«~ 4 anl fovaral

alely

ce A

N\ m

saral
lelooTam ABUL DELULY  u axn forces
acting torether 1t will i the same time be carned
1o the diaponal from A to D For ince the force
N scts tn the direction of the ke AC parallel to
BD this force (by the cecond Larw) will not st all

c D Llter the velonty generated by the other force M
by which the body 18 carned towards the lme BD The body therefore will
amnve at the lne BD 1n the same time whether the force N be impressed or
not snd therefore at the end of that time 1t will be found omevnhere 1n the
hne BD By the same argument at the end of the ame tume 1t wall be found
comewhere 1n the ine CD Therefore 1t il be found 1 the point D where

both hines meet But 1t will move 1 8 nght hine from A to D by Law 1.

COROLLARY ¥

And hence 1s explained the composition of any one direct Jorce AD outof any two
obl que forces AC and CD end on the contrary the recolulion of any one direct
Jforee AD wnto two obhque forces AC and CD which composttion and resolution are

D of the cords be fixed to the plane of the
wheel or not the weights will have the same

H

effect whether they are suspended from the M

pomts b and L or from D and L Let the o N
whole force of the wei ht A be represented by B L
the lne AD and let 1t be resolved 1nto the

forces AC and CD of which the force AC °
drawin,, the radis OD durectly from the
centre will have noeffect tomove the wheel

G
but the other foree DC drawing the rads Q
DO perpendicularly will have the same effect
as1f 1t drew perpendicularly the radws OL < © e
equal to OD that 1s 1t will have the same A g

effect as the weight P of

P A=DC DA
but because the tnangles ADC and DO are sumilar

C DA=Oh OD=0Ok OL.
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Therefore
P A=radwsQL vd N7
Agth o o 1
me
the — 3 tauo 1ts force to move the

whees Wit be s0 much greater

If the weight p="P 15 partly suspended by the cord Np partly sustamed by
the oblique plane pG draw pH NH the former perpendicular to the honzon
the latter to the plane pG and if the force of the weight p tending downwards
15 Tepresented by the hine pH 1t may be resolved 1nto the forces pN HN If
there was any plane pQ perpendicular to the cord pN cutting the ather plane
pG m « line paralle] to the honzon and the weight p was supported only by
those planes pQ pG 1t would press those planes perpendrcularly wath the
forces pN HN towit the plane pQ with the force pN and the plane pG wath
the force HN' And therefore if the plane pQwas tahen anay so that the weight
rught stretch the cord because the cord now ng the weight lied
the place of the plane that was removed 1t would be strained by the same force
PN which pressed upon the plane before Therefore the

tenston of pN  tension of PN =hne pN hne pH

Therefore if p1stoAmn aratio whichs the product of the nverse ratio of the
least distances of their cords pN and AM from the centre of the wheel and of
the ratio pH to pN then the weights p and A will have the same effect to-
wards moving the wheel and will thercfore sustamn each other as anyone
majy find by expennment

But the weight p pressing upon those two obhia anl = - i
asgwat~ v
the f
with o U pw Is W0 the toree with which the

same whether by its own gravity or by the blow of a mallet 1s impelled in the
direction of the ine pH towards both the planes as

pN pH
and to the force with which 1t presses the other plane pG s
N NH

b\
And thus the force of the screw may be deduced from s like resolution of
forees 1t being no other than a wedge impelled with the force of a lever 1here-
fore the use of thig Corollary spreads fur and wide and by that diffusive ex
tent the truth thereof 15 further confirmed For on what has been saxd depends
the whole doctrine of h varously d rated by different authors
For from hence are easily deduced the forces of machines wiich are com
pounded of wheels pullies levers cords and weights ascending diseetly or
obliquely and other mechanical powers as also the force of the tendons to
mote the bones of ammals
COROLLARY 111

The quantily of motion which s obtained by taking the sum of the motions directed
towards the same parts and the difference of those that are directed to contrary
parts suffers no change from the action of bodies among them clies

Tor action and 1ts opposite reaction are equal by Law nr and therefore by
Law 1t they produce in the motions equat changes towards opposite parts
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re 1f the motions are directed towards the same parts whatever 13
3;:1!:0 the motion of the preceding body will be subtracted from the motion
of that which follows =0 that the sum will be the same as before Tf the bodues
'~ w ¢ o there will be an equal deduchion from the mo-

rence of the motions directed towsrds op-

1hus 13 pULita v es greater than the sphencal body B and

hasavelonty=" and B follows in the .ame durection with a veloaity =10 then
" tn—r 10

sart and the sum will

of A scquire3 4 or5

1 reflection A will pro-

the sum remamng ak
ways of 16 parts as betore 11 Lhe LLUY 11 or 12 parts of mo-

uss
tion and therefore after meeting proceed with 15 16 17 or 18 parts the body
B losing 0 many parts as A has got will extber proceed with 1 part having
1t 9 or stop and remain at rest a8 having lost sts whole progressiv & motion of
- as its whole motion
2 parts because s

sof the conspinng
motion.

1541 or 1640
and the differences of the contrary motions
14—1 and 18—"

il always be equal to 16 part  as they were before the meeting and reflection
. oA

0

motion of A before reflection (b) motion 01 Anuery oy
ot =veloaity of A before (2) veloaty of A after ()
18

6 18=2 x z=6

Ar—weend a1

Ak onl

retawned the same after reflection as before
and to the perpendicular
v‘r;. ‘m;\; to assign equal changes towards the contrary parts m suchnx:::;‘;ﬁ
Rmameti‘::s ':x!) :!;c&x;spm;g and the difference of the contrary motions may
ore From <uch land of reflections somet: anse
the aircular motions of bodies about their own eentres Butetxl::se are c:‘sg

which I donot con.ider 1n what follows
and 1t would be
Etrate every particular case that relates to this subject tootedous to demon-
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COROLLARY IV

The common.co»  ©

or rest by the
em

« 4n umiorm motion m nght hines and ther
distance be divided 1n a given ratio the dividing pomnt will be erther at rest or
proceed uniformly m a nght hne This 1s demonstrated hereafter 1n Lem 23
and Corollary when the ponts are moved in the same plane and by 2 ke way
of arguing 1t may be demonstrated when the pomnts are not mos ed 1n the same
plane Therefore if any number of bodies move umformly 1n nght lines the
common centre of gravity of any two of them 1s exther at rest or procecds
umformly m a right hine because the hine which connects the centre of +h~
two bodies so movingis d a3
manner the common cen
at rest or moving umfiorn
between the common cer
a

{ v autiier any mutual action among
tuemselves nor any foreign force impressed upon them from without and
which consequently move uniformly i nght Iines the common centre of evav tv
of them all 18 erther at rest or ™~ -
Moreover 1 = system of tw

tances between therr centres a1 . ow un wentre of gravity of both are
reciprocally as the bodies the relative motions of those bodies whether of
approaching to or of receding from that centre will be equal among themselves
"Therefore since the changes winch happen to motions are equal and directed to
contrary parts the common centre of those bodies by their mutual action
between themselves 18 neither accelerated nor retarded nor suffers any change
as to1ts state of motion or rest But in a system of several bodies becau e the
common centre of gravity of any tvwo acting upon each other suffers no change
1n 1ts state by that action and much less the common centre of gravity of the
others with which that action does not intervene but the d + » ~ + \
those tan rant A - ]

1elam Lerr state of motion or
yest the common centre of all does also retawn its state 1t 1s mantfest that the
common centre of sll never suffers any change n the state of 1ts motion or rest
from the actions of any tw o bodies between themselves But 1o such a system
all the actions of the bodies among themselves either bappen between two
bodies or are composed of actions interchanged between some two bodies and
therefore they do never produce any slteratton in the common centre of all as
to 1ts state of motion or rest Wherefore since that centre when the bodies do
not act one upon another either1sat rest or moves untformly forwards 1n some
nght hne 1t Wil notwthstanding the mutual actions of the bodies among
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ecding um
sts state exther of rest or of proc
}ﬁmﬁ é::ﬁ:oﬁﬁng 1?13 forced out of this Smc\:)d :1‘1’2;:;2;11‘ gi :2';
s il tem.
power impressed from. without Epon Il'x,e \\{t;::; iyi o A e e bods
notion ot of rest For the
2 whole system of bodies
ntre of gravity

COROLLARY V

5 sqme among themsclres
ltne tithout

arts and the
- suppo.1tion)
f those that tend tonards contraty p ¢
su‘:‘:::l‘l’x cases the same and 1t 18 from those suros and differences that t::&:}-
1] one upon &

' an  ft1moulses do anse with which the bodes pinge one ! goboth other
>s 1 the ope
<elves tn the
1p where all

or 1s carned
uniformly fornards m a nght line

COROLLARY VI
If bodies mored tn any manner among themseltes are urged 1n the direction of

w  amenn
'
t

ScroLrmg
Hitherto I have Ind down such prneiples as have been received by mathe-
and are A by sbund of By the first to

La vsand the first two Corollanes Galileods cot ered that the descent of bodies
vaned as the square of the time (tn d plicala ralione temports) and that the
e nan h

— Py .

fore generates equal veloaities and 1n the nhole time impresses a whole force

snd generates a whole velonty proportional to the time And the spaces de-
senibed 1n proport onal times are as the product of the v elocities and the times

thatis asthe quares of the times And whenn body 15 thrown upwards 1ts
umform gravity impresses fo ces and reduces velomties proportional to the
tumes and the times of ascending to the greatest heights are s the velocities to
be talen away and those he ghts are as the product of the veloaties and the
times or a3 the squares of the velocities Andif o body be projected 1n any
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direction  the motion ansing from its projection 13 comnn inded with the me-

tom e f rotion of projection
with 1ts motion of
AC complete the

« ugww LWL and the body by that compounded

motion will at the end of the time be found m the place D

and the curved ine AED which that body describes will be 4,

a parabola to which the nght ine AB will be a tangent at A

and whose ordinate BD will be as the square of the line AB

On the same Laws and Corollaries depend those things which

have been demonstrated concerning the times of the vibra D

tion of pendulums and are confirmed by the daily expen

ments of pendulum clocks By the same together wmith Law

3 Sir Chnistopher Wren Dr Wallis and Mr Huygens the greatest geometers

of our ttmes did severally determme the rules of the impact and reflection of

hard bodies and shaut the  mat— -

Royal Sot

mdeed w

Wren an N uyp 43 pul dir Chnstopher Wren confirmed the

truth of the thing before the Rojy al Society by the expertments on pendulums

which M Marotte soon after thought fit to explan in o treatise entirely upon

that subject But to bring this expenment to an accurate agreement with the

theory we are to have due regard as well to the resistance of the air as to the

elastic force of the concurnng bodies Let the sphencal bodies A B be sus

EG c b FH f’leTx\)dfeévEy &he para!chagd equal stnngs AC

D

t

4 5 « »a LD LIstoLearespectively
by the radn: CA DB Bring the body A to
any point R of the arc CAF and (withdraw

‘@@ g the body B) let 1t go from thence and
- after one oscillation suppose 1t to return to

the pomnt V then RV will be the retardation ansing from the resistance of the

mr Of this RV let ST be a fourth part situated mn the middie namely sothat

RS=TV

and
RS 8T=3 2
- hoda  ~
]
e pu nL o Log velocrty thereot m the

error will be the same as if 1t had descenued 1 tacuo trom the pornt T Upon
which account this velocity may be represented by the chord of the are TA
Forit1s a proposition well known to geometers that the selocity of a pendulous
body 1n the Jowest point 1 as the chord of the are which 1t has descnbed 1n 1ts
d t After refl D the body A comes to the place s and the
body B to the place k¥ Withdraw the body B and find the place: from which
if the body A being let go should after one oscillation return to the place r st
may be a fourth part of rv so placed 1n the middle thercof as to leave rs equal
to & and let the chord of the arc {A represent the velooty which the body A
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face A immeduately after reflection. For t mill be the true and enrrect
?fc:})h:l‘:xm thebodv & hould have ascended, if the restance of the ar had
been taken of In the same Wav vwe are to correet the place F towh.ch the body
B .cend. by findng the place I to which 1t hould have ascended sn recue
Ard th. everything mav be <ubjected to expenment 10 the ame manrer as
lfwewe:em!lyp!:mdmmrw? Thee things being dove e are to tale the
prodact (f I msv =0 sav) of the bodv A, by the chord of the are TA (which
representsi. veloaty) that wemav baveit-motionin the place A immedaately
before reflection snd then by the chord of the are t3, that we may bavets
o 100 m the place 4 ymred.ately after reflection. And <o we are to take the
prodact of the bodv B b the chod of thearc B! thatwe ‘mar have the motion
wflon w Andinhl manner whentwo bodies
wea:e(oﬁndthemohunofeach as
ve mav eompate the mo 100 between
themselve: and collect the efiect ot tue reflection. Thu trving the thing with
pend Jum. of 10fee 1n upequal 25 well 25 equal boche~ and making the bodies
1o concur after a descent ‘through large <paces, as of 8 12 or 16 feet Ifound
ahwars, without an errorof 3 inche that when the bodies coneurred together
3 wetlr eual chanwes towards the contrary parts were produced 1n their
— o~ ¥

1
)
with those = part.. If the bod.es COmCTITEd WILL COAUAL au oy
parts of moticn, acd B with 6 then 1f A receded with ? B receded mth 8
% A T feam the
It
0
trom the mo 100 01 e LUty L W U P ww g 1L
- —— 7 € ha had e were m;de
mot on
went on
with 11 part. 9 partsbemng tran. emred fron A to B And s01n other cases. By
the mee mz and eolbzan of bodes the guantity of motion cbtaned from the
sz of the motions directed towards the same wav or from the difference of
those that were directed towards conatrary wavs, was never chan~ed. Fo. the
erro- of an 1n¢h of two 1n mearures mav be easly asbed to the difficulty of
en-cm‘ 11:g evervthing with aecuraev It w2s not essv to let go the tiwo pendu
I =y exactly toge be:ths'.thebod:esshmﬂdlmpmvecneupon(hec berm
R k - 1,
tben u;v;ulsmv of the D‘t)am:e proceed.ng from otker caases.
Lt to prevent an ob ection that may perhsps be all ran-t
11‘; lé:gmd of whieh this expeniment wasmade asof l!:x.?i‘ietd mp;tl:‘-;?g:t
thet bg:s we-e e the, atwolutely hard, or at least perfectly ela-tic (wherea. n
¥ h;:z are to be found 1n \ature) Imu-t sdd that the expenments .
do: (::::}ln.. by oo u;e;z: liz;:endmg upon that quality of hsxd:::::e
coeed memtasm es. Fordf the rule tned
not pefectly hard we are enlv to duruiih the ;ﬁ:m‘:;oxge such :‘n mﬁ
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proportion as the quantity of the elnstic force requires By the theory of Wren
and Huygens bodies sbsolutely hard return one from another with the same
veloeity with which they meet But this may be affirmed with more certainty
of bodies perfectly elastic In bodies 1mperfectly elastic the veloaty of the re-
turn 18 to be dimimished together with the elastic force because that force
(except when the parts of bodies are brutsed by thewr 1mn + » =
such extensiem -
percelve) cer
other mitha o piven ratio to that relative velouty
with which they met This I tried in balls of wool made up tightly and strongly
compressed T'or first by letting go the penduloushed o nd =
reflectiopr T4 —
to ths fc
mpact
accordingly
veloaity wh v vy wiun which they met as about 5 to
9 Balls of steel returned with almest the same veloeity those of cork wath a
avelonty something less but m balls of glass the proportion was as about 15
to 16 And thus the third Law so far as 1t regards percussions and reflections
15 proved by a theory exactly agreeing with experience

In attractions I briefly demonstrate the thing after this manner Suppose an
obstacle 1s interposed to linder the meeting of any two bodtes A B attracting
one the other then if esther body as A 18 more attracted towards the other
body B than that other body B1s towards the first body A the obstacle will be
more strongly urged by the pressure of the body A than by the pressure of the
body B and therefore will not reman 1n equilibrium  but the stronger pressure
will prevaill and will make the system of the two bodtes together with the
obstacle to move dircetly towards the parts on which B lies and 1n free spaces
to go forwards in wnfinstum with o motion continually accelerated which 13
absurd and contrary to the first Law For by the first Law the system ought to
continue mts state of rest or of moving umformly forwards i a nght ine znd
therefore the bodies must equally press the obstacle and be equally attracted
one by the other I made the expenment on the loadstone and 1ron If these
placed apart 1n proper vessels are made to float by one another 1n standing
water neither of them will propel the other but h h -~
they

So
T1by
ane t¢ v
by another plane HE parallel to the former EG the E
greater part EGI 15 cut into two parts EGKH and
HKI whereof HKI 15 equal to the part ET'G first cut
off 1t 1sevident that the middle part CGKH will have
no propension by 1ts proper weight towards either
side but will hang as1it were and rest wn an equilib
rumn between both But the one e\'tmxmzl part HtI}SI G K

1ts whole weight bear upon and press the

;-lll(}d‘;:u;art towards t}i;e other extreme part EGI and thercfore the force
with which DG the sum of the parts HKI and LGKH tends towards the
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EGF 13 equal to the weight of the part HEI thatt to the weight
:‘Xntrgepfhx:rd part EEGqF And therefore the wetghts of the two parts EGI and
EGF one towards the other are equal as I was to prove And indeed if thoee
weights werenot equal the who eearth foating in the nonresy. ting ether would
give wuy ta the greater weight and retinng from 3t would be camed off in

'R burt

f&nd 3 those bodies are equipollent 1n the 1mpact and reflection, whose ve-
loaties are inver<ely as their inate forces, <o m the wse of mechame instruments
those arents are equipollent and mutuslly custan esch the contrary pressure
of the ather whose veloaties e<tumated ding to the of the

forces, are inver<elv as the forces.
R0 thoee weihts are of equal force to move the arms of 3 balance which
dunn,, the play of the balance are ipver<ely as thewr velocitres upwards anc
~mweeard thaty f the ascent or decent1s direct those werghts are of equal

T

- g

d
K]
a

of
15

bt

Iy
the contrszy forces that promote and tnpede the motion of twe wueer. 1t ey

are inver<elv as the velooities of the parts of the wheel T
impressed will mutualhy <u_tam esch other on il thev ae

towards the pressed body

The forces by which the wedre presses or dirves th parts
¢ two f
cleaves are to the force of the mallet upen the wedge s the p‘:v;;wm

aven of all machines

wr-FE i @ giren porer or with ven foree to overcome anv other ven
3 e
4

of from the cohe<ton of cont
retthts ol e of ru:;xguws bodues that are to be separateqd or from the

the excess of the force rexdimn,, after all those



24 Marnevaricar PrincirLes

resistances are gvercome 11 - -~

thercto aswelln the part - o wlredt
of mechanies 1s not my pre wusiess 1 was amuing only to show by those
examples the great extent and certamnty of the third Law of Motion Forif we
estunate the action of the agent from the product of sts forer nd '~
lhewse the reaction of the =~ 2

several parts and the for

weight and acceleration o

sorts of machines wall be f¢ uu v unvther And so far as the
action 1s propagated by the intervening instruments and at Jast impressed
upon the resisting hady the ultimate action will be alwnays contrary to the
reaction



BOOK ONE
THE MOTION OF BODIES

SECTION 1

‘TE METHOD OF FIRST AXD LAST RATIOS OF QUANTITIES BY THE HELP OF WHICH
WL DEMON TEATE THE PROPOSITIONS THAT FOLLOW

Lo 1

— nn e e

Utimate diflerence Therefore thev cannot approach nearer to equality than
by that difference D which1s contrars to the suppesition

Lann 2

If tn any figure AscE torm naled by the nght lines An
AE and the curve acE there be in<cribed any number of
parallelograms Ab Be Cd &¢ comprehended under equal
bases AB BC CD &¢ and thes des Bb Ce Dd &¢
parallel to one side Anof the figure a d the parallelograms
2I'bl blem eMdn &e arecomple ed thenif thebreadth

\

E the erreumsenibed figure AalbmendoE ard currili car
figure AsbedE il hare (o one another are ral os of equal ty
© T —_— Z

A BF C D

supposed dimim.hed 1 1 i fum becomes less than any gnen <pace And
therefore (by Lem 1) the firures mecnbed and circumscnbed become ulty

m tely equal one tothe other and much more will the intermediate curviinear
figure be ultimately equal to either

QED
Lonn 3
The eame ultima.e rahos are also raf os of equality when the breadths AB
Iﬁlg‘ DC dc of the parallelorrams are unequal and are ol d min shed in m
um

For supposc AF equal to the greatest breadth and com

plete the parallel
gram FAof This parallelogram will be greater than the difference sf thcexi
<5
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scribed and eircumseribed figures but because its breadth AF 1s dimmshed
an wnfinitum 1t will become less than any given rectangle QED
Cor 1 Hence the ultimate sum of those evaneseent
parallelograms will in all parts comaide with thecurvt  , f
hnear figure A "
Cor 1 MMuch more will the rectilinear figure com &
prehended under the chords of the evancscent arcs ab L=
be ed &c¢ ultimately concide with the curvilinear l
figure 14
Cor 11 And alsothe eircumsenbed rectilinear figure i
comprehended under the tangents of the swne ares |
Cor 1v And therefore these ultimate figures (as to f
thetr pertmeters ach) are not rectthnear but curvibnear Ao BF
himts of rectilinear figures

Leana 4

Ifn tuo figures Aac Pprl there are inseribed (as before) tuo series of parallelo-
grams an equal number 1n cach series and thewr breadths being diminished
mfimtum +f the ultrmaie ratios of the parallelograms 1n one figure to those 1n the
other each to each respeclucly are the same I say that those tuo figures AacC
PprT are lo each other 1n that same ratio

a

’.

=

1
hgure to the tormer sum and the latter figure to the latter sum are both 1n
the ratio of equalty QLD

Cor Hence 1if two quantities of any kind are divided 1n any manner into an
equal number of parts and those parts when their number 1s augmented and
thesr magnitude dimimshed 1n tnfindtm have a given ratio to each other the
first to the first the second to the second and so onn order all of them taken
together wall be to cach other 1n that same given ratio For if 1n the figures of
this Lemma the parallelograms are taken to each other in the ratio of the
parts the sum of the parts wiil always be as the sum of the parallelograms and
therefore supposing the number of the parallelograms and parts to be aug
mented and thair magmtudes diminished an tnfinttum those sums wall be
the ultimate ratio of the parallelogram 1in the one figure to the correspondent
parallelogram 1 the other that 18 (by the supposition) mn the ultimate ratio
of any part of the one quantity to the correspondent part of the other
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Lo b

All homalogous sides of sumilar figures schether curvilinear or rectilinear are pro-
portional and the areas are as the squares of the homologous sides

Lespua 6
A D d O eq nomoaf on tssub-

contaned befween the chord and the tan
gent will be dimimished 10 mfimtum  and
ulltmately wall 1anish
Forf that angle does not vanish theare
ACB will contain with the tangent AD an angle equal to & rectilinear angle
and therefore the curvature at the pomnt A will not be contmnued which 13
aramst, the supposition
Leas 7
The same th ngs berng supposed I say that the ultimate ratio of the are chord and
tange t any one foany other 1s the ralio of equality

wn -

A | /D
mate ratio of all the absais.as AD AT BF / F
BG and of the chord and arc AB any one to © N
8oy other wl) be the ratio of equakty
Cor 1 And therefore 1 all our reasoning

sbor
freely use any one of those Lmes for 2y othes ut ultimate ratios we may

Lrwwa 8

" e o
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Tor while the pont B approaches towards the pomnt A consider alwavs AB
AD AR as produced to the remote ponts b d andr and rbd as drawn paraliel
to RD and let the are Ach bealways sim b 2
lar to the arc ACB Then suppostng the
pants A and B to coinerde the angle bAd

will samsh and therefore the three tn B
angles rAb rAch rAd (which are alwavs
Froba) - R 4
u uniately become both sim 4
lar and equal among themselves QED

Cor And hence m all reasonngs about ultumate ratios we may use any
one of those triangles for any other

Leyva 9

If arght ine AD and acuried line ABC both guen by position cul each other in
aguenangle A and to that right line 1n another gien angle BD CL are ords

nalely applied mecting the curie in B C and the pownts B and C together ap-
proach fowards and meet in the pont A I say that the arcas of the inangles ABD

ACLE will ultimalely be lo cach other as the squares af homologous sudes

For while the ponts B C aporoach fn ¥ ays
ploy

to

ww  paldied tothe ordinates DB and I'C

=~ and ¢

ABC

w ww MO hne Ag so as to touch both
cunesin A and cut the ordinates DB I'C db
c¢c mI" G f ¢ Then supposing the length Ac
to remaun the same let the pomnts B and C meet
i the point A and the angle eAg vanishing
thee min

A uup
cate ratto of the sides Ad Ae put tne arcas ABD ACE are always propor
tional to these areas and so the sides AD AL are to these sides And there-
fore the areas ABD ACE arce ultimately to each other as the equares of the
sides AD AE QED
Lrama 10

The spaces which a body describes by any fi fi mlc Jorce urgmg 1t whether thnt Joree
18 delermined and ble or1s Uy dimn
wshed are 1n the tery beginning of the motion lo each 0l/xcr as the squares of the
times

Let the times be represented by the Iines AD AL and the velocities gen
erated 1n those times by the ordinates DB EC The spaces deseribed wath
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eloaities sl be as the areas ABD ACE deseribed by those ordinates
:‘;::s‘ ::t {he very begmmng of the motion (by Lem 8} 1n the duplicate ratio
of the imes AD AE QED
Cor.1 And hence one may easily infer that the errors of bodies de<cribing
sular parts of wnular firures in proportional times the errors bewng generated
tf rem aularly applied to the bodies and mea.ured by the dis-
~ree  twhich mithout
sroporftonal
enerated
Worces mmlarky
applied to the bodies at Imuar pUtisy u we ate as the product
of the forces and the quares of the times
Cor 11 The same thing1s to be underctood of any paces what. oever de-
senbed by bodies urmed with different forees all wiueh 1n thevers beginning
of the motion are as the product of the forces and the squares of the times
Cor 1v And therefore the forces are directly as the paces desenbed 1 the
very beginmune of the motion and inversely as the squares of the times
Cor v And the sguares of the times are directly as the spaces desenibed
and inversely as the forces
ScuovLrey

If 1n compann with each other indetermunate qu ntities of duffercnt sorts
any one 13 snd to be dureetly or inversely as any other the meaning 1 that the
former 15 augmented or dimpi hed 1n the same ratio as the latter or asits re-
aprocal 4nd1f any one 1s smd to be as any other two or more directly orin

- Fret  airmented or dumini hed in the ratio
ER—

mthesamerauo 88 L L us o

at A and % are to each other
mag@ enraho

Lewa 11
The era e<cent wubtenae of the an le

of contact tn all curves which at &
contact heve a fi ste curratu e s ulty et

mately as the square of the sub.ense of the con

A d D ferminous arc
Case L Tet AB be that arc AD ats tangen
it BD th
sub(ensﬁ of the an_le of contact perpendxcu!i on the t;ne
g a N
)}
é of the aireles pasan

through & & g9 5 through the ponts A, B G and

AB =AG BD and
AB=Ag b
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But because GJ moy be assumed of less length than any assignable the ratio
of AG to Ag may be such as to differ from umty by less than any assignable
Aifference and therefore the ratio of AB? to Ab may be such as to differ from
the ratio of BD to bd by less than any assignable difference Therefore by

Lem 1, ultimately, AB AM—BD bd eEd

Cisr 2 Now let BD be inchned to AD mn any given angle and the ultimate
ratio of BD to bd will alway s be the same as before and therefore the same with
the ratio of AB? to Ab? QED

Case 3 Andif we suppose the angle D not to be given but that the nght
hne BD converges to & given pomnt or 1s deternuned by any other condstion
whatever nevertheless the angles D d being determined by the same law
will always draw nearer to equahity and approach nearer to each ather than
- - nal and

QED

wu 1utietore since the tangents AD Ad the arcs AB Ab and therr

sines BC be become ultimately equal to the chords AB Ab their squares
will ultimately become as the subtenses BD bd

Cor 11 Their squarcs are also ultimately as the versed sines of the ares
bisecting the chords and converging to = grven pomnt For those versed sines

o el

A d D
4
oLy C B
Cor 1v The ultimate proportion
AADB AAdb=AD* Ad*=DB¥* dp*”
15 dertved from
AADB AAdb=AD DB Ad db
and from the ultlimate proportion
AD? Ad =DB db 5
So also 1s obtamned ultimately g
AABC AAbe=BC b G
Cor - A nd as the squares of the
lines AL will be (by the nature
of the p . 8 ADB Adb and the

segments AB Ab will be ane third of the same tnangles And thence those
arcas and those segments will be as the cubes of the tangents AD Ad and also
of the chords and arcs AB b

ScroLtuy

But we have 21l along supposed the angle of contact to be nether mfimitely
greater not wnfimtely less than the angles of contact made by ercles and their
tangents that1s that the curvature at the point A 18 netther mfinitely small
nor mfinitely great and that the mterval AJ s of a fimte magnitude Ior DB
may be taken as AD* n which case no arrele can be drawn through the pomnt
A Dbetween the tangent AD and the curve AB and therefore the angle of con
tact will be infimtely less than those of circles And by a hke rensoning if DB
be made successfully as AD* AD® AD* AD™ e we shall have  senes of
angles of contact proceeding en anfinatum wherein every succeeding term 1s1n
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cessnely as AD*
v b orecedmg And of DB be mode sucossShey 82 0

les of contact may be MLEID su N

:\nhe:x: every succeeding angle shall be mfinutely greateror mnfinitely less éb;n

the preceding Asif between the terms AD and AD there were interposed the

scn:; AD® AD ! AD AD'™ AD™ AD? ADY AD'S AD ' &c

And agam between any {wo angles of this senes a new senes of intermediate

an les may be mterposed differng from one another by mfinte mtersals

N “\ature confined to any bounds

(er'hlise thines whch have been demonstrated of curved lines and the sur

- = mnrehend may be ea 1l applied to the curved surinces‘

wm wochs odm  trated WeTn4y useluULY up T

sums and ratios of determinate parts but always the Lnits 01 SULLY A1 LiLlus
and that the force of such demonstrations alwavs depends on the method lud
do 1 1n the fore oing Lemmas

PO camna

~ et m

nt that with

understood the ratio of the quantities not before they vamsh no
but with which they vanih Inhle manner the first r):mu of nnsce;:(;;::l:l;
15 that with whach they bepn tobe And the first or last sum s that wath which
they begin and cease to be {or to be augmented or dimim hed) There1sa limt
huch the velocity at the end of the motion may attamn but not exceed This
s the ultimate velomty And there s the bke it in all quantities and propor
1 ons that begm and cease tobe And since such limits are certamn and deﬁr‘:ﬂe
to determine the same 15 a problem stnctly geometnieal But whatever s geo-
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metrical we may use in determumng and demonstrating any other thing that 1
also geometneal

1t may also be objected that if the ultimate ratios of evanescent quantities
arc ginven thewr ultimate magmtudes will be also given  and so all quantities
will consist of indrvi 1bles which 1s contrary to what Luchd has demonstrated
concerning incommensurables 1n the tenth book of his Elements But this ob-
Jection 1s founded on a false supposition Tor those ultimate ratios with which
quantities vamish are not truly the ratios of ultimate quantities but mits to-
wards which the ratios of quantities deereasing without hmit do always con
verge ind to which they approach nearer than by any given difference but
never go beyond nor 1n effect attun to till the quantities are dimimished i
wnfinitum This thing will appear more evident in quantities infinttely great If
two quantities whose difference 1s given be augmented 12 tnfinttum the ultt
mate ratio of
1t does not frc
selves whose - [
sake of being more easily understood I should happen to mention quantities
as least or evanescent or ultimate jou are not to suppose that quantities of
any determinate magnitude are meant but such as are concerved to be always
diminished without end

SECTION II

THE DCTERMINATION OF CENTRIPET\L FORCES

Prorosirion 1 Trroreat 1

The areas which reroliing bodies describe by radv drawn fo an immorable centre
of force do le wn the same ammotrable planes and arc proportional to the times 1n
whch they are deseribed
For suppose the time to be divided into equal parts and in the first part of
that time let the body by 1ts mmnate force descnibe the right hine AB In the
second part of that time the same would (by Law 1) 1f not hindered proceed
durectly to ¢ along the line Be equal to AB so that by the radn AS BS 8§
drawn to the centre the equal areas ASB BSc would be described But when
- at once with a
Be compels 1t
¢C parallel to
BS meeting BC1n C and at the end of the second part of the time the body
(by Cor 10of the Laws) will be found 1in C 1n the ame plane with the triangle
ASB Jom SC and becau ¢ 8B and Cc are paralle! the trangle SBC wall be
equal to the tnangle SBe and therefore al o to the t?‘nnélcfAB By the hke

- - - by com
the times
+ be aug
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acd therr breadth dumumy hed 1n nfnrtam and (bv Co. 1v Lem 3)
m%mte penmeter ADF wilbea (;usnrreddl;ane a‘x;d c&uﬁiﬁ :i;:i:;x:g}
wI

etal force by which the body 1> contmuslly e from e el
and anv described area. § ADR
SAFS which are alwavs pro-
portional to the times of de-
senption will m the. ease also
be proportional to those tuames
QI-D

Cor. 1. The veloats of a
body attracted toward. anim-
movable centre 10 £maces veed
of re<._tance 1 inverselva the
perpendreularlet fall from that
centre on the nght hine that
touches the orbit For the ve-
Yooy 1esmthose places A, B C
D E, are 2 the base~ AB BC
CD DE, EF cfequaltnan_les
and these bases are mverely
es the perpendiculars let £11

upon them.
Cox= n If the chords AB BC of two ares cucceavely decr’bed 1n equal
) hl

m epaces vord of res-ance are camp'e ed 1nto the paralielosam ABLY
DEFZ. the forces 11 B and E .7e coe to the other m the ulumate ratio of the

fmFathm n

w b mmmnerta 1 a b mn b

Cor m

Coz v And thee ove those foces are t.
o the foce of Tantv o the
\;;w:lr;m: tothe \‘-zNed «izes perpend cular to the homzon of th; mm‘::’!.:
i :—; ;;:1«; bdﬁ*{ibeml!:emeuze
— the «ume thunzs do all hold good (by Cor v of the
l‘m(;g.t;:s ;‘n *h h‘thhe todies are moved tosether wih the eeixlu:‘sno)!‘;::
n
iy m:cal o=¢ Pine: are not atre<t bat move umfosmly forwards
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metrical we may use i determming and demonstrating any other thing that s
also geometneal

1t may also be objected that 1f the ultimate ratios of ey anescent quantities
arc given their ultimate magmtudes will be also given and <o all quantities
will consist of indivicables which 1s contrary to what LCuchd has demonstrated
concerning meommensurables 1m the tenth book of tus Elements But tis ob-
Jection 1s founded on a false supposition For those ultimate ratios with which
quantities vamish are not truly the ratios of ultimate quantities but Iimuts to-
wards which the ratios of quantities decreasing without limit do always eon
verge and to which they approach nearer than by any grven difference but
never go beyond nor n effect attan to till the quantities are dimimshed n
anfinitum This thing will appear more evident 1n quantities infimtely great If
two quantities whose difference 1s given be augmented wn wnfinttum the ultt
mate ratio of these quantities will be given namely the ratio of equality but
1t does not from thence follow that the ultimate or greatest quantities them
selves whose ratio that 13 will be given Therefore if 1n what follons for the
sake of bemg more easily understood I should happen to mention quantities
as least or evanescent or ultimate jou are not to suppose that quantities of
any determiate magmtude are meant but such as are concensed to be always
dimimshed without end

SECTION II

'THE DETERMINATION OF CENTRIPET AL FORCES

Prorosition I TrEOREM 1

The areas which revaliing bodies describe by radu drawn o an tmmotable centre
of force do lie an the same 1mmovable planes and are proportional to the times 1
which they are deseribed
For suppose the time to be divided 1nto equal parts and 1n the first part of
that time let the body by 1ts mnate force describe the right ine AB In the
second part of that time the same would (by Law 1) 1f not hindered proceed
directly to ¢ along the hine Be equal to AB so that by the radit AS BS S
drawn to the cenire the equal areas ASB BSc would be described But when
the body 15 arrrved at B suppo e that a centripetal force acts at once with s
great impulse and turning aside the body from the nght line Be compels 1t
™7 Traw ¢C paralle] to
he time the body
with the triangle
ASB Join SC and because SB and Ce are parallel the tnangle SBC will be
equal to the triangle SBe and therefore also to the triangle SAB By the Like
argument  f the centripetal force acts successinelyn C D E &c and makes
-* - CD DL
| be equal
reforc 1n
by com
SADS SAFS of those areas are to each other as the times

osition any sums
e v deseribed Now let the number of those trangles be aug

1 which they are
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ProposrrioN 3 TaeoReM 3

e

body that by aradius draten fo the cenire of another body hmn:;cbr;r ;n;:)m
Frem o8y bout that centre proparnonal fo the himes 15 ¥7¥

) ‘ that other body and of all the ac

Ued

dy and (by Cor vrof the Laws)

-t equal

Lwall

ut the

aequal

wuuy left to
hthine and the first

y the force remaiming

Jortional to the times
And theretor Wy » s directed to the :t!}:\gr
body T sa s centre hodv L by & radius drawn to the other body T
* shich

Cor 1
1e Cor )
e whole
remainin,, foree by which the urst oy body T
as 1ts centre
Cor 11 And 1f these areasare proportional to {he tumes nearly the remain
%t rhodv T nearly C o

¥
1on of
oritis
nd the

nother
rbody
13m0 ed by any motion what oever provided [EIRTRVINY

Jraprs taken
which rematns after subtracting that whole force actingupon. thatotherbody T
ScuoLrt

- f o

{ cates that there 15 a centre to
whichitis
vhy may we
seniption of
areas asan indication of a centre about v hich all errcular motion 1s performed
in free epaces?
Prorosition 4 TrEOREM 4
Th centrapetal forees of bod es wh chby equ ble motions describe d
tend ¢ the centres of the same ¢r cles and are to each other asthe sqmg;rse:; ;:c::;
deseribed n equal t mes di 1ded respectitely by the radi of the crrcles
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Prorosrrion 2 Trrorex 2

Erery body that mores wn any cured hne described wn a plane and by o radwus
drawn lo @ pont ewther tmmorable or motang foruards with an unsform rectilincar
mation describes about that point areas proporfional fo the times s urged by o
ceniripelal force directed to that point

Case 1 For every body that moves 1n a curved hne 1s (by Law 1) turned
aside from 1ts rectthnear course by the action of some foree that impels1t And
that force by which the body 1s turned off from its rectilinear course and 13
made to descmbe 1 equal
times the equal least tnangles
SAB SBC SCD &c about
the mmmovable pomt § (by
Prop 40 Book 1 Elemenis of
Eucld ond Law1t) actssn the
place B accordmmiaitha s
1

1 e
BS andinthe place C accord
mg to the directron of a Ime
parallel to dD that 1s 1n the
direction of the bne CS &c
and therefore acts always m
the direction of hnes tending to
the immovable pont § @ £p

Case 2 And (by Cor v of
the Laws) 1t 18 indifferent
whether the surface 1n which a
body
the fig

Cor wuyu 1eslsting Spaces Or m
to the tim~  the forces are not dircet
but dews #n 43

g

desenpty

Cor 1 u aluds 18
accelerat - v U e torces deviate from the pont in which the
radu meet towards the part to which the motion tends

Scrovua

A body may beurged by a centnpetal force compounded of several forces i
which case the meamng of the Proposition is that the force which results out
of all tends to the point § But if any force acts contmually 1n the directson of
lines perpendicular to the described surface this force will make the body to
deviate from the plane of its motion but will netther augment nor dimnish the
area of the described surface and s therefore to be neglected m the composition

of forces
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illalorio
1n hus excellent book De horologio osci
;u;ht%rr:moﬁe\f‘:rc}: ‘:)‘fgg:v\t) with the centrifugal forces of revolving
t

 demon trated after this manner

od of any pumber of wdes Andaf

\e 1des of the polygon 18 reflected

s the force with wiuch at every

b et e ¢ veloasty and therefore the um of
-4 henum

length

3 of the

b tlength

1hed

Ima
hth

Prorosrrioy 5 ProsuLM
h v locaty wth wheeh @ body describes a giren
o

s
b oy
Vv Jouties of the body i thepomnts} Y 1 11
whch the perpendiculars were raed that
<g that PA may be to QB as theyeloaity n Q
to the veloctty in P and QB to RC as the ve-
Q Joerty tn R to the veloaty in Q Through the
ends A B C of the perpendrenars dra v AD
D DBE EC at nght angles meeting in D and
E and the nght hnes TD VE produced n})
meet S the centre required
For the perpendiculars let a1l from the eentre S on the tangents PT QT
are 1n ersely as the 1elocities of the bodies 1o the ponts P and Q (bv Cor 1
Prop 1) and therefore by con.truction directly as the perpendiculars AP
BQ that 1. 83 the perpendiculars let fall from the pomt D on the tangent
Whenee st 13 easy toanfer that the poants S D T aresn onenglt hne And by
the ke argument the pomnts ® E 'V are al o1n ope nght kine and therefore
the centre S 1s tn the point where the nght hnes TD VE meet

[

QLD
Prorosrrion 6 Tueorex §

1 @ space voud of remstance 1f a body revolres 1n any orbit about an smmorable
cent ¢ and in the lea 1 time describes any a ¢ gust then naseent and the versed sine
of that arc 15 eupposed to be drawn busect ng the chord and produced passing
through the centre of force the eentripetal force wn the muddle of the are will be
d rectly @ the versed stne nd 1 versely as the squa e of the time

Forthe ered mimeina puven time 15 85 the foree (by Cor v Prop 1) and
sugmenting the time 10 any Tatio because the are will be augmented i the
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These forces tend to the centres of the eircles (by Prop 2 and Cor 1 Prop
1) and are to one another as the versed sines of the least arcs deseribed 1n equal
times (by Cor 1v Prop 1) thatis as the squares of the same arcs divided by
the diameters of the circles (by Lem 7) and therefore since those arcs are as
ares deseribed 1 any equal times and the diameters are as the radn the forees
will be as the squares of any arcs desenibed 1n the same time divided by the
radut of the eircles QED

Cor 1 Therefore since those arcs are as the velocities of the bodies the
centripetal forces are as the squares of the veloaities divided by the radu

Cor 11 And since the pertodic times are as the radu divided by the veloe
1ties the centripetal forces are as the radn divided by the square of the periodic
times

Cor m Whence if the periodic times are equal and the velocities therefore
2s the radu the centnpetal forces will be also as the radn and conversely

Cor 1v If the periodic times and the veloctties are both as the square roots
of the radu the centnipetal forces will be equal among themselves and con
versely

Cor v If the periodic times are as the radun and therefore the velocities
equal the centripetal forces will be mnversely as the radu and conversely

Cor v1 If the periodic times are as the 2/th powers of the radu and there-
fore the veloaities inversely as the square roots of the radn the centripetal
forces will be mversely as the squares of the radu and conversely

Cor vir And umversally if the perodic time 1s as any power R of the
radus R and therefore the velocity mversely as the power R ! of the radws
the centnipetal force will be mversely as the power R ! of the radius and
conversely

Cor vit The same things hold concermng the times the velocitie and the
forces by which bodies describe the stmilar parts of any similar figures that
H -

equable motion and using the distances of the bodies from the centres instead
of the radi

Cor 1¢ I'rom the same demonstration 1t ikewse follows that the arc which
abody umformly revolving mn a circle with a given centripetal force describes
in any time 1s a mean proportional between the diameter of the aircle and the
space which the same body falling by the same given force would describe in

T 1
the same grven time PP—

The case of the sixth Corollary obtainsin the celestial bodies (as Sir Chnsto-
pher Wren Dr Hooke and Dr Halley have everally observed) and therefore
1n what follows I mtend to treat more at large of those things which relate to
centnpetal force decreasing as the squares of the distances from the centres

Moreover by means of the preceding Proposition and 1ts Corollaries we
may discover the proportion of & centrpetal foree to any other known force
such as that of gravity Forifa body by means of its gravity rev olvesn a cirele
concentric to the earth this grav ltyhxs the cc{ntnpctntl :(?;C:i g{utt?:; l:‘od) ]ll}ut,

scent of heavy bodies the time of one entt s well ag
{;x:rxgr‘::hgezznbcd in any g)n en time 15 mven (by Cor 1 of thisProp ) And by
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meetine the arclen L and {he tangent PZ1n R And because of the milar
tnangles ZQR ZTP VPA we _hall have R Q=AY "

R PV
Xz SmceRP'=RL QR QT =R
N sP
SN Multiply those equals by R and the
ponts P and Q canaidin for RL wnte
PV then we hall have
by A Sp PV _SP QT

) QR
And therefore (by Cor 12ndy Prop 6)
the centnpetal force 13 mierely as
S—Pl‘— that 1s (because AV 15 mven)

snversely as the product of SP and PV?
QE1L

The same otheririce
On the tangent PR produced let fall the perpendicular S¥ and (becau-e of
the mmlar tnangles SYP ¥ PA) we shall have AV to PV as SP to St and
P

therefore PAVV=S\ .'mdSPA\r;‘ —SY* P\ And therefore (by Cor 11t and

-
v Prop 6) the centnpetal force s 1my ersely as sp_PY

Y that1s (because AV 15

QEI

= wrdug SPTPV

about any other centre of force R as Ri bl to
the cube of the nght hne 8G which from the first
centre of force S 15 drawn parallel to the distance
PR of the body from the second centre of force R
meetin,, the tangent PG of the orbit m G Forby
tte construction of this Proposition the former
f ree 13 to the latter as RP? PT? to SP” PV? that
1 23SP RP oS IV or (because of th

Y of the sumlar tran_les PSG TPV) toSG?

1

e S

mecting the tan ent PG of the orbit m G Foi
r the f
pont ] 1s the same as tn a circle of the .ame cun at\‘::e i this ol ot any
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same ratto the versed stne will be augmented n the square of that mt n %

Cor mand 1 Lem 11) and therefn o

time T

as t v ue ume QED

« v uug may also be easily demonstrated by Cor 1v Lem 10

Con 1 If 2. body P revolving about the centre S desenbes s curved hine APQ

which 2 nght iine ZPR touches m any pomt P ¥

and from any other pont Q of the curve QR 18 R

drawn parallel to the distan » 9P ~ p

z
yuastue sohd = Qfli{ L 1f the sohd be taken

of that magmtude which it ultimately acquires V s A
when the points P and Q comncrde For QR 1s equal to the versed sine of double
the are QP whose middle 1s P and double the tnangle SQP or SP QT s pro-
portional to the time 1n which that double arc 15 described and therefore
may be used to represent the time

Cor 11 By a like reasoning the centripetal force 1s wmversely as the solid

512 QP*
R if 8% 15 & perpendicular from the centre of force on PR the tangent

of the orbit Tor the rectangles 8Y QP and SP QT are equal
Cor 1t If the orbit 1s erther o circle or +~
cally thatis contams with a circle the least
the same curvature wnd the same radius of ¢
bea chord of this eircle drawn from the bod, 1 rougn the centre of force the

centripetal force will be mversely as the sohd 8Y? PV Tor PV 1s 8%;

Cor 1v The same things being supposed the centripetal force 1s as the
square of the velocity directly and the chord inversely Tor the velooity s
reaiprocally as the perpendicular SY by Cor 1 Prop 1

Cor v Henceif any curuilinear figure APD ~ i
algm on ~—

tripe
baeh »w a1tain the penimeter of that
figure ueseripe the same by a continual revolution That 1s we are to find

2
by computation erther the sohd sp 3’1‘ or the sohd SY? PV nversely pro-
portional to this force Dxamples of this we shall give n the following Problems

Prorostrion 7 PropLEM 2

If a body recobes 1n the eircumference of a cirele 13 nom 2 the law of
Let VQPA be t whieh ag
toa centrc the forc “w omvtomon next

= ced
fthe

ww vt whch produced may meet
tne tangent PR 1n Z and lastly thmugh the point (§ draw LR paralle! to SP
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The same olheririse
he
adiculsr SY let fall upon the tangent and the chord PV of !

m’{lgecopez;zcnmcall) cutting the piral aremngen ratios to the height SP and
therefore SP 1388 SY* PV thatas (by Cor mandy Prop 6) imversely as the

centripetal force Leanus 12
All paralllograms ewrcumscribed about any congugate diameters of a giren elltpse

or hyperbola are cqual among themselres
Thys 1 demonstrated by the ymiters on the conic sections
ProrosiTioN 10 PrOBLIM 3

~ a4 find thelaw of the centrrpelal force

QPR be completed then (by the
propertres of the comc scctions)
PG Qe=PC’ CD and be-
cau<e of the sumlar tnangles vT
PCF Q* QI'=PC' PF and

by elmupating Q* 3¢ (%,—'I:=

0 ‘%CP—F’ Smee QR=Pr

d (by Lem 12) BC CA=
CD PF and when the ponts P
and Q conaide 2PC=tG we shall
have multiplying the extremes
and means to.ether :

2BC* CA
Nt Therefore (by Cor v Prop G) the centnipetal force 13 inversely as

2BCt CA
e that 13 (because 2BC? CA 1s given) imersely as ‘Pl_C thats di
rectly as the distance PC

The same otherwrse axt

nA o

ratio of DC? to PC* will become the ratio of PV to PG or PV to 2PC and

eref 2DC!
erefore PV will be equal to T And therefore the force by which the body

P re olvcs 1 the ellipse will be smersely a3 2~ PI* (by Cor 1 Prap 6)
that1s (becawe DC PF 1s given) directly as PC

QEL
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Prorosition 8§ Promre 2

10 1S drown

¢ w 1 o parallels
Trom C the centre of the semscircle Jet the sermdiameter CA be drawn
cutting the parallels at nght angles 1in VM and N and join CP Because of the
similar tnangles CPM PZT and RZQ we
shall have CP  PM?=PR? QT2 Trom the
nature of the circle PR*=QR(RN4QN)=
QR 2P\ when the pownts P and Q concide
g}%e‘refo}x;% I=CP2 Pé¥2=§R 2PM QT and

2P} P2 _2PM:? SP

R=ToP and R = o And /N M
therefore (by Cor 1 andv Prop 6) the cen

L 2
tnipetal foree 1s mversely as ?P__I\Clp_zs_ll that s s
2
(neglecting the given ratio 25—11)2) mversely as PM? QEI

And the same thing 1s Ihewwe easmly inferred from the preceding Propo-

sition
Scrorrus

And by a hhe rensoming a body will be moved in an clhipse or even n an
hyperbola or parabola by a centripetal force which 1s mversely as the cube of
the ordinate directed to an mfimtely remote centre of foree

Prorosiriovw 9 ProprEs

If @ body retolies wn @ spirel PQS cutang all the vadu SP 8Q dc wn e guen
angle 1 1s proposed o find the law of the centripetal force tending to the centre of
that spiral

]
v

Suppose the indefintely small angle PSQ ta be given because then all the
apgles are gven, the figure SPRQT will be givenin find Lherefore the t0
QT - OT*

@4 Alelcdore the ratio ax remauns the same as before thatis as 8P And

QT Sles 25 SP* and therefore (by Cor 1and v Prop 6) the centnpetal force

I
15 inversely as the cube of the distance sp ars
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= =AC PC
L QR LPr=QR Pr=PE PC A:_ & D

also L Po Go Po=L Gr and GI§ Pt'coez“ Pbem P when the
pomts Pand Qeamnarde Q =0z
and Qr-orQ® QT*=LP? PF=
CA PF? and (by Lem 12)=
CD CB! ‘Multiplying together
corresponding terms of the four
proportions and nphfying we
shsll have L QR QT'=AC L

PC* OD* PC Gr CD CB =
°pC Gt snce AC L="BC
But the pontsQand Peomcrding
2PC and Grareequal And there-
fore the quantities L QRand QT*
proportional to the e will be also
equal Let those equals be multi
pled by St and L 8P will be-
come equal to R And therefore (by Cor ¥ and v Prop 6) the cen

trpetal force 13 inversely as L SP? that 1. ivercely as the square of the dis-
tance SP QEI

8P QT*

The same otherictse

* Ao Pmay

he body

tPRof

the ell p<e and the farce by which the same bouy & sy 2 avout any
ther po ot S of the elipse 1f CE and PS mtersect in E will be as %g {by
Cor mx Prop ) that s if the point S 1s the focus of the ellipse and there-
fore PE be given as SP* reciprocally QET
Wath the same bremty with hich ne reduced the fifth Problem to the
parabola and hyperbola we mught do the like here but because of the diemty

of the Problem and its use 1n what follows 1 hall confirm the other eases by
particular demon. trations

Prorosrrion 17 Prosuext 7

S ppose a body to mo ¢ tn on hyperbola 1l 15 requ ired to find the law of the
entripetal force tendt g to the foer s of that figure !

Let CA “C_gl be the scmutaxes of the hyperbola PG KD other conju ate
~n n -1 ~h

PR and the equsl angles IPR, HPZ) of PS PH the dufference of which 15
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Cor 1 And therefore the force 1s as the distance of the body from the centre
of the ellipse and tacezersa 1if the force 1s as the distance the body will move
in an elipse whose centre comeides with the centre of force or perhaps in &
caircle into which the ellipse may degenerate

Cor 11 And the penodic taimes of *
socver about the same centre will be
will be equal (by Cor 1z and vix wu 1 cdupses that have ther
greater avis common they are to each other as the whole areas of the ellipses
directly and the parts of the areas deseribed 1n the same time mverselv # ¢
15 as the lesser aves directly and the !
vertices inversely thatis asthose less
same pont of the common axes invers , . «  wtetore {because of the equal
1ty of the direct and mverse ratios) in the ratio of equality 1 1

ScroLion

If the ellipse by having its centre removed ta » %
eratesmto »

tending to

theorem A

of the cuttu ¢,

move mn the » =

mtoaecent ¥

N

ra1 vrcinates augmented or
a # e ratio of the distances fiom the centre

A~

SECTION III

THE MOTION OF BODIES IN ECCENTRIC CONIC BECTIONS

Prorosrrion 11 Propir ¢
T
1
.. wwu ineiocus of the elipse Draw SP cutting the dinmeter DIy of the
ellip e I and the ordinate Quinz and completethena M 1~- =~ =7
1sevident that EP - -

her focus H of 1 L ~
z:lllealso be equal wa  ubnoris t1 thatis (because of the

tlels HI PR and the equal angles IPR HPZ) of P53 PH winch taken
f:,;thcc: are equal to the whole auis 2AC Draw QT perpendicular to SP and

2.
putting Lforthe prinaipal latus rectum of the ellipse {or for E) we shall have
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LQR L Pr=QR Pr=PL PC=AC PC
= G Pr Q =PC* cD?

dso L Po G Pr=l Ge and By Co? 5 Lem 7 vhen the
pomts Pand Q comade Qr=Qr
and Qeror Q* QT=LP PF=
CA* PP and (by Lem 17)=
CD CB Multiplying together
corresponding terms of the four
proportions and simphfymng ve
chall have L QR QT'=AC L
PC CD PC Gt CD CB*=
92PC Gu amee AC L=2BC
But the pomtsQand P comerding
9PC and G are equal And there-
fore the quantities L QR and QT?
proportional to these will be al.o
equal Let thoe equals be mult

plid by T and L SP* wll be-

sPr QT

come equal to aR And therefore (by Cor 12and 1 Prop 6) the cen

tnpetal force 13 inversely a3 L SP thatis inversely as the square of the dis-
tance SP

QEI
The same othenurse

LU had Den v

other pomt S of the ell pe o CE and PS intersect 1n E will be as % (by

Cor m Prop +) that1s if the pont 81 the focus of the elipse and there-
fore PE be given as SP? reaiproeally

QEI
With the ame brenity with 1 huch we reduced the fifth Problem to the
parabola and hyperbola 1 e m1_ht do the e here but because of the digmty

of the Problem and 1ts use 1n what follows I hall confirm the other cases by
particular demon.trations

ProrostTion 12 ProBLEM 7

S ppose & body fo mote tn an hyperbola 1l 15 re

centripetal force tending to lhefocuyf of that ﬁyusre quired {0 find the Taw of the

d::ﬂcx I(’:E? e the semiaxes of the hyperbola PG I'D other conjugate

S mclEHGP B perpendicular to the diameter kD and Qv an ordinate to the

G E;m » rahw SP cutting the diameter D in E and the ordinate Q: m

‘cm“mns\g :c e z:“e g:ém}l::iigmmm QI;II_’I.: Ih 18 e;:xdex;‘t that EP1 equal to the

Wing rom the other focus H of th

?}0‘1:‘ Sm!l:;tohEC because CS CH are equal ES EI will be alo e?\\lx‘z{lpe ro

ey mdL:h e half difference of P> PI that 1s (because of the parallels IH
¢ equal angles IPR, HPZ) of PS PH the difference of which 1s
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equal to the whole avus 2AC Draw QT perpendicular to 8P and putting L for
2

the prinepal latus rectum of the hyperbola (that s for 2‘]35 ) we <hall have
L QR L Pt=QR Pv=Pz Py=PL PC=AC PC
also L Pv Gv Pv=L G: andGv Pv Qu*=PC CD? By Cor 11 Lem 7

when P and Q comncide Qr =Qu? and
Qe or Q¥ QT =EP* PF=CA? PF’, by Lem 12 =CD CB:
i

K
Multiplying together correspondimng terms of the four proportions and stmph
fymg
L QR QI=AC L PC*CD PC Gv CD CB*=2PC Gt
since AC L=2BC? But the points P and Q comciding 2PC and Gt are equal
And therefore the quantities . QR and QT? proportional to them will also be

equal Let those equals be drawn mto Q_‘I)i and we shall have L SP? equal to

SP2 QT7 4 therefore (by Cor rand v Prop G) the centrpetal force 1s

mversely as L SP? that 1s mnversely as the square of the distance SP et
The same otherwnse
Tind out the force tending from the centre C of the hy perbola This will be
proportional to the distance CP But from thence (by Cor ur Prop 7) the
PEs
force tending to the focus $ will be as 3pt that 1s becau e PL1s given re
aprocally as SP? QET
And the same way msay 1t be demonstrated that the body having its centnt
petal changed 1mto a centnfugal force will move 1w the conjugate hy perbola
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Lonn 13

Thela. 48 rectam of a parebola belonging to ey certer 13 four limes the dixance of
that rtez from the focus of the frure
Th.. 15 demonstrated by the wters on the come <ection.

Lmon 14

perprrdicu’ar let fall from the focus of @ porabala on tls lanrent 13 @ mean
nrw:wrf M‘l‘:nm lin{ diances of the focus from the potnt of contact and from

- oF

N

P pendienlar from the focu oz e tatgts
join AN and because of the equal hnes

H S and SP VN and NP MA and A0

> the i ht kises AN OP will be parallel

1 znd thenee the tnangle SAN will be nght

! anJed at 3, and qmilsr to the equal tn
W A5 O an des S\N\I S\NP therefore PS: to SN\

asS\ isto 84
Coz 1 PSt1sto S\?as PS s to S4.
Coz. 1. And because S1 15 gven, SN will varv as PS
Coe mt. And the intercection of sny tangent PNI with the nght e SN\
drswn from the focu. perpendtcular on the tan-ent fallsn the nght ine AN
thst touckes the parsbola in the prineapsl vertex.

QED

Proro.tmion 13 Pronix §
1f o body moces tn the pervmeter of a perabola 1 15 required to find e law of the
eentripetal forte lending Lo the focus of that figure

Petamng the con. truction of the preceding Lemma, let P be the bod in the
perimeter of the parabola and from the place Q into which 1t 1o next to sue~
ceed draw QR parallel and QT per
peodicular to SP asal:o Q parsllel
to the tan=ent ..nd meeting the & % <
amete PG and the dutance SP
m 2 \gw because of the mulartn
aertes Prr SPM and of the equal

°

N
S,

N

A 5

(by Lem 13) to the rectangle
comadmg (by Cor 11, Lem. ™,

the rectanzle under the batu_rectum
end the segment Pr of the dameter that s
4QPS g— o::‘ga !?I' rx\mi the pants Pand Q
= theref re Q:* 1n this case beeor equal
4P~ QR But (because of the mumilar tnan les Ql:ﬁ-bsv\j 0 the xectanlo
QT=P> S\I=Py <% (bv Cor 1 Lem. 14)
=4PS QR 454 QR
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Therefore (by Pro;; 9 Bool; v_Elements of Euchd) QT?=484 QR Multiply
these equals by Q—I;-{ and _P—QT— will become equal to SP? 4SA ard therefore

(by Cor rand v Prop 6) the centripetal force 1s mversely as SP” 48A that
18 because 48\ 1s grven mversely «s the square of the distance SP qEl
Cor 1 T'ram the three last Propositions 1t follows that if any body P goes
from the place P with any velocity in the direction of any nght ine PR and at
the same fime 1s urged by the action of a centripetal force that 1s inversely
proportional to the square of the distance of the places from the centre the
body will move 1n one of the come seetions having 1ts focus m the centre of
force and conversely Tor the focus the pomt of contact and the position of
the tangent bemggiien a come section ray be descnbed which at that pomt
shall have & gven curvature But the curyature 1s given from the centnpetal
force and velocity of the body being given and two orbits touching one the
other cannot be deseribed by the same centripetal force and the same velocity
Cor 11 If the veloaaty with which the body goes from 1ts place P 1s such
that in any mfimtely small moment of time the small kne PR may be thercby
deseribed and the centripetal foree such as n the same time to move the same
body through the space QR the body will move in one of the come sections
2

whose principal latus rectum 1s the quantity o™ its ultimate state when the

small imes PR QR are dimimshed tn tnfinstum In the e Corollaries I consider
the circle as an ellipse and T except the case where the body descends to the
centre 1n a nght line

Prorostrion 14 Tarores G

If sereral bodies rerolie about one common cenire and the centripetal force 1s
werscly as the square of the distance of places from the contre I say that the
principal lalera recta of their orbuls are as the squares of the arcas which the bodies
by radu draun to the centre deseribe in the same time

For (by Cor 11 Prop 13) the latus rectum L 1s equal to the quantity 8—%—: n

- t - . e But the small hne QRna
2
thercfore 3—11{ 1585 QT” SP thatis thelatusrec ‘ r

tum L 1s as the square of the aren QT SP Qe D
Cor Hence the whole area of the elipse and
the rectangle under the axes which 1s propor
tional to 1t 1s as the product of the square root
of the latus rectum and the penodic time Tor
the whole area 1s as the area QT SP deseribed 1r 2 given time multiphed by

the periodic tume ProrostTiov 15 TrHEoREM 7

The same things bewng suppo od I say that the periodic fimes in ellip ¢s arcas the

3/th pover (in ratione esqupheata) of thewr grealer azes
Tor the les.er axis 1s a mean proportional between the greater axis and the

Jatus rectum and therefore the product of the axes 15 equal to the product of
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* L. ofthegresterans But

Prorosrrion 16 THEOREM 8
1w draun fo the bodies that
on those tangents from the
-y tnrersely as the perpen
al latera recta
gent PR, an(é ;l;e veloaity
of the body P vartes inter<ely asthe quare root of the quantity I For that

veloeity 13 as the mfimtely emall arc PQ desenbed 1n a given moment of time
that1 (by Lem 7) as the tangent PR that i
(because of the proportion PR QT=SP §Y)
as b S\QT or inversely as St and directly as
SP QT but SP QT 15 as the area deseribed 1
the gnen tune that 15 {by Prop 1) sas the
quare root of the latus rectum QED
Cor.1 The prineipal latera recta vary as the

quares of the perpendiculars and the squares of
the velocities.

)

o Fam

dutance from the focu_ 15 to the velotity ina eirele at the same ditance irom
th centre asthe quare root of the pnincipal latus Tectum s to the quare root
of doubte that ditance

_— - b

moct of 1hel 1nverse ratio of the di tance~
or v ln the <ame figure orevenin different fi h

gure~ whose prncipal latera.
Tecta are equal the veloaty of a bods
o o gdal the ve t.mgem 1s1nversely as the perpendieylar let fall

-.COK ¥t In a parabola the velocity 15 iy ersely as the quare root of the
- - o -~
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parabola 1s a3 the square root of the distance In the hyperhala the perpen
dhenlar 18 less vanable 1n the ellipse more

Cor vt Inaparabola the veloaity of a body at any distance from thefor 5
15 to the veloaty of a body revolvine n =
centre as the square root of
1a -1 14
t
¢
4

wu vl the veloeity of a body revolving 1n any come sectton 1s to the
veloaty of a body revolving in » oircle at the distance of half the pnneipal
latus rectum of the section as that distance to the perpendicular let fall from
the focus on the tangent of the section This appears from Cor +

Cor 1x Wherefore smnee (b On -

v tuwstances therefore hihewie
vawuty ot a body revolving in o come o # om

ody ™ -~ -
that ¢ o stution to
the pc - au trom the common focus upon the tangent of the
section

Prorosttion 17 Pronrenm @

Supposing the centripetal force Lo be interseli m ano  ~ns
distances of ~*
1t 18 requirec
guen place

Let the ct
prevolve ir -~ vawety of this body n the
place p 1s known Then from the
place P suppose the body P to be
let go with a given velocity in the
directson of the line PR but by
virtue of a centripetal force to be
immediately turned aside from
that nght hne into the conie sec
tion PQ This the nght hne PR
will therefore touch in P Suppo ¢
bhewise that the nght hne pr
touches the orbat pgin p and of
from S ousuppose perpendiculars
Jet fall on those tangents the prinezpal latus rectum of th‘zf conte scetron (by
Cor 1 Prop 16) will be to the prneipal Iatus re t ™ Il >

— )

« w  hbenby
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poaition Let fall Sk perpendicular on PH and erect the conjugate semiaxis
BC this done we hall have \ o 4(BH —BC) =
—9PH Ph+PH =SH!=4CH!= (B
(SP-ng) —L(RP+PH)=SP1+2P> PH+PH —~L(EP+PH)
Addonboth sdes oPh PH-SP'—PH +L(SP+PH)
sod e Ballbave LEP+PH) =P8 PH+2P§p})’H I:zr
=2 (]P
(SP+-PH) PH=2(SP+ hF ¢ b vty of the
wnillheon
tgure will
+PH 13
us rectum L
herefore the
e Ph and1s
ater velooity
othe (angepx;g
he foc1 the LUIE  u s 1ts princy
passing between t| e Oﬂﬂ_ ,",, 1 hcf»:nd PH and thence is gven Fornxai

ven place P with
nven by position
QEF
ertex D the latus
by taking DH to

rectum and 4DS
For the proportion

SP+PH PH=22P+2KP L,
becomes n the case of this Corollary
DS+DH DH=4DS L
and DS DH=4DS-L L.

Con 1t Whence f the veloaty of a body 1n the pnneipal vertex D s given
the orbut may be resdily found nxmely by takang its latus rectum to t vice the
distance DS 1n the squared ratio of thus given veloaty tothe veloaty of a body
revolng i & eurcle at the distance DS (by Cor 1 Prop 16) and then taling
?[I’lbto D> as the latus rectum to the difference between the Istus rectum and

-
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will undergo 1n the mtermediate places from the analogy that appears in the
progress of the seres

ScroLroM

If a body P by means of & centripetal P

force tending to any grven point R move i ]
the perimeter of any given come section whose

centre 158 C and the law of the centripetal

foree 18 required draw CG parallel to the

radws RP and meeting the tangent PG of

the orbit 1n G and the force required (by

Cor 1 and Schol, P‘;"P 10 and Cor i

Prop 7) will be as —g%

SECTION 1V

THE FINDING OF ELLIPTIC PARABOLIC AND HYPERBOLIC ORBITS FROM THE
FOCUS GIVEN

Lemma 15

If from the tuo focr S H of any ellipse or hyperbola we draw fo any thurd pomnt V
the right lines 8V HV, whercof one HV 1s equal to the princypal azzs of the figure
v that 1s {o the axis wn whach the foct are situated the other
SV s bisceled wn T by the perpendicular TR let fall
T} R upon ot that perpendicular1 R will somewhere touch the
comic seclion and vice versa 1f o does touch ot HV
S H  all be equal to the principal azis of the figure
For let the perpendicular ™ ™ k- mad 3t AL
R and join SR Because TS
well as the angles TRS TRV
the comc section and the perpendicular TR will touch the same and the

contrary QED

n

Prorositiov 18 ProsrEv 10

From a focus and the principal axes green {o describe elliptic and hyperbolic curtes

which shall pass through quen pownts and louch right lines guen by position
Let S be the common focus of the figures AB the length of the prineipal axis

of any comic P a pont through which the come should pass and TR a nght

Line which 1t should touch About the eentre

with the radius AB—SP if the orbtt1s an clipse A B

or AB-4SP 1f the orbit 1s an hyperbola desenbe & R P

the arcle HG On the tangent TR let fall the >/{ Wl

perpendicular ST and produce the same to V so 1S gj

that TV may be equal to ST and nbout V as s \ s

centre with the mterval AB desenbe the circle

FH In this manner whether two points 1 p are given or two tangents TR

#r or a point P and a tangent TR weare to dosenbe two circles Let H be ther
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———= = desenbe the
~8P
ough

t“llze‘he b:-%er;b:gx, (bl;sgem;mu;cd‘:ngmhmm) will touch the nght hne 1 v And
by tx;;‘:m ame argument 1t wll exther pass through the two pomnts P p or togc:
the two nght hnes TR & Qi

Proposrrion 19 Prosrex 11
- @ seribe a parabola whach shall pass through giren pownis

R a tangent of the curve to be deseribed
Sbout P asa centre with the rswus S desenbe the eirele FG From the focus
Jet fall ST perpendicular on the tangent and produce the same to\ soas TV
may be equal to ST After the same manner another arcle
fg15 to be described 1f another point pis given or another
pownt v 15 to be found if another tangent tr1s given then
/P draw the nght line IF which hall touch the two circles
FG fg if two pomts P pare gven or pass through the
/ twopomtsy ¢ if tvotangents TR fr are ;iven or touch
/ the circle FG and pass through the pomt b of the pont
1 ! P and the tangent TR are grien On FIlet f21] the perpen-
AS dicular ST aud bisect the same in B and wath the axns
Sh and prineipal vertex h desenibe a parabala I.ay the
thir 1s done For this parabols {(because SK is equal to Th and SP to FP)
will pas through the point P and (by Cor 11 Lem 14) because ST 15 equal
to T\ and STR a nght anle 1t will touch the n, bt hme TR. QEF

Prorosrrion 20 ProsLEx 17
About o queen focus 1o deseribe any quren comc vhch shall pass through giren
ponts and louch right hines g1 en by position

CasE 1 About the focus S 1t 15 required ta desenbe a come ABC passing
through two ponts B C Because the conic 1s given m kind, the ratio of the
prineipal 2us to the distanee of the focr wil
be given. In that ratio take KB to BS and LC

L
10 CS Abaut the centres B G mih them /¢
tervals BR, CL describe two eircles and on Vi
the nght line KL, that touches the .ame m k. ‘ \/
G A § H
e e e

<&

and L, let fsll the perpendicular §G which

we ehall have
Ga-GA oS
ASarem the

fest from the come <ections fhepontsB C asis
Case2 About the focus Sitis required to desenbe 2 come which thall ernma.
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where touch two nght lines TR #r From the focus on those tangents let fall
the perpendiculars ST 8¢ which produce to V v so that TV i may be equal
to TS 8 Bisect Von O and erect the indefimite perpendicular OH, and cut
the right hne V8 infinttely produced in K and %

so that VK be to kS and VA to A8 asthepnn  “ ™o, \‘(
apal axs of the cone to be described 13 to the ~~—— /
distance of its foc1 On the diameter Kk describe < -y !
aarcle cuttng OHmn H and with thefoa § H, 0 —/— . b\ lH

conic Isay the thingis done For bisecting ki
m\ and jonmg HX HS HV Hy because VR =R
15 to kS as VA to kS and by composition as ¥
VE+Vk to KS4-kS and by subtraction as VAi—VK to X8—KS that 1s as
2VX to 2K and 2KX to 28X and therefore as VX to HYX and HX to S\
the triangles VXH HXS will be sumilar therefore VH will be to SH as VX to
XH and thercfore as VR to hS Wherefore VH the prineipal axis of the de-
scribed conic has the same ratio to SH the distance of the foer as the pnn
cipal axis of the conic which was to be desentbed has to the distance of 1ts foe
and 1s therefore of the same kind And seeing VH < H are equal to the principal
auis and V8 +8 are perpendicularly bisected by the right lines TR ¢ 1t 1sev
1dent (by Lem 15) that those nght hnes touch the deseribed come QEF
Case3 About the focus S 1t 1s required to describe a conie which shall touch
anght hne TR 1n a given pomnt R On the nght line TR let fall the perpendicu
lar ST which produce to V so that TV may
be equal to ST join VR and cut the nght

H.,
o hine VS indefimtely produced in I and & so
R that VK may be to Shv and Vi to 84 asthe
B
~
] &

i i
and prnapal axms equal to VH desertbe a4 T\;‘K/ 5// /

principal axis of the cllipse to be descrnibed to

/2 deSue o et the distance of 1ts focr and on the diameter

v TK KA describing a circle cut the night hne VR

produced 1n H then with the foct S H and

prncipal axis equal to VH descnibe 2 come I say the thing 1s done For

VH SH=VK BSK and therefore as the principal axs of the conte which was
what we have dem

s of the same kind

Iine TR by which

the angle VRS 1s bisected touches the conic mn the pomnt R 1s certain from the
properties of the conic sections QEF
Case 4 About the focus S 1t 1s required to describe a come APB that shall
touch a right line TR and pass through any given point P without the tangent
and shall be sirilar to the figure apb described with the principal axis ab and
focrs h On the tangent TR let fall the perpendicular ST which produce to V
so that TV may be equal to ST and making the angles ksg shg equal to the
angles VSP SVP about g asa centre and with a radius which shall be to ab as
SP to VS describe a circle cutting the figure apbn p Jomn sp and draw SH
such that 1t may be to sh as SP1sto sp and may make the angle I SH equal to
the angle psh and the angle VSH cqual to the angle psg Then with the foet
S H and principal axis AB equal to the distance VH descnbe a conie section
Isay the thingisdone forif svis drawn so that 1t shall be to sp as sh1s to sg
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equsl -th equal to

) to the angle hsg and the angle

‘ﬁ?g 3:2& ﬁilﬁﬁ:‘;n;l;’;rﬁ ¢pg vl be smular and therefore th \\‘{\_!Sbe :0
asshistosy fhahs(bemuseofthesmﬂartmnglcs\“i‘ hsq)[ a 1.to

g{’ or 85 ab to pg Wherefore ¢ and ob are equal But because of the aimlar

em

% VHistoSHaschtosh thatis the axs of the come section
} the axs ab to the distance of the
d 1 amilar to the fieure aph But
becawsethetnangle Poitas auun v o oglepth thisfieure passes throuch
the puint P and because VH 1s equal 1o 1ts axs, and 1S 15 perpendicularly
biseeted by the nght ine TP the sud figure touches the nght lme TR. Q¥
Lewsta 16

F om three giren pownts lo drow 1o 6 fourth pornt that 13 not given three right lines
whose & Ferenees esther sholl be gaven or are 2er0

Cise] Letthegnenpointsbe A B C and Z the fourth pont which we are
to find because of the given difference of the hnes AZ BZ the locus of the
point Z wil) be an hyperbola whose focz are A and B and whose principal axis

18 the given dufference Let that aws be \IW
Talung PM to YA a3 M\ to AB

er~ct PR per
I T e Y
\\/
1\ s

-

bola, whose foct are A € and whose prerpal
i axs1s the difference between AZ and CZ and QS
8 perpendicular on AC may be drawn to which

{QS)of from any pownt Z of this hyperbola a per
peadicular 28 s let fall (this ZS) shall be to AZ
__ asthe difference between AZ and CZ 1s to AC
~ ™theratio
meet i
md and
f@venin
TZ and

(4}
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because the ratios of AZ nnd TZ to ZS are mven therr ratio to each other 13
given also and thence will be given likewsse the triangle ATZ whose vertext.

the pont Z s
Case2 Iftnoef v 7

nght hne TZ so ¢

above QETD
Case 3 If all the three are equal the point Z wall be placed in the centre of a

crrcle that passes through the pamnts A B C QE!

This problematic Lemma 1s likewise solved 1n the Book of Tactions of Apol
lomus [of Perga] restored by Vieta

Prorosrrion 21 Prosrem 13

About a guen focus to describe a comie that shall pass through guen points and
touch mght lines gwen by pontion

Let the focus S the pomnt P and the tangent TR be given and suppose that
the other focus H 1s to be found On the tangent let fall the perpendrcutar ST
which produce to Y so that T'Y may be equal to ST and YH will be equal to
the principal axis Jomn SP HP and SPwill be the
difference between HP and the prineipal aus ~ R P
After this manner 1f more tangents TR are given <. “1
or more pomts P we shall always determune as % \/\ \
many Imes YH or PH drawn from the said points \
Y or P to the focus H which exther shall be equal
to the axes or differ from the axes by miven lengths
SP and therefore which shall erther be equal among themsehves or shall hase
given differences from whence (by the preceding Lemma) that other focus H
18 given But having the foe: and the length of the axis (which 1s exther YH
or 1f the conic be an elipse PH+SP or PH~SP 1if 1t be an hyperbola) the

¥
s H

conic 1s grven QEI
Scuorrum
Whe~ *+
under
never

a4t whien three points are

gmven 1s more readily solved thus
Let B C D be the given ponte
Join BC CD and produce them
toL T soasLB maybetoLCas
SBtoSC and FC to FDasSC to

“ 8D On ET drawn and produced
let fall the perpendicularsSG BH
and . GS produced indefinitely
tahe G\ to AS and Gato oS ss
1IB 15 to BS then A wiil be the
£ vertex and Ag the prn » Y v
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Boox I TrE Monon or Boorrs
* other=deof the lmeEF

) ]
be hke &t U o
:::énbt‘:g;ihezmnt B C D lein a comc sechion uedl Xy ..E t
thefore. S m<uch manuer ths sl the rght hnes drawn {rom the focus S to
the several pant of the section and the perpencheutars let fall from the same
th the GF arein that mven ratio
w’?h::xaﬁ;%mmdu \f e s Hire has solved this Problem much after
tbe same wav 1n bis Contes Prop 22 Book vox

SECTION V

Ho\vmczxnsmmuwnmwm:\\mmcvssm

Loon 17
A~ P fameneo . wehon lobe four produced ndes AB CD
A =% Taes
te
¢ [ tTof
tove on the o her fwo eppott £ s°es AL LY W

< Cast 1 Let us <uppose first that the hnes
drawn to ane pair of opposte ndes are parallel
to esther of the other aides 2. PQ and PR to
the 1de AC and P>and PTtotheside AB And
furtker thst oze pair of the opposite «ades, 2y
ACand BD are paralle]l between themselve-
then the n.ht live which bisects thowe paraliel
<des will be oze of the diameters of the come
<ectron, and mill khewse bisect RQ Let O be
the point 10 whieh RQ 1 buected and PO will
el » 8 m ter Produce PO

taz~le AQ QB 1 a mven ratio But Qh and ¢
PR are equal & berm- the difierences of the
equal koes Ok OP and OQ OR whence the S
rectanlex PQ Qb and PQ PR are equal aod
therefore the rectancle PQ PR 15 to the ree-
.1 AQ QB that 1 to the rectapgle I's PT
Iné f <3 T;l a‘lﬁ. QEL.D
[ t . n xt uppove that the o te
8le< \Cand BDof th travenum are n;:z‘t)u;r
ali 1 Daw Bd panal 1to AC and meetine .. A
well the n bt fine STint a4
acd draw UV panallel toPQ

Q N B

Te conic cection 1 d Jon C4 cutting
cutting Cd1n M and ABwm ™\ Then (b o

{because ot
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because the ratios of AZ and TZ to ZS are given their ratio to each other 1
grven also and thence will be given bikewsse the trangle ATZ whose vertex1s
the point Z QEY

Case2 If two of the three lines for example AZ and BZ are equal draw the
nght hne TZ so as to bisect the nght ne AB then find the tnangle ATZ as

shove QEI
CasE 3 If all the three are equal the pomnt Z will be placed in the centre of &
eircle that passes through the ponts A B € Q

ET
This problematic Lemma 1s hihewse solved n the Book of Tactions of Apol
lonms [of Perga) restored by Vieta

ProrosrTioN 21 Proprem 13

About a grren focus o describe a conic that shall pass through guen points and
touch right lines gien by posuion

Let the focus S the pomt P and the tangent TR be given and suppose that
the other focus H 1s ta be found On the tangent let fall the perpendicular ST
which produce to'Y so that TY may be equal to ST and YH will be equal to
the principal aws Join SP HP and SP will be the
difference between HP and the pnnapal avs ~ R P
After this manner 1f more tangents TR are given k < -
or more points P we shall always determmne as z s \
many lines YH or PH drawn from the said points \\ \
Y or P to the focus H which cither shall be equal ——
tothe axes or differ from the axes by given lengths s L
SP and therefore which shall exther be equal among themselves or shall hase
given differences from whence (by the preceding Lemma) that other focus H
1s given But having the foci and the length of the aus (which 1s exther YH
or 1if the conic be an elipse PH+4-SP or PH-—8P if 1t be an hyperbola) the
comce 1s given QEI

Scronius

When the conic 15 an hyperbola I da not wnclude 1ts conjugate hy perbola
under the name of this come For 2 body gomng on with a continued motion can
never pass out of one hyperbola into its comjugate hy perbola

The case when three points are
given 1s more readily solved thus
Let B C D be the given points
Jomn BC CD and produce them
toL T soas'Bmay betoECas
SBto8SC andI'CtoI'DasSCto
SD On LT drawn and produced
let fall the perpendicularsSG BH
and m GS produced indefimitely
/ take GA to AS and Ga to aS as

HB s to BS then A will be the
vertex and Aa the principal axis
of the come which according as GA 1s greater than equal to or less than AS
will be erther an cllipse a parabola or an hyperbola the potnt a in the first
case falling on the same side of the ine GF asthe pornt A 1 the second gomg
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-1 €0 rontheother nde of the lme EF

t0S4. And by the bke zzpum w

ratio Wherefore the pomts B C D Lie m a comc section destyived o

the forus S 1 such manner that all the n bt hines drawn from the focus S to

the ceveral ponts of the section andhthe perpend(lculurs let fall from the same
n the nght ne GF are in that gven ratio

po%txs“o e‘tellen%.hgeometer A\{ de 1a Hire has =olved this Problem much after

the same way 10 hes Comes Prop 20 Book vrmr

SECTION V
HoW THE ORBITS ARE TO BE FOUND WEEN NEITHER FOCTS IS GIVEN

Lewaa 17
If from any pownl P of o qren comic section 1o the four produced sdes AB CD
AC DB fany trapesium ABDC nscribed tn that wection as many right lines
PQ PR Po PT are drawn tn given engles each line to each side the rectangle
PQ PR of those on the oppostte sides AB CD 1ill be to the reclangle PS PT of
those on the other twro opposile ades AC BD 1tn g giren rafio

¢ Case 1 Let us suppose firct that the hnes
[\ drawn to one parr of opposite sides are parsllel
s P toether of the other 1des as PQ and PR to
- ™~ BTk A AR And

rectanples

PQ Qh and PQ PR are equal apd

be rectangle PQ PR 15 to the rec

tan fe AQ QB that L. to the rectangle Iy PT H

o8 g1 en natio i xL
Cue® Let ot I ‘
h Usn Tt =uppo-¢ that the oppoute

£33 ACand BD of tle trapeniem are not par !

:11;{ ‘l)mw Bd parallel to AC and meeting as 4

:d}t*nﬁ\‘hmﬂm‘ 23 the econtc <ection 11 d Join C4

raw lp:u:nellnPQ cuttin Cdin \f and ABn ™\

1 ref re o D

Q N B

utting PQan r
Then (because of
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because the ratios of AZ and TZ to ZS are given thewr ratio to each otheris
gnven also and thence will be given likewse the triangle ATZ whose vertexis
the pont 2 QEt

Case2 If twoof the three lines for example AZ and BZ areequal draw the
right Iine TZ so as to bisect the right hine AB  then find the inangle \TZ as
above

Case3 If all the three arc equal the pont Z will be placed m the centm oi a
arcle that passes through the pomts A B C

This problematic Lemma 1s hikewise sol\ed 1n the Book of Taclions of Apol
loruus {of Perga) restored by Vieta

Prorosirion 21 Prosrex 13

About a quen focus to describe a conc that shall pass through guen pmnls and
touch right Lines puen by position

Let the focus S the powt P and the tangent TR be given and suppose that
the other focus H1s to be found On tha -~ perpendicular ST
wlich prodace to Y so that H will be equal to
the principal axis Jon SP F .
difference between HP ana the prinerpal axvis ™~ R P
After this manner 1if more tangents TR are given A -
or more pomnts P we shall alwnys determme as z \ i
many hines YH or PH drawn from the said points \
YorP tothefocus H whiche the *

RN

~ a; uauotner focus H

o vivu and the length of ‘the avis (nwuch 1s erther YH

or 1f the conic be an elipse PH-4SP or PH—~SP 1f 1t be an byperbola) the
cone 1s grven QET

Scronrua

Then the come 15 an hyperbola T do not melude 1ts conjugate hyperbola
under the name of this conte For a body gomng on with & contipued motion can
never pass out of one hyperbola nto its conjugate hyperhola

The case when three pomnts are
ghen 15 more readly sohved thus
Let B C D be the given ponts
Jotn BC CD and preduce them
to E T' soas EB mn) be toLCas
SBtoSC and FC to FDasSCto
SD On LF dravwn and produced
let fall the perpendicularsSG BH
and 12 GS produced indefimtely

/ take G\ to AS and Ga to S as
HB 13 to BS then A will be the
¥ vertex and Ar ) -

of the come **
-
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For the position of the

touches thelmes AB CDm A and C and the contrary
oo maming the <ame let the lne BD approach to
rentlises 4D O AC e v PT come Likewse to comeide
he nght lines
ndD ecanno
Jonmer cut but anly toutn W tus

ScaoLrou
fothisLemma the name of conie sectionis tobe understood in alarge ense
T oAa oIl the rectilnear section through the vertex of the cone

% mnon tnhema

uy
which 15 that nght Loe upon which the
pont p falls and the other 1s & nght e
that joins the other two of the four pomnts
f the two opposite angles of the trapenium
taken together areequal to two nght angles
and of the four knes PQ PR, PS PT are
drawn to the ades thereof at nght angles
or any other equal angle. and the rectanle
PQ PR under two of the hnes drawn PQ
and PR, 1s equal to the rectangle PS PT
A 1 iQ B under the other two PS and PT the come
section will become 2 cirele And the same
thing will happen 1if the four hines are drawn 1n any anles and the rectangle
PO PR 1 ane pawr of the lines drawn, 1s to the rectangle PS PT under

qusdnlateral figure whose two opposite sides cross one another like (IR
Andoncort oof the four ponts A, B C D may be supposed to be remoyed
-t ——

tum

. Lownaa 19

o find a posnt P from wch ek of forr right ! nes

m 4 ther nght lines AB CD {»\C B{) q ml;yqpfgwﬁswzrg:aﬁuz lor:'sl

e les the recta gle PQ PR under any two of the lines drawn shall be Z: the

m:::a e S PT under the other tiro n a giren ralio

m:\:’[;x:t: 'lc}:oi;x:e‘s AB CD towhich the two night hnes PQ PR, contamimg

Ao o n KC esbm drawn to meet two other Liges wven by poation 1

e From one of those a3 A draw any nght hine AH 1

ke l::;\ the point P Let this cut the opposte lines BD GD wl
¢ all the angles of the figure are ©ven, the ratio of PQ to PA.
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thesimlar tnanglesBT: DBN) Bt or PQ T¢=DN NB AndsoRr AQorPS=
DM AN Wherefore by multiplying the antecedents by the antecedents and
the consequents by the consequents as the rectangle PQ Rr1s to the rectan ls
PS Tt so will the rectangle DN DM be to the rectangle NA NB and (by
Case 1) so 15 the rectangle PQ Pr to the rectangle PS Pt and by division so
15 the rectangle PQ PR to the rectangle PS PT QED
C1se 3 Let us suppose lastly the four ines PQ PR PS PT not to be
parallel to the sides AC AB but any way 1
clined to them In therr place draw Pg Pr par <
allel to AC and Ps Ptparallel to AB and be- [ ™
cause the angles of the triangles PQg PRr PSs
PTtare given the ratios of PQ to Pg PR to Pr s
PStoPs PT to Pt will bealsogiven and there-
fore the compounded ratios PQ PR to Pg Pr
and PS PT to Ps Pt are given But from what
we have demonstrated before the ratio of Pg Pr

toPs Ptisgiven and therefore also the ratio of 4 Q 9 B
PQ PR to PS PT QED
Lemnma 18

The same things supposed +f the rectangle PQ PR of the lines drawn o the liwo
opposite sides of the lrape 1um 1s to the rectangle PS PT of those drawn to the other
two sides 1n a guen ratio the pownt P from whence those lines are drawn will be
placed 1n a conac section described about the trapezium
Concerve o conic section to be described passing through the pomts A B C
D and any one of the infimte number of points P as for example p I <ay the
pomt P will be alwnays placed 1n this section If you deny the thing jomn AP
cutting this comic section somew here else 1f
possible thanin P asmnb Thereforeif from
1t those pamnts p and b m the given angles to
T the sides of the trapezium we draw the nght
T lines pg pr ps pt and bk bn bf bd we shall
have as bk bn to bf bd so (by Lem 17)
pg pr to ps p¢ and so (by supposition)
PQ PRto PS PT And because of the sim
ilar trapezia BAAf PQAS as bk to df so PQ
R™D o PS Wherefore by dividing the terms of
the preceding proportion by the correspond
ent terms of this we shall have bn to bd as
At #Q B pR to PT And therefore the equiangular
trapezia Dnbd DRPT are sumlar and consequently their diagonals Db DP
do comerde W herefore b falls in the mtersection of the nght hines AP DP and
consequently concides with the pont P And therefore the point P wherever
1t 15 taken falls within the assigned come section QED
Cor Hence if three nght lines PQ PR PS are drawn from a common pont
P to as many other nght lines given n position AB CD AC each toeach 1n
asmany angles respectively given and the rectangle PQ PR under any two of
the lines drawn be to the square of the third PS 1n a given ratio the pont P
from which the nght lines are drawn will be placed 1n o conie section that
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oherinagrerra o thelocusof the posnt D 1l be a comie section passing through
i LBCP
v !CI:J; i’mla‘fn BP CP and from the pomnt ]-\)B drswd the :‘?Bn%"(‘; Ién:ng
first DG Jhall be parallel to and mee!
DE, ol whuch the 1 G andtheother DE hall be paraliel to
AC andmeet PC PS AB nF K E and
b+ Lem 17) the xedag"le DE DF wilbe

a
PPrLtordss 1 vuu w

poundimg those ratios, the rectangle
PQ PR wll be to therectan le PS PTa.
Q s the rectan le DE DF 1 to the rectangle
DG DH arnd corsequentiv in a gven
rstic But PQsnd P> are gven and therefore the ratio of PR to PT 1s given.
QED
the
the
0Lt

cr

s ats locus. QED
Cor. . Hence if we draw BC cuttin™ PQ in r .od 1n PT tale Pt to Prin the
same ratio which PT has to PR then Bt will touch the eome <ection 1 the
pot B Fo <uppase the pomnt D to caalesce wath the pomnt B <o that the

chord BD van bin~ BT h.llbecome a tancent and CD and BT wll cotnarde
with CB and Bt

- e

coue ection.

han

Coz 11 One come section canno  cut another eome <ection 1n more t]
) Lo L L fen

Lownes o

pasnngthrow Ak pm 3B C 4nd conrersel.
7 fthenghtl
!i‘}acxmnl of meet ng D deeribe a conse sechion mmn?‘l’)m:q?u}x}ebpui? dtrfz
A, end the gn~le DBV 15 alirays equal to the reen an 1e ABC as ull;:x the
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and PA to PS and therefore of PQ to PS wll be also gven This ratio taken ag
a dwvisor of the given ratio of PQ PR to PS PT gives the ratio of PR to PT,
and multiplying the gven ratios of PI to
PR and PTtoPH the ratio of PI to PH,
and therefore the pomnt P, will be gisen
QEIX
Cor 1 Hence also a tangent may be
drawn toany pont D of the locusof all the
pomnts P Tor the chord PD where the
points P and D meet thatis where AH s
drawn through the pont D becomes a
tangent In which case the ultimate ratio
of the evanescent lines IP and PH will be
found as above Therefore draw CT parallel to AD mecting BD i F and cut
1t 1n E 1n the same ultimate ratio then DE will be the tangent because CF
and the evanescent IH are parallel and similarly cut in E and P
Cor 11 Hence also the locus of all the points P may be determined Through
any of the points A B C D as A draw AE touching the locus and through
A’\ any other pomnt B parallel to the tangent

draw BF meeting the locusinT' and find the
point F by this Lemma Bisect BFin G and
drawing the indefinite hne AG this will be
the position of the diameter to which BG
and F'G are ordinates Let this AG meet the
locus in H and AH will be 1ts dinmeter or
Intus transversum to which the latus rectum
will be as BG? to AG GH If AG nowhere
meets the locus the ne AH being infimte

A
» the locus will be a parabola and its latus
E rectum corresponding to the diameter AG
will be %GG': But of 1t does meet 1t anywhere the locus will be an hy perbola

when the points A and H are placed on the same side of the point G and an
elhipse 1f the pomnt G falls between the pomnts A and H unless perhaps the
angle AGB 15 2 nght angle and at the same time BG? equal to the rectangle
GA GH 1 which case the locus will be a cirele

And so we have given 1n this Corollary a solution of that famous Problem
of the ancients concerning four hnes begun by Euclid and ecarned on by
Apollonius and this not an analy tical caleulus but a geometrical composition
such as the ancients required

LEuva 20

the tuo osite angular points A and P of any parallelogram ASPQ touch any
gmc scctz‘;flpm the pownts A and P and the sides \Q AS of one of those angles
andefinstely produced mect the same conue seelion in B and C and from the points
of meeting B and C to any fifth pownt D of the conic scction two right lines BD
CD are drawn meeting the two other sides PS PQ of the parallclogram indefinately
produced tn T and R the parls PR and PT cut off from the sudes will always be
one to the other 1 & quen ratio And contersely 1f those parts cut off arc one to the
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ProvosiTion 27 PROBLEN 14

shall pass through fire guren pornts
Tolﬁﬁeﬁ:zpﬂ\[‘egfomts b’:‘A BCP Dthl-‘mn‘n nng;ne( ;;f thgehn: 1::15@’\ ,\;;
e poles draw then

any other twoas B C which may be m“i% an%o e o to e s
$ o5 PROthrou hihe fourthpont P
Then from the two poles B C draw
T through the fifth pomt D two mdefi
mte lmes BDT CRD meeting with
the la_t drawn lines TP> PRQ (the
former with the former and the latter
TPt thelstter) n T sad 1. ind then
v a draw the nght lme &r parallel to TR

AN cuttine off from the nght lines PT‘

A Q
tremities ¢ 7 and the poles B L
d that pomt d mil'be placed 1n the conc required kor by tew by tu
point d 13 placed 1n & consc <ection passing through the fourpomtsA B C P
and the lines Rr T¢ vanihing the pownt d comes to comerde with the pont D
Wherefore the conic section passes through the five ponts A BCPD

QED

The sane otherwise

pomnt D then to the pomt P and
mark the ponts M\ 1n which
the other legs BL CL 1ntersect
each other in both cases Draw
the imdefimte nght hine M\ and
let those mo able an les revoive
about tteir poles B C 1 «uch
manner that the intersection
whch1 now supposed to be m

{ the legs BL CL or B\ CM
maval ays fallin that indefimte
night line M\ and the ntersec
ton tuch 15 now supposed to <
bed of tieleps BA CA or BD
CD will desenbe the con ¢ re-
qured PADIB For (by Lem

1) the pont d will be placed 1n 2 come section

passin~ through th

B C and when the point m comes to comneaide with the pomtsga \Ie Km?}:

‘\,\0'::‘11‘:0::“ (by con_:ruchon) come to conade with the pomts A, D P
a cone gcctio!

e m will be descnibed that shall pass throuh the five

Con- 1 Hence a nght | ne may be readily dra mwhich hallbea (ang:nlt: :'0
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angle DCM aluays equal o the gien angle ACB the pont M wall lie 1n a right
line guen by posttion as afs locus
For in the nght hine MN let a pownt I\ be grven and when the movable pomnt
M falls on the immovable point N, let the movable pont D fall on an immoy
able pomnt P Join CN BN CP
BP and from the pomnt P draw
the right hines PT PR meeting
BD CD in T and R and
making the angle BPT equal to
the given angle BNM and the
angle CPR equal to the given
angle CNM  Wherefore since
(by supposition) the angles
MBD NBP are equal as also
the angles MCD NCP take
away the angles NBD and
NCD that are common and
there will remain the angles
NBM and PBT NCM and PCR equal and therefore the triangles NBM PB1
are stmilar as also the tnangles NCM PCR Whercefore PT 1s to NM as PB
to NB and PR to NM as PC to NC But the points B C N P are smmoy
able wherefore PT and PR have 2 given ratio to NM and consequently
given ratio between themselves and therefore (by Lem 20) the pomnt D
wherein the movable night lines BT and CR conttnually concur will be placed
1n & come section passing through the pomts B C P QED
And conversely 1f the movable point D lics tn & conie <ection passing through
the given points B C A and the angle DBM 1s always equal to the given
angle ABC and the angle DCM
always equal to the given angle
ACB and when the pont D falls
suceessively on any two mmmov
able points p P of the conic sec
tion the movable pomnt M falls
successively on two immovable
pomnts n N Through these pownts
n N draw the nght hine 2N this
hine 7N will be the continual locus
__ of that movable point M For if
possible let the point M be placed
1n any curved line 1herefore the
pont D will be placed 1n 2 conte
section passing through the five
C A P when the pomt M 18 continually placed mn a curved
K:emliunt from “lfnt was demonst!:atcd before the pomt D will be also placed
1n o come section passing through the same fivepomnts B C A » P when
the pomnt M 1s contmunlly placed mn o nght line Wherefore the two
como sections will both pass through the same five points ;g“"m Cor m
Tem 20 It 1s therefore absurd to suppose that the pomnt M is placed in a

ED
curied hne Q
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Prorosrriox 22 ProeLEy 14

a comac that shall pass through fite green pownls
Ta!i‘tmeﬁve gven pomts:e A Ill)eC lxl,eththr;) ar:iy onet 1:): ;‘;Th?es A ,\;30
‘hch may be cal e poles draw
acny otbertwossB C whichmoy AC an}()i parallel to those the lnes
TPS PRQthrough the fourthpomt P
Then from the two poles B C draw
through the fifth point D two mndefi
nte lines BDT CRD meeting with
the last drawn Lines TPS PRQ (the
former with the former and the latter
with the latter) in T and R And then
draw the nght line ¢r parallel to TR
cutting off from the nght lnes PT
PR any segments P¢ Pr proportional
to PT PR and if through their ex
tremities ¢ r and the poles B C the nght lines B¢ Cr 2re drawn mecting 1n
d that pont d will'be placed 1n the conic requred For (by Lem 20) that

@

A

QED
The same otheririse
Of the miven points join any three asA B C and sbout two of them B C
a3 poles making the an,les ABC ACB of » gven magmitude to revolve apply
the legs BA CA first to the
pouit D then to the point P and
mark the poiets M N 1n which
the other legs BL CL intersect
each other in both cases Draw
the indefinite nght hine M\ and
let those movable an les revolve
about therr poles B C n such
manner that the iter<ection
huch 13 now cuppo-ed to be m
fth legs BL, CL or BM CM
ma) alwavs fall in that indefinite
|l1ght lmhel M\ and the mtercec
2 which 15 now wuppoed to
bed of the lege BA, Cpt or BD
€D will deeribe the come re-
‘I‘;;m}; PADIB Fo- (bv Lem.
the potzt d will be placed
BC andabon o mfnt = ::m Pasaing through the points

pont d will N th
Wh refom s (b7 coestruetion) ¢

L s,
Punts AP € B oy 2 Wl be deseribed that b
Comt §ommmsy

ref L e v be readile dran which thallbe o iang:n:: :o
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the comic 1n any miven pont B Let the pont d come to comeide with the pomt
B and the right lne Bd will become the tangent required

Cor 11 Hence also may be found the centres diameters and latera recta of
the contes asin Cor u Lem 19

ScrovLrum

The former of these constructions will become something more simple by
Jomng B P and n that line produced if need be taking Bp to BPasPR1sto
PT and through p draw the indefimite right hine
pe parallel to SPT and 1 that hine pe taking
always pe equal to Pr and draw the nght lines S
Be Crtomeetind Forsince Prto Pt PR to PT
#B 1o PB peto Pt are all n the same ratio pe
and Pr will be always equal After this manrer
the pomts of the conte are most readily found
unless you would rather describe the curve me A
chameally as i the second construction

ProrositioN 23 Prosrryv 15

To describe a comc that shall pass through four guen pownts and fouch a guen
rght line

Chse 1 Suppose that HB 1s the given tangent B the pont of contact and
C D P the three other given points Join BC and draw PS parallel to BH
and PQ parallel to BC complete
the parallelogram BSPQ Draw BD
cutting SP1n T and CD cutting
PQ i R Lastly draw any hne ir
parallel to TR cutting off from PQ
PS the segments Pr Pt propor
tional to PR PT respectively
and draw Cr Bt therr pont of
mtersection d will (by Lem 20)
always fall on the cone to be des
cribed
The same otherwise

Let the angle CBH of a given magmtude revolve H
about the pole B as also the rectilinear radius DC P,
both ways produced about the pole C Mark the D,

ponts M N on which the leg BC of the angle cuts
that radius when BH the other leg thereof meets
the same radius 1n the pomnts Pand D Then drawing
the indefinite ime MN let that radius CP or CD
and the leg BC of the angle continually meet 1n this
hne and the point of mecting of the other leg BH n
with the racius will delineate the conte required

For 1f 1n the constructions of the preceding Prob-
lem the point A comes to a comnadence with the
pont B the kines CA and CB will coincide and the N,
line AB mts last stuation will become the tan 7/
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fove the conctructions there set down will become the same

g;n‘;lligz ::i:ixecr\iou here descnibed Wherefore the mtersection of the leg
BH wth the radius wll deseribe a come <ection pasing through the points C
D P and touching the ine BH m the pont B QEF
Cast 2 Suppose the four pownts B C D P grven being atusted without
the tanent HI Joun each twa by the hnes BD CP meeting1n G and cutting
the tanvent m H and I Cut the tangent m A 1n such manner thst HA mav be

| to IA as the product of the mean propor

g 2 £t " U AD nd the mean
B

A tweentldld U auw . f

contaet Foraf HX a parallel to the nght
line PI cuts the comce 1n any ponts X and
> Y the pomt A {bv the properties of the
% $—>H  come secthon.) will come to be <o placed

that HA® will become to AIfina ratio that
15 compounded out of the ratio of the rectan le HA HY to the rectangle
BH HD orof the rectan le CG GP totherectan le DG GB and the ratio of
the rectan e BH HD tothe rectangle PI IC But after the pomnt of contact A
1 found the comic will be desenbed as m the firct Case @ EF But the point

A mav be taken either between or without the pomts H and I upon which
account a two-fold conte mav be de-cnbed

Prorosrrion 4 Prosuex 16

To: l'cn'be @ comae tha! shall pass through three qiren pownts and loush tiro qen

neht §ones
Suppose HI KL to be the mven tancents and B C D the given points,
gh 2ny two of thowe point  as B D draw the indefimte nght hme BD

meetn the tanrents m the points B k. Then Iilewise through any other two
of thesg pout 3sC D draw the mndefimte

e th

and 1> to LS as the mean proportional be-
tween Cland ID 1 to the mean proportion
albet cenCLand LD Butvoumaveut at
pleazure e ther thimor between the paints
h and i f and L, or without them Then
draw RS eutting th tangents in 4 and P

a2d \ and P il be the points of eontact For of & and P are <upposed to be
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conic sections) be to LP as the rectangle CI ID 1s to the rectangle CL LD
that 15 (by the construction) as SI 1s to SL? and therefore 1Z LP=SI SL
Wherefore the points 8 P Z are in one night ine Moreover mince the tan
gents meet 1n G the rectangle XI IY or I1Z2 will (by the properties of the
o : ~ IA=GP GA
the pomts S

1 abu a J1e 10 one nght line And the same argument will prove that the
pomts R, P and A are in one nght hine Wherefore the points of contact A and
P hie in the nght ne RS But after these points are found the come may be
described as 1n the first Case of the preceding Problem QEF
In this Proposition and Case 2 of the foregoing the constructions are the
same whether the right Iine XY cuts the comcin \ and Y or not nesther do
they depend upon that section But the constructtons being demonstrated
where that rght line does cut the conte the constructions where 1t does not are
also known, and therefore forbrevity s sake I omutany further demonstration

of them Leyma 22

To transform figures wnlo other figures of the same Aind

Suppose that any figure HGI 1s to be transformed Draw at pleasure twe
parallel hnes AO BL cutting any given third hine AB 1n A and B and from
any pont G of the figure draw out any nght hne GD parallel to OA till it
meets the nght ine AB Then from any
gven pomt O 1n the ine OA draw to
the point D the right ine OD meeting o]
Bl nd ndfam hann- -

t
having such ratio to Od as DG has to
OD and g will be the pomnt 1n the new
figure igr corresponding to the point G
And 1n ike manner the several points of
the first figure will give as many corre- |
spondent points of the new figure If we
therefore concerve the point G to be carried along by a continual motion
through all the pomnts of the first figure the point g will be hhewise carred
along by a continual motion through all the pomnts of the new figure and de-
senbe the same For distinction s sahe let us eall DG the first ordinate dg the
new ordinate AD the first abscissa ad the new abscissh O the pole OD the
abseinding radius OA the first ordinate racius and Og {(by wlich the paral
lelogram OABa 1s con:‘pletcd) the new ordinate radmus

T ¢ -

hon b 1

1

t

<

C

order and so on m curied hines of higher orders 1he two lincs 1n which the

pomnts G ¢ are placed will be always of the same analytical order Tor as

A A\
ol OA=0d OD=dy DG=AB AD undthemfomADlscquultooad
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O\ dz
ad

and DG equalto Nowf the pont G 1s placed 1n 2 right hine and there-

ton by which the relstion between the abscisss AD and the
Lm;?;gg“;;;e{i those indetermuned knes AD and DG nse nohigher

0\ AB
than to one dunension by wnting this equation =—-—10 place of AD and

9% 10 place of DG & new equation will be produced 1 which the new
abscissa ad and new ordinate dg rise only to one dimenzion and which therefore
-~ n htine Butif AD snd DG (or erther of them) had nzentotwo

* —sen to two

nstons. The

he first will

nes in which

Isay furtber thatif anvnghtimeouiit . w w e first figure
the came nght line traw ferred the same way with the curve into the new figure
wll touch thst curved hne mn the new figure and conversely For of any tvo
paints of the curve 1 the first figure are supposed to approach one the other till
they come tocomneide the same ponts transferred will approach one the other
till they come ta corncrde 1n the new figure snd therefore the nght lines with

tich those pomnts are jowned will become together tangents of the curves in
both firures. T ht have given demonstrations of these assertions in & more
geometneal form but I study 1o be brief

‘Wherefore if one rectilinear figure 1s to be transformed into another we need
caly transfer the mtersections of the nght hines of nhich the first figure con

& memofad nt reet nto draw nght Lines 1n the pew
we must tran fer the

shuch the curved e s
defined This Lemma 13 of use 1 the olution of the more difficult Problems

for thereby we msy tranform 2 the proposed fgures if they are wmtricate 1nto

tran formed mnto a nght line angd 3 aarcle

T desrite Prorostrion 25 Prosrry 17
escribe @ eons
n it ey, comie that aholl pass heough tro g1 en pornts and touc three gueen

Through the mtersection of Ahy two of the tan~ents one with the other and
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the intersection of the third tangent with the right line which passes through
the two given pomnts draw an indefimte nght line and taking this Lne for the
first ordinate radius transform the figure by the preceding Lemma into a new
figure In this figure those two tangents will be- a4 "
come parallel to each other and the third tan \
gent will be parallel to the right hine that passes
through the two given ponts Suppose ke ki to
be those two parallel tangents 4 the third tan
gent and Al 2 night lme parallel thereto passng .
through those pownts ¢ & through which the
conic section ought to passin this new figure and
nght
be to 1 [
1 and B e ¢
heto4d asthe sum of the night lines k2 and Al1s to the sum of the three hines
the first whereof 15 the nght line 14 and the other two are the square roots of
the rectangles ahb and alb and ¢ d e will be the points of contact For by the
properties of the comie sections
he ok hb=1? wdt=ke? kd*=el® ol Ib
Therefore
ke /(ah kb)=1c wd=ke kd=el +/(al Ib)
=hetrwetketel +/(ah hb)+d+-id++al b
=hi+kl +/(ah hb)+1k++/(al 1b)
Wherefore from that given ratio we have the points of contact ¢ d e m the
new figure By the inverted operations of the last Lemma let those pomnts be
transferred nto the first figure and the conic will be there deserbed by Prob
14 QEF But according as the points @ b fall betwecn the pontsh I or with
out them the pomnts ¢ d ¢ must be taken erther betnween the pomntsh 2 & 1
or without them If one of the points a b falls between the pomntsk ¢ and the
other without the points & ! the Problem 1s impossible

ProrosiTioN 26 Proprev 18

To describe a conc that shall pass through a gusen point and touch four gen right
hines

Trom the common interscetions of any two of the tangents to the common

mterscction of the other two draw an indefimte night ine and taking this ine

for the first ordinate radius transform the figure

% (by Lem 22) mnto a new figure and the two

pawrsof tangents each of which before concurred

4 m the first ordinate radws will now become

LA parallel Let ks and Al tk and Al be those x;la;rls

T Mol y

g the parallelog:

\ of parallels p
6\\ And let p be the pomt n this new figure corre-
\/
g

sponding to the grven pomnt n the first figure

Through O the centre of the figure draw pg and

Og bang equal to Op g will be the other pomnt
b d through which the conie scetion must pass
this new figure Let this point be transferred by the inverse operation of Lem
22 1nto the first figure and there we shall have the two pomnts through which
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{he come 13 10 be described But throuh thoee ponts that conic MAY bede-
«enbed by Prop 1"

Leann 23
cen ponts A B aren &
AC BB (m'xmal'x‘ng e ‘?mnde er1 1aned potnts
33 il be placed sn

RG to AE s BD
d by con.true-
at1 toEF a3

o

1 be
sCL

cD

and because that1 agien iy, etn
angle CFLwll be grvenant 1and and there-
fore the pount Liwall be placedn the pien
n bt hine EL. Joun Lb and the tnan les
C1h CFD wll be amar and ‘l::er:-\\xq:

v

the mven ue d o
Cor. Becsuse the figure EFLCispvennland the three Tight Hles L buss
and EC that1s GD Hh and EC wil have given ratios to each other

Lesta %4

Let AF GB be the two parallels touch N
1ng the comie section \DBmn Aand B
EF the third nght ine touchin, the
come <ection 1 1 and mectinr the Lo
f rmer tangentsin Fand G and let CD
be the <emidiameter of the E-ure paraliel 1 L
to those tangents 1 <ay that AF cDh
BG are continually proportional Forf H
the conjugate d ameters \B DM meet
the taneent FGin Eand H and cut one
the other 1 C and the parallelogram
IRCL be completed {rom the nature of
the come scctions,

FC C\=C\ CL
thence EC-C\ CA-CL=EC CA
or EA AL=EC C\
thence EA EA+AL=EC EC+C\A
or EA = EB
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the intersection of the third tangent with the right line which passes through
the two given ponts draw anindefinite nght line and taking this line for the
first ordinate radwis transform the figure by the preceding Lemma into & new
figure In this figure those two tangents will be- P i
come parallel to each other and the third tan * 1
gent will be parallel to the nght Line that passes
through the two given pomnts Suppose ks Al to
be those two parallel tangents zk the third tan
gent and Al a nght hne parallel thereto passing
through those pomnts @ & through which the
conic section ought to passm this new figure and
completing the parallelogram h2kl let the nght
Imesh: 12 Albesocutine d e that e may be to A 1
the square root of the rectangle ahb 2c tod and “ ¢
ketohd asthe sum of the nght lines k2 and 2115 to the sum of the three Lines
the first wheseof 13 the nght lne 2k and the other tvo are the square rootsof
the rectangles akb and alb and ¢ d e wall be the points of contact For by the
properties of the come sections
¢ ah hb=1c? PP=ke? Ad?=el? ol b
Therefore
ke +/{ah Eby=1c wd=ke kd=el +/(al Ib)
=het+ictHhetel /(ah hb)+id+Rd++/al Ib

=hit+kl ~/(ch kb)+1k++/(al Ib)
Wherefore from that given ratio we have the points of contact ¢ d ¢ mn the
new figure By the mverted operations of the last Lemma let those pomts be
transferred into the first figure and the come will be there deseribed by Prob
14 Q¥ Butaccording as the pontsa b fall between the pomntsh I or with
out them the pomnts ¢ d e must be taken erther betwecn the pontsh 1 & 1
or without them If one of the pownts a b falls between the pontsk ¢ and the
other without the points & ! the Problem 1s mmpossible

ProrosITION 26 PronLeM 18

To describe a conie that shall pass through a garen pownt and touch four guen right
lines
T'rom the common 1ntersections of any two of the tangents to the common
nterseetion of the other two draw an indefimte nght hme and taking this hine
for the first ordinate radius transform the figure
(by Lem 22) into a new figure and the tvo
pairsof tangents eachof which before concurred
2. 1n the first ordmate radius will now become
P parallel Let ko ond Al th and Al be those pairs
\, of el pleting the parallelogram ikl
0\ And let p be the point mn this new figure corre-
3

>

sponding to the given pont 1n the first figure
Through O the centre of the figure draw pg and
Qg beng equal to Op g wll be the other pont
b d through which the come section must pass
this new figure Let this point be transferred by the mverse operation of Lem
92 into the first figure and there we shall have the two pomts through which
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the conse 13 to be described But through those pornts that come may be de-
senbed by Prop 17 w2

~omaomis A B arcina
nnls
“din

aguenty €
gor fet the nght hnes AC BD mee‘tmi and lfnL‘E“é‘ ,E b ir}iD
let FD be always equal to the given hine an con.truc-
toAC and e e e TN heta D) thatis to EF as

gvenmhind Let CF be cut in Lisoss L
may be to CF 1n the ratio of Ch to CD
and because that 1 agnenratio thetn
angle EFLwili be givenin kind and theres
fore the point L wall be placed 1n the piven
n.ht Iine EL Join LR and the tnan les
£ nu GpB E p CLh CFD will be sumtlar and because
FDisagvenlne and LK s toFDmma
given ratio L will be also ;iven To thus let EH be taken equal and ELKH
will be always o paralielorram And therefore the pomt k 1s always placed 1
the gven 1de HR of that parallelogram QED
Cor. Because the figure EFLCas given n kind the three nght lines EF EL
and EC that1s GD Hh and EC will have given ratios to each other

Leanas o4

ThCL be completed from the nature of
the come sections

G QB
EC CA=CA CL
:]\:enee EC-CA CA-CL=EC CA
thence EA E}f& b o
o +AL=EC EC4-CA

EA EL-EC LB
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Therefore because of the stmilitude of the tnangles CAF ELI, ECH LBG
Al L1=CH BG
Likewise from the nature of the come sections
LIorCk CD=CD CH
Taking the products of corresponding terms 1 the last two proportions and
simplifying
AT CD=CD BG QED
Cor 1 Hence1f two tangents FG PQ meet two parallel tangents AF BG e
Fand G Pand Q and cut one the other 1n O then by the Lemma applied to

EG and PQ
AF CD=CD BG
BQ CD=CD AP
Therefore AT' AP=BQ BG
and AP—AF AP=BG-BQ BG
or PF AP=GQ BG
and AP BG=PF GQ=I'0 GO=AT BQ

Cor 11 Whence also the two nght ines PG T'Q drawn through the pomts
Pand G Fand Q will meet 1n the nght ine ACB passing through the centre
of the figure and the pomnts of contact A B

Leasa 25

If four sudes of a parallelogram indefinately produced touck any come section and
arecut by a fifth tangent I say that taking those segments of any tuo conlermanous
sides that termanale wn opposite angles of the parallelogram either segment 1s to the
sude from which 1t 1s cul off as that part of the other conterminous side which 15
wnlercepled betucen the point of contact and the third side 1s to the other segment

Let the four sdes ML Ih LL
MI of the parallelogram MLIK F M A
touch the comwc sectionmm A B C
D and let the fifth tangent I'Q cut D
those sides in I' Q H and £ and
taking the segments ME RQ of the
sides MI KI or the segments KH E
MF of the mdes KL ML Isay that

ME MI=BK LQ

and KH KL=AM MTD { ;
For by Cor 1 of the preceding

Lemma
ME LI=AMor BK BQ
and by addition

L

MEC MI=BL KQ QED

Also KH HI=Bh or AM AF

and by subtraction
e by BHE KL=AM MF eED

Cor 1 Hencef o parallelogram I LM described about a given conte section
1sgnhen the rectangle hQ ME as also the rectangle WH MT equal thereto
will be given For by reason of the ssmilar tniangles KQH MIUE those rec

fes are equal
tmégon un Ax?d of a sixth tangent eq1s drawn meeting the tangents RI MImng
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Me and
A 1i be equal to the rectangle kg
and ¢ the rectangle KQ Hi\g b =qM o i
and by <ubtraction o0 MewQq Ee

-t 1.

nic section rUl UL
e\:x‘lll“;osf(?rz\f oh the mddle of all the inesEq ¢Q \fh (by Lem 23) andtne
mddle pant of the night lme \fh 15 the centre of the section

Prorostrion 27 PropLest 19
scribe that may touch fite right lines qiren tn poslion
T de’ 4 W‘a ;OFIFS GCD I!-!DE EA tobe the taneents g cg m poi‘g;%
e N

" fh pnt

w iIna. throuch the centre of the come

bisecting ines “upporeittabe U Farsueitoany langenl pouta wus w i
ditanc that the centre O may be placed in the m ddle betneen the parallels
this KL will touch the come to be desenbed Let this cut any other two tan
gent GCD IDF in1 and h Through the points C and s, F and L where
~ Pa ] —

and then the con ¢ m 3 be de<enbed by Prob 14 QEF
ScroLron

are hended those Problems where.
1n erther the centres or asymptotes of the comes are gven For when pomts and
tangents and the centre are gven as many other pownts and as many other

Under the ding Pre
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Therefore because of the ssmihitude of the triangles EAF, ELI ECH EBG

AT LI=CH BG
Likewise from the nature of the conic sections

LlorCK CD=CD CH

Tahing the produets of corresponding terms 1n the last two proportions and
stmphfying

AT CD=CD BG QLD

Cor 1 Henceif two tangents FG PQ meet two parallel tangents AF BGin

Fand G P and Q and cut one the other in O then by the Lemma appled to
EG and PQ

AF CD=CD BG

BQ CD=CD AP

Therefore AT AP=BQ BG

and AP—AF AP=BG-BQ BG

or PF AP=GQ BG

and AP BG=PF GQ=FO GO=AF BQ

Cor 11 Whence also the two nght lines PG FQ drawn through the ponts
Pand G F and Q will meet 1n the nght line ACB passing through the centre
of the figure and the pomts of contact A B

Lena 25

If four sides of a parallclogram wndefintely produced touch any conic section and
are cut by a fifth tangent I say that tak ing those segments of any two conterminous
sides that terminale wn oppostiec angles of the parallclogram either segment s to the
side from whach 1t 1s cut off as that part of the other conterminous side whch 18
antercepled betueen the point of contact and the third sude 1s to the other segment
Let the four sides ML Ih KL
MI of the parallelogram MLIK F M
touch the conic sectionin A B C
D and let the fifth tangent I'Q cut D,
thosemdesmI' Q H and E and
taking the segments ME KQ of the
stdes MI LI or the segments KH E
MFT of the sides KL ML Isay that
ME MI=BK hQ

and KH KL=AM MF { 4
For by Cor 1 of the preceding
Lemma

ME LCI=AM or BK BQ
and by addition

A L

ME MI=BK KQ QED
Also LH HI =Bk or AM AF
and by subtraction
KH LL=AM MF QED

tangles are equal
é;(m 1 And if a sixth tangent eg 1s drawn meeting the tangents K1 MImng
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Leaia 26

EMF capable of angles equal to the

angles BAC ABC ACB reepectively

~ But those segments are to be descnbed
s towards such sides of the hines DE DF
4 EF that the letters DRED may turn

A B - round about 1n the same order with the
7l letters BACB the letters DGI'D 1n the

same order with the letters ABCA and

the letters EMFE 1 the same order with the letters ACBA then completing
those segments into entire circles let the two former cireles cut each otherin
G and suppose P and Q to be therr centres Then jommg GP PQ take

Ga AB=GP P

and about the centre G with thenterval Ge describe a circle that may cut the
first etrele DGE1in g Jomn @D cutting the second circle DFG in b aswellaseE
cutting the third excle EVMF in ¢ Complete the figure ABCdef sumilar and

to the angle ACB and therefore the
tnangle one equangular to the tn
angle ABC Wherefore the angle anc
or FaD 15 equal to the angle ABC
and consequently to the an le F5D
and therefore the point n falls on
the pomt b Moreover the angle
GPQ which 1s half the angle GPD
at the centre 1s equal to the anple
GaD at the aircumference and the
angle GQP which 1s half the angle
GQD at the centre 15 equal to the
supplement of the angle GbD at the
arcumference and therefore equal
to the angle Gba Upon which ac
count the truangles GPQ Gab are
similar and
Ga ob=GP PQ
and by construction

GP PQ=Ga AB
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tangents are given at an equal distance on the other side of the centre And an
asymptote 15 to be considered as a tangent and its infinitely remote extremity
(f we may say s0) 1s a pont of contact Concewve the pownt of contact of any
tangent removed 1 enfinitum and the tangent will degencrate into an asymp-
tote and the constructions of the preceding Problems w1ll be changed mto the
constructions of those Problems wherein the asymptote 1s given

After the come 1s described we may find 1ts axes and foc 1n this manner In
the construction and figure of Lem 21 let those legs BP CP of the movable
angles PBN PCN by the mtersection of
which the come was descnibed be made par
allel one to the other and retaning that po
sition let them revolve about their poles B C
1n that figure In the meanwhile let the other
legs CN BN of those angles by their inter
section I or A describe the errcle BKGC Let
O be the centre of this eirele and from this
centre upon the ruler MN wherein those legs
CN BN did concur while the conic was de-
seribed Jet fall the perpendicular OH meeting
the circle in K and I, And when those other
legs CK BR meet 1n the pont Is that 1s nearest to the ruler the first legs CP,
BP will be parallel to the greater axis and perpendicular on the lesser and the
contrary will happen if those legs meet 1n the remotest point L Whence if the
centre of the conic 1s given the axes will be given and those bemng given the
focr will be readily found

But the squares of the axes are one to the other as KH to LH and thenceit
15 easy to deseribe a comie given i kind through four given ponts Foraf two of
the given points are made the polesC B the
third will give the movable angles PCh
PBK but those bemg given the crcle
BGRC may be descibed Then because
the comic 1s given 1n kand the ratio of OH
to Ok and therefore OH itself will be
given About the centre O with the mterval
OH describe another arcle and the nght
line that touches thus circle and passes
through the intersection of the legs Ch
BL when the first legs CP BP meet 1n the
fourth given pomnt will be the ruler MN
by means of which the conic may be deseribed Whence also on the other
hand s trapezium given m kind (exeepting a few cases that are impossible)
may be mseribed 1 2 given conic section

There are also other Lemmas by the help of which conics mven1n hind may
be deseribed through given points and touching given hnes Of such a sort 1s
this thatif a nght Iine1s drawn through any point grvenin position that may
cut & grven conic section in tWo points and the distance of the intersections 1s
br ected the pomnt of bisection will touch another conte scction of the same
kind with the former and having sts axes parallel to the axes of the former
But I hasten to things of greater use




3

Bopies
Boox T Tuz Moo oF des of the
1o ACT But the segments are to be d;?: bfgé?;g‘éé‘ﬁ'ie the same
8RB~ v FI that the cwreulaT order of :FTHF “aay tura sbout 18 the
10 the <ame order 83 the
¢s and let Pbethe centre

- N

~ ~aTOH CPUThaenf 1 veased that the nent

)
and CE will be to each other as the hnes FG GH HI and will observe the
same order among themsehes. But the same thing may be more readily done
1n this manner
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Wherefore ab and AR are equal and consequently the tnangles abe ARC
which wehave now provedtobe =1
anglesD I F of the triangle DF
the tniangle abe the figure ABCd
figure cbcDI'F and by completu ,, v 1 sovrem will be sohved QEF
Cor Hence 2 right hne may be drawn whose parts given n length may be
mntercepted between three right lines given m nn t an & «-
DLF bj th~ -~
DE DT
LS

1
£ » ubteleutng constructton to thiscase the
Froblem will be solved

ProrosiTiov 28 ProsLew 20

To describe a conze guen both 1n hind and 1 magmtude guen parts of which shall
be placed betueen three right lines guren 1n position

Suppose a come 15 to be desenbed that may be stmilar and equal to the
curved ine DEF and may be cut by three nght Iimes \B AC BC gnenm
posttion mnto parts DE and EF stmular and equal to the given parts of this
curved line

Draw the nght lines DE TF DI and place the angles D & F of thng
triangle DEF s0 as to touch those night Imes given mn posttion (by Lem 26)
Then about the triangle desenbe the come smilar and equal to the curve
DEF QEP

Ly 27

To describe a trape wum guen in kind the angles whereof may re pectuely touch
Jour night lines green an positon thal are nesther all parallel among themseltes nor
conterge to one common pont
Let the four nght lines ABC \D BD CE be given 1n position the first
cutting the sccond 1m A the third in B and the fourth in C and suppo c 2
trapezium fght 15 to be deseribed that may be sl #o #he ~oezium FGHI
zht hme ABC

and
and I may touch
ihe ¢ w u uw UL respeetively Jon 1H and upon I'G FH I

deseribe os many segments of esrcles FTSG FTH FUI the fint ¢

may
of an
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the second between the second and the third between the third Draw the
neht ines FG GH HI FI and (by Lem ©7) desenbe a trapezium fghe that

- =~ FOH] and whose apglesf ¢ b 1 may touch
Aden nth p

to the curved une  wins

-u

r;I'hE pmb!erxll' may be likewse eonstructed 1 the following manner J oming
~~l CFto) and jom FH IG and male the an,les
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Produce ABto K and BD4~7 ~ ™ - T
DL toBD asGI to I'G and
7L to M soas LM may be tc
and meeting the nght line AD in ¢ and jon gz cutting AB BD in Sk Tey
the thing 15 done

Tor let Mg cut the right hine AB 1n Q and AD the nght hne AL mn S and
draw AP parallel to BD and meeting {Lin P and gM to Lh (g1 to b Mitols
GI to HI, AK to BK) and AP to BL will be 1n the same ratio Cut DLmR so

gs DL to RL may be in that same ratio and because ¢S to gM AS ta AP and

DS to DL are proportional therefore as ¢S to L so will AS be to BL and DS
DT e e e v

tol G therefore fhistofgasl HtoI'G Since therefore getoh: hkewise1sas
Mz to Lz thatis as GI to HI 1t 1s manifest that the hnes FI fz are sumilarly
cutinGand H gand 2 QEF

In the construction of this Corollary after the hine L1k 15 drawn cutting CE
1 2 we may produce 7€ to V so as EV may be to £z as FH to HI and then
draw Vf parallel to BD It will come to the same 1if about the centre t wath an
mterval IH we describe a eircle cutting BD 1n % and produce ¢ to Y so as
7Y may be equal to IT and then draw Y parallel to BD

Sir Christopher Wren and Dr Walhs have long ago given other solutions of
this Problem

ProrosiTioN 29 Proprry 21

To describe a contc queen tn hind thal may be cut by four right lines quen n
position tnfo parts guen in order Iind and proporlion

& mnnn e -t -t L e - -
1 ‘

BD and CL given mn position viz the first between the first pur of tho e hines
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moves always fornards with a
line 2 movable ot gomlx]; o {mn;flxn}th:zht line mthx)n the oval By thus
selocity proportional to the square o te ureumgyTations Now 1f &
moton that pount wil decrbe o sty e o me eculd be found by
portion of the area of the oval eut off by that ngl e b 1o proportions]

tion the distance of the point from the pole Wl propor
?m::;?:m, might be found by the .ame equation and therefore all t}f poltn(s
2 alo and therefore the inter
of the spiral mught be found by a fimte equation e hra
cection of an bt lime gven 1 position with theﬂs;:u*.:’l1 nlx.xwg}x';‘ a‘l';uﬂl.)es:; ?ml mya "
reection of
7} 48 many
tersections.
reections 13
a the other
10ay s e tions of two
inter<ection mav be also found. Because tm:ue _") e bt by an equse
For if those
1of all 1s the
1e conclu.1on
ersections at
asat the inter
because they
may amount to stx, come out together by equaticis ol s Wit 1ons and the
intersections of two curies of the third order because they may amount to
nine come out together by equations of mine dimen.ions If thus did not nec
essanly happen we might reduce all solid to plane Problems, and those hugher
thaa solid to sobid Problems But here I spesk of curves irreducible o power
For 1f the equation by which the curve 1s defined may be reduced to a loner
pover the curve mill not be one single curse but composed of ¢y 0 or more
wheone intersections may be severally found by different caleuh After the .ame
manner the two intersections of nght hines with the conic sections come out
- Lo mpn n o Forght Tnes

the mtersecting hine revolves about the pole the 1nter<ections of the spiral mll
mutually pass the one 1nto the other and that which was first or nearo<t after
one resolation will be the second after t vo the thurd and soon nor will the
equstion 1n the meantime be changed Lut as the magmtudes of those quantities
are changed by which the pomtion of the nter<ecting hine 13 determmed

Therefore minve those quantities after ev ery revolution return to their first
magmtudes the equation will return to its first form and consequently one
and the same equation will extubut all the intersections, and will therefore have
an wfimte number of roots, by which they may be all extubited Therefore the
intersestion of 2 nght bne with a €p ral cannot be unn erzally found by any
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SECTION VI

How THE MOTIONS ARE TO BE FOUND IN GIVEN ORBITS

ProrosttioN 30 Prosrev 22

To find at any assigned time the place of a body moring wn a guen paradole

Let § be the focus and A the principal vertes of the parabola and suppo ¢
4AS M equal to the parabolic area to be cut off APS which either was de-
seribed by the radius SP since the body s departme
from the vertex oristo be deseribed thereby before
its arrival there Now the quantity of that area to
be cut off 13 known from the time which 1s propor
tional to 1t Bisect AS in G and erect the perpen
dicular GH equal to 3M and a circle desernibed
about the centre H with the radins HS will cut the /

H

parabolan the place P required Tor letting fall PO
perpendicular on the aus and drawing PH there
will be

AGS o

AG*+GH*(=HI*=(AO-AG) +(PO-GH)?)
=A0+PO —2A0 AG—2GH PO+AG*+GH?
Whenee
2GH PO(=AQO +PO —-210 AG)=\02+34P0? For AQ
2
write AQ IAS then dividing all the terms by 3PO and multiplying them by
2A8 we shall have

Y4GH AS(=Y%A0 PO+14A8 PO= PO PO=to the

area APO—SPO)=to the area APS But GII was 3\ and therefore
“4GH A81s4AS M

Therefore the area cut off APS 1s equal to the arca that was to be cut off
4AS8 M QED

Cor 1 Hence GH s to AS as the time 1n which the body described the are
AP to the time 1n which the body desenibed the arc between the vertex A and
the perpendicular erected from the focus S upon the axis

Cor 11 And supposimg a circle ASP continually to pass through the moving
body P the veloeity of the point H s to the veloeity which the body had 1n the
vertex A as 3 to 8 and therefore 1n the same ratio 1s the Iine GH to the nght
line which the body 1n the time of 1ts moving from A to P would deseribe with
that veloaity which 1t had 1n the vertex \

Cor 111 Hence also on the other hand the time may be found 1n which the
body has desenibed any assigned arc AP Jomn AP and on 1ts middle point ercet
2 perpendicular meeting the nght hne GH in H

Levaa 28

There 18 no oval figure whose area cut off by right lines al pleasure can be

unaersally found by means of equations of any number of finite terms and
sons

dmslay;)pose that withm the oval any pomt 15 given about which as & pole o

nght ine 1s continually revolving with an umform motion while in that nght

AO+3AS  410-380
G =%
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AA me n aa the difference between the are

ScmoLrm
b anoxima

which

3 sub-

ihipse

fends BSou b Secondly & certamn sength L
which may be to the radius m
the same ratio mversely And

'( these bemng found the Problem
may be solved by the followng

analysis. By any construction

{or even by conjecture) sup-

pose we know P the place of the

body near its true place p Then

letting fall on the axis of the
o B

s R H ellipe the ordinate PR from the

e o whad

we also know the angle proportional to the ime wiats wun o b

- Am ~ h +maof ope

chmay

ngle B

which may be to the angle N~AOQQ+ L as the length L to the same tength L
dumimshed by the comne of the angle AOQ when that angleisless thana nght

the ordinate pr which 15 to 1ts sine gr as the Jesser :
aws of the ellipse to the
l;mni‘\'ter e shall hay ep thi correct. p\scf_ of the bLody Whgn :he negle N—
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fimte equation and hence there 1s no oval figure whose area cut off by nght
hnes at pleasure can be universally exhibited by any such equation

By the same argument 1if the interval of the pole and pont by which the
spiral 1s desenibed 1s taken proportional to that part of tha nemm + ¢ L

wLau uu o wu LY LOnJugate hpures runmng out wmn mnfimtum

Cor Hence the area of an ellipse deseribed by a radius drawn from the
focus to the moving body 15 not to be found from the time given by a fimte
equation and therefore cannot be determimed by the description of curves
geometrically rational Those curves I call geometrically rational all the pomnts
whereof may be determuned by lengths that are definable by equattons that
1 1 i - -
1
«

w v a1 lue louowling manner
Prorostrion 31 ProbLey 23

To find the place of a body moving 1 a guen ellipse at any assigned time
Suppose A to be the prineipal vertex S the focus and O the centre of the

ellipse APB and let P be the place of the body to be found Produce OA toG

sothat OG OA=0A OS Erect the perpendicular GH and about the centre

H N G
O with the radius OG describe the eircle GEF and on the ruler GH aga base

suppose the wh o1 "TE ~~
meantime by
ter GE
E,?Ssn.‘.e.. fam  pn wn whole revolution 1n the
win L then LP drawn
place of the body

ries as the area AUS thatis asthe difference between the sector OQ A

ph trangle OQS or as the difference of the rectangles 320Q AQ and

and the
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cO BO=BO TO

Co+BO BO=BO+TO TO

thepee co BO=CB BT

=y B0-CO BO=BT—CB 3T

o %C 40-TC BT=CP BQ
BQ AC

ad suce =

ope obtains

Bk o —

30 BC
\ow <y cr thebreadthnftheﬁgumRPB tobe dimmnuhed tn snfns ur
<« !h:tvi‘l):epomt P mav come {0 comade with the pomt C and the pant S
wuth the pomt B axd the Line SP with the line BC and the kne Y with the
e BQ and the veloaty of the body now de<cending pc:pendxcuhﬂy 1n the
Bme CB will be to the seloaty of abodv de<cribin,, & curcle sbout the centre B

Q: AC P -

at the dirtance BC as {he square root of the ratio of —45 BC 1o SY® that
1o {peglectin theratios of equshity of SP to BC and BQ-toSY?) as the square
root of the ratio of AC to AQ or }4AB QED

cor 1 When the pounts B and S come to comeide TC will become toTS 8
ACto AO

Coz. 1§ A bodv revolnos n anv arcle at a gven dictance from the centre
brat motion converted ypward. will ascend to double 1ts ditance from the

ceatre Proro mmo 34 Trrorsx 10

If the f~ ¢ BED 1sa parebola I say ha. the velocity of a falling body tn any
plece C s equal to the reloct gby which @ body mey wntformly describe @ ewrcle
cmuiem'rch”.cI]U‘.emzﬂuIBC.

For (bv Cor vu Prop 16) the veloats of
2 body descnbing a parsbola RPB about the
centre S manv place P 1o equal to the veloaty
of 3 bodr umformlv descnbing & arele about
the same centre S at half the mterval SP Let
{he breadth CP of the parsbols be dimine bhed
tn infattum <o that the parabohie are PfB may
come to comade with the nht Lne CB the
centre S with the vertex B and the terval §P

with the intervsl BC and the Proposit
o ot posttion will

A0
B AC SP
cr \(():BP equsl toB

QED
ProrostTion 30 Tarorex 11

fomrma TS 3 srribed bu the

narcml the centre S
or suppose a body C 1n the smalle-t moment of time de
e~cribes
1"nﬁmm ::lsw ‘Il.:t:‘ll: lcxlx::‘eCa ‘:\‘lhx;e anc‘(::\;:od\ !}\{,kundonnl\ m\'aku‘xif:e;ﬁ ?;12
escn! e are ‘Erect the perpen heulars
ﬁmtﬂmg(he frure DESm D d JounSD 84 Sh, Sk :nlzledmwd;)d o
e axis AS1n T and thereon let fall the perpendscular §) meeting
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C8P CSD=CB/P CBLD=SP/B SDLB=CP CD and since the area
SP/B vanes as the time 1 which the body P will move through the arc P/B
the ares SDEB will also vary as that time Let the latus rectum of the by
perbola RPB be dimimshed on tnfinitum the transverse aus remaimng the
same and the are PB will come to conaide with the mght hne CB and the
focus B with the vertex B and the nght line SD with the night hne BD And
therefore the area BDEB will vary as the time in which R,
the body C by 1its perpendicular descent describes the
Iime CB QEI €
Case 3 And by the ke argument if the figure RPB
154 parabaola and to the same prinetpal vertex B another
parabola BED 15 descibed that may always remam
given while the former parabola in whose penimeter the g
body P moves by having 1s vt =~ dimmimished B4
s 1th the hne CB the parabolic.seg
that body P or C will descend to
“ uRul D QEI

ProrositioN 33 THEOREM §

The thangs abote found being supposed I say that the velocity of a falling body 1r
any place C 15 1o the velocily of @ body describing a circle about the centre B al the
distance BC as the square root of the ratio of AC the distance of the body from the
remoter 1ertex A of the carele or rectangular hyperbola 1o V4ADB the prancipal sems
dvameter of the figure

Let AB the common diameter of both figures RPB DLB be by cetedin O
and draw the nght line PT that may touch tha fim = PDP™

o

woe L krom Cor 1x Prop 16 1t
15 mamfest that the velocity of &
body moving 1 the hmne RPB
about the centre 8 1n any place
P 1s to the veloaity of a body
desenibing o circle about the same
centre at the distance SP as the
square root of the ratia of the
rectangle 35L SP to SY* Tor
by the properties of the conic
sections AC CB 1s t% CCg”Axg
2A0to L and thcrcfom»m
1s equal to L Therefore tho e
vclocitres are to each other as
the square root of the ratio of
2

O A0 L to SV Moreoter
by the properties of the come
seetions
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loaity with which 8 arcle may be umformly descnbed at the
causlto the TEOT L A ths veloaty to the veloaty mith which a

~ tothearc

to }48C

thatis, i the rauo v © 14CD Cc
and therefore equal to 148y Dd that s the area hidris tuss o the ares
SDd as above QED

Al ProposiTioN 36 PROBLEM R
To determne the limes of the descent of a body falling from a giren
¢ place A
o) Upon the dismeter AS the distance of the body from the
centre at the bepnuing de<enibe the semicircle ADS as hike-
wise the semeirele OKH equal thereto about the centre S
R - 1 a0t fthe body erect the ordinate CD Join SD

H
Prorostmion 3 Prosrex 26

To define the times of the ascent or descent of @ body pro, ecled uprards or down-
wards from o gicen place v e Pee

Suppose the body to
GS with any veloaty
velouty to the
sbout the centre 8 at the

o off from the gen place G m the direction
of the line
; Take GA to 26\AS as the quare of the ratio of (h;
uniform veloaity 1n 8 aircle with which the body may revolie
menntersal SG If that ratio 1s the same as of the
- v

diameter A as appears by Pro
p 33 Then about the cent:
e\g:sl as::d,:lx{ the ;:nus rectum de<cnbe the arcle HIK :x:«rlE a% t‘!‘]lth\:c?él ot
g or descending body  and st any other place C erect ﬁ‘:e pex'per.;K
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Case 1 If the figure DES 15 2 cirele or a rectangular hyperbola bisect its
transverse diameter AS m O and SO will be half the Iatus rectum And beeau e
TC TD=C: Dg
and TD TS=CD gy
there follows TC TS=CD Ce sY Dad
But (by Cor 1 Prop 33) TC TS=AC A0
namely 1f 1n the coalescence of the bomnts D d the ultimate ratios of the lines

are taken Therefore

AC A0 orSh=CD Ce 8Y Dg
Further the velocity of the descending hnl
A

{by Cor v
thelttlel: «
1% 1n the r tuu

CD Ce=AC Lt
hence AC SKh=AC K1 SY D4
and SK hi=8Y Dg
and 14Sh Li =148Y Dg

that 1s the area K8k 1s equal to the area
SDd Therefore 1n €Very moment of fime tuo
equal particles KSK and SDd of arcas are
generated which if theyr magmtude 1s dimy /'

fney
N

together generated are alwaysequal qEp
Case2 Butif the figure DES 15 a parabola ~
we shall ind as above \
CD Cc S} Dd=TC TS N
that1s =2 1 therefore S
34CD Cc=%5 SY Dd _}ri
But the velocity of the falling body 1n C s

AN
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d of the
be the place of the line EMG when the body was i D an

eDzI-fnpeml l‘o‘:ce be such, that & n-ht hne whoe square 15 equal tltf) ﬁ:‘el
area ABGE, 1s a5 the velooty of the de-cending bodv the ares itsel ‘\1\
be a5 th eguare of that veloaty that 1 if for the veloaties iz D and E
we smte ) and V4T the area ABFD wllbeasVV and the ares ABGE as
1 49V1+11 and by ubtraction the area DFGE as 2VI+IT and therefore
Dg(;E wmbeas'“—i;l—;g—! that s, 1f we take the first ratios of those quantifies

2VI
when just pascent the len-th DF s as the quantity oy and therefore also as

balf that quantity !D—L But the time 11 which the body i faling desenbes the

very small Line DE, 1s durectly 25 that kne and mversely as the veloaty Y and
the force will be directly as the inerement 1 of the seloaity and inversely asthe

fime ani therefore 1f ¢ take the firet ratios vhen thowe quantities are just
I\

nascent a5 [y that1 ss the length DF Therefore a forve proportionsl to

DF or EG will eause the bodv to descend with a velocity that 1s as the nght
Line whose square 1> equal to the ares ABGE QED
\loreover aince the fime 1n which & vers small ine DE of a gaven length
may be desenibed 15 imversely as the velocity and therefore also inversely asa
nzht bine whose square 3, equal to the area ABFD and ance the hne DL and
by conequence the nasrent area DLME will be aversely as the same nght
boe thetim will be 25 the ares DLVE and the sum of all the times wall be as
the sum of all the areas that: (by Cor Lem 4) the whole time 1n which the
Line AE 1 deseribed will be as the whole area ATV ME. QED
Cor.1 Let P be the place from whence a bodv ou, bt tofall soasthat when
ur~d by any known unform centnpetal force (such s gravity 1s commonis
- = n % sl Da eloaty equsl to the velocity
d1n that place
vbeto DF as
e th
PDPQ aalcut off the ares ABE D equal to that rectan w  ven A:Eftl:n‘%:
- — % w1 TIRE
AY
ae
he
beds falun b the uniform force and £ nee tho-e increments b reas o
:‘Lqushxv of the nascent times) are as the generating forees, u(:..z 15 ;‘smigie‘:re
: mw3tr< DF DR anlconsequentiv as the na~cent arces DFGE DRSE there-
:;'0 “1 gt{!;!?a:’ABFD PQRD will be to each other as the halves of the
) ot 1es and therefore becauwe the velocities are equal they beeome
Cor 11 Whenee
i “\’lm An;n “-”:1;: S»v:ecmd € ther up vards or downsards with
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=¥ -4 Then jommn,

SEIS SEDS

same fime In

which the body K may describe the arc i QEF

Prorosirion 38 TrEOREM 12

Supposing that the centripetal force 1s proportronal to the altitude or dislance of
places from the centre I say that the fumes and telocatrcs of falling bodies and the
spaces which they describe are respectiely proportional lo the arcs and the sines
and rersed sines of the arcs

Suppose the body to fall from any place A n the nght A
hoe AS and about the centre of force § with the rads
AS, deseribe the quadrant of a circle AE and let CD be D
the sme of any are AD and the body A will in the tume
AD 1n falling describe the space AC and 1n the place C
will acquire the velocity CD

This 15 demonstrated the same way from Prop 10 as )y
Prop 32 was demonstrated from Prop 11 s

Cor 1 Hence the times are equal in which one body falling from the place
A armves at the centre S and another body revolving desenbes the quadrantal
arc ADE

Cor u Therefore all the times are equal 1o which bodies falling from what
soever places arnve at the centre For all the peniodic times of reyolving bodies
are equal (by Cor 11 Prop 4)

ProrosrrioN 39 Proprem 27

Supposing a centripetal force of any kind and granting the quadratures of curt
lincar figures 1 1s required to find the elocity of a body ascending or descending
wn @ right tine tn the several places through whick 1t passes as also the &ame 1n
which 12 wnll arrase al any place and conversely
Suppose the body E to fall from any place A n the nght ine ADEC and
from 1ts place I imagne a perpendicular LG always erected proportional to
the centripetal force m that place tending to the centre C and let BFG bea
curved line the locus of the point G And 1n the
B T beginmng of the motion suppose EG to comnede
with the perpendicular AB and the veloeity of
the body in any place I will be as a nght line
whose square 15 equal to the curvilinear ares
GL QI
In EG take EM inversely proportional to a
nght line whose square 13 equal to the area
ABGE and let VLM be a curved hne wheren the
pant M 1s always placed and to which the right
line AB produced s an asymptote and the time
1 which the body :n falling deseribes the line
AE will be as the curvilincar area ABTVME

A

mg

QF1I
Tor in the nght line AL let there be taken the
very small ine DE of a given length and let
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D and if the

of the Lze EMG wh n the bodv wa- 10

?ru;xt-: _‘f‘f::‘;&be <uach, tha 3 r:htd!me dv:h;ueb;ux:;ebmeqmmetg ﬁ
e " the veloaty of the descendiez bodv

:‘:’ *ti‘iciuiv of th::mh‘ that 1 of for the veloaties m D and E

we:"e\‘;:d\—l the res ABFD willbe . W\ andthe ares ABGE s
1 =2VI—1 .nd by = buraction, the avea DFGE .» 2VI~-11 and therefore

Dmgvﬂbehgilﬁ—-}zn thatr af we tke the £ir<t razo- of those quantihes
DE

oVI
whea Ju¢* TxceD the lenyrh DF s o the gty 57 and there,ace abo 23
bl tha qu..JtTID—‘E;Bu! the teme i whach the bods 1o fallog deseribes the
——— ne q et =

racen LK—D—-\EQ‘.\ L . the leczth DF Therefore s foree proportionsl to

DF or EG will ea.ze {he bodv to decend with a veloots that 15 ss the neght

E2e whose squre s eqed to the ares ABGE. QED
Mereor= &~ b — -~ - o

marhed

nzh Lo »

by tocseqgre.ce 1he naseent ares DLME, wll be wvemelr U the seme neht
Lze the trme will be a. the ares DLME, wrd the sum of all the trmes will be as
tecmofallthe ves. thatz (M Co., Lem ) the who.e tirme 1n which the
[xe AE 1 doevbed will be o the who e area ATVME QED
Co_1 Le Pbethe p.ace from whenee a bodv ousht tofsil <oa. that when
Ted b ans knovn tzaerm centfinetd foce (weh 2 greavr'y 1 commoenls
<oased tobe) 1t mav aegure i the pluce D a veloaity equ.d to the veloaty
wheh oke body falleebvanv foree whe ever hath sequired i that pluce
D Iz the ppendeular DF le thee be t.ken DR, which roav be to DF
s um.om foce to the o be forre 1n the plee D Complete the rect...zle
PDPQ azde~ o thearea ABFD equ.lto that rectanele Then A will be the
Pce fom wheore the o ber badv fell Fo ecompletr.~ the rectar, le DRSE,
€27 (b aea ABFD 1> to the s7ea DFGE 25 TN t02V] and the-efore s 161
tol s 1 _ ks, the whoe veloeity to the Lucmement of the veloaty of the
bodr fa__ b the vanabe force and o fike rranne the area PQPD to the
13 DE.E & ha the whole velonty to the incremen. of the veloaty of the
b {2 brthew foraforce wnd ance those tneremen... (bv resson of the
v of the pscen trmes) te o the gemerstn, forees. thotrs, & the or
€23~ DF DP 2.4 comermentlr 2. the pawcent aree. DFGE. DRSE. there-

e tewtriesres. ABFD PQPD will be to each ke
N b E oke o the halves of the

— beca.ce the velocies _re eql, thev became
Co.

?cia!:‘g??davtuivbepmw ede berupvard o downvard with

S~ 3 Tod

"oz ALy pace D und there be mven the law of centnnetal
. orsc:\ 4 % vean vwmiibe founimanr other place e bve’e:%
r-‘;:c” and takory that veloaity 1o the veloaty m the place Da_ s
== “.A'xw-‘qu:-Leqx.Jtolhervﬂ_.d-PQRD estber ineressed b the
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curvilinear area DFge 1f the place e1s below the A
place D or dimimshed by the same area DFge 1f
1t be higher 1s to the right line whose square1s p
equal to the rectangle PQRD alone

Cor 11 The time 15 a'so known by erecting
the ordinate em 1nversely proportional to the
square root of PQRD+or—DIge and taking p
the time m which the body has described the E
line De to the time 1n which another body has
fallen with an umform force from P and 1n
falling arrived at D 1n the proportion of thecur .
vilinear area DLme to the rectangle 2PD DL
For the time in which a body faling with an
uniform force hath described the line PD 1s to
the time 1n which the same body hath desenibed ¢
the line PL as the square root of the ratio of PD to PE that 1s (the very
small line DI being just nascent) m the ratio of PD to PD+34DE or 2PD
to2PD+DE and by subtraction to the time in which the body hath de-
scribed the small hne DE as 2PD to DE and therefore as the rectanle
2PD DL to the area DLMLE and the time in which both the bodies de-
sertbed the very small lme DE 1s to the time 1n which the body with the
varnable motion described the line De as the area DLME to the area DLme
and therefore the first mentioned of these times 1s to the last as the rectangle
2PD DL to the area DLme

SECTION VIII

THE DETERMINATION OF ORBITS IN WHICH BODIES WILL REVOLVE BEING ACTED
UPON BY ANY SORT OF CENTRIPETAL FORCE

ProrosiTioN 40 THEOREY 13

If a body acted upon by any centripelal force 15 moved in any manner and an
other body ascends or descends wn a right line and their velocilies be equal 1n any
one case of equal albitudes thewr velocitres will be also equal at all equal altitudes
Let a body descend from A through D and E to the centre C and let an
other body move from V 1n the curved line VIKk From the centre C with any
distances describe the concentne circles DI ER meeting the right line ACin
D and E and the curve VIK in I and K Draw IC meeting KE in N and on
Tk let fall the perpendicular NT and let the interval DE or IN between the
carcumferences of the circles be very small and imagine the bodiesin D and I
to have equal velocities Then because the distances CD and CI are equal the
centripetal forces m D and I will be also equal Let those forces be expres ed
by the equal short hnes DE and IN and let the force IN (by Cor 11 of the
Laws of Motion) be resolved into two others NT and IT Then the force NT
acting m the directron of the line NT perpendicular to the path ITh of the
body will not at all affect or change the velocity of the body i that path but
only draw 1t aside from a rectilinear course and make it deflect continually
from the tangent of the orbit and proceed in the curvihnear path ITKK That
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A see therefore will be pent i produeing th effect but
?i?::ﬁ{:r foree IT actmg in the direction of the course of the
bodr will be #ll eropl yed in accelerating 3t and 1n the leat
gven time wll produce sn acccleration proportionsl te stself
Therefore the accelerations of the bodies n D snd I produced
D 1n equal tin™, are 35 the lines DE IT (if we take the frst atios

of the nascent hnes DE IN II IT XT) and i unequs} times
5 as the product of those bines and the times But the times 1o which
DE and Th aredeenbed are by resson of the equal veloaties (in
Dand 1) ssthe paces described DE and Ik and therefore the
aceelerat ons 1n the course of the bodies throu h the hnes DE
at - NF pd IT and DE and Th cogjontly that s,

-

of thebodiesfrom D and {to Eand | arcequal e ¢ o
the bodies 1n E and K are also equal anl by the sume reasonine they wall
atwavs be found equsl i any subsequent equal dh tancen. QED
Br the <ame reasonng bodees of equal velocibies and equsl di_tances from
1the centre wall be equally retard~d m their awcent to equal di tanees. QED
Cor_1 Therefore i s body ether oscillates by hanmngtoa tnng orby any
poli-hed and perfectly <tmooth impeaiment 1s forced to move in a curved hine
and another body ascends or descends 1n a night lire and thar veloeities be
1 n on eouslqlutude ther veloaties will be alsa equal at all other
e

bl eed 1o fes ¢ ats rectilinear course

Com 1 “uppose the guantite P to be the greatest di tance from the centre
to which 3 body can axcend whether it be swaillating or revalving in = curve

1-0 the same prejected upwards from anv puint of a eurve with the veloaty
wha. in that pant Let the quantity A be the distance of the body from the
centren any other point of the orlnt and let th centnpetal force be alwarsas
the po et A of the quantity A the index of which power n~Y1sany num
be ndmn hed by unt  Then the veloaity m every altitude 4 will be Y

AP*— A3 nd therefore wallbe mven Farbsy Prop 30 the veloateof a body
axcending and descending in a nght hine 1 1m that ven rate,

Prorourmion 41 Prosuev 2y

Let any centnipetal foree tend ta the centre { and I
et 1t be
th eurve \Ihk 'l:l there be gven the aarele VR desenbed (r;:l&ﬁetnot:“é
- Pl JE WY ~la [Ny
. ] »
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A

' w pul gL dlone

Cox 11 The time 1s also | nown by erecting
the ordinate em 1nversely proportional to the
square root of PQRD+or—DIge and tahing p
the time 1 which the body has desenibed the E
hine De to the time i which another body has
fallen with an umiform force from P and 1n
falling arrived at D 1n the proportion of the cur-
vilinear ares DLme to the rectangle 2PD DL
Tor the time 1 which & body falbing with an
uniform force hath described the lime PD 1s to
the time 1n which the same body hath desenbed
the hine PL as the square root of the ratio of PD to PE that 1s (the very
small ine DE being just nascent) in the ratio of PD to PD+14DE or 2PD
to2PD+DLE and by subtraction to the time 1 which the body hath de-
scrtbed the small ine DE as 2PD to DL and therefore as the rectangle
2PD DL to the area DLML and the time 1z which both the bodtes de-
scnibed the very small hne DE 1s to the time in which the body with the
variable motion deseribed the line De as the arca DLME to the area DLme
and therefore the first mentioned of these times 1s to the last as the rectangle
2PD DL to the area DLme

SECTION VIII

‘THE DETERMINATION OF ORBITS IN WHICH BODIES WILL REVOLVE BEING ACTED
UPON BY ANY S8ORT OF CENTRIPETAL FORCE

ProrosiTion 40 Tueorey 13

If a body acted upon by any centripetal force 1s mored 1n any manner and an
other body ascends or descends 1n a right line and their elocilies be equal tn any
one case of cqual altitudes thewr elocitres wall be also equal at all equal altitudes

Let a body descend from A through D and E to the centre C nnd let an
other body meove from Vinthe curied hpa VIT 7 T —

wice tN oy Lor 1t of the

1 and IT Then the force NT
. ular to the path ITh of the

1l not at all affect or change the ‘c)ocnt) of the body in that path but

bOdy e nl(:' asde from o rectilinear cour-e and mahe 1t deflect continually

only draw t of the orbit and proceed i the curvilinear path ITRA That

from the tangen



Boox1 Tax Morto\ or BopIEs o1

ual lherefore the generated area
I 4 V(N are always equa he gencrated ates
C\.

from
Mbe
<ector
1d the
altitude Ll betg gl fy wall
nd { that time QET
des of the bodies that s the ap-
Far the apaides are those points
centre falls perpendicularly upon
he nght hines Th and Nk become
77

place cuts the line
body pamely by
thats as Z to the

here be described 8
e be drawn the tan
epowt T and then
s, WL, U n the nght e CP
K equal to theabw&a CT maki,_ anangleyCP

- proportional tothesector VCR and if a centnt
petal force inversely proportional to the cubes

|V of the di_tances of the places from the centre
tend fothe centre C and from the place V
there cetsouta body with a just velocity i the
~end T tnth ”J’"l])ﬂP

1
1

)
nd the lenth CP
{rom the fc s Py by the 1
ention of which s beta~

of a certain curve the m
easy enou,h for brevity s sake I omit

Prorosrtion 42 Prosres 29
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B

C!

be the place from which another body 1s to fall so asn the place D to acquire
a velocity equal to the veloaity of the first body in I And things remainmg as
m Prop 39 the short hne IK described in the least given time wll be as the
veloeity and therefore as the nght line whose square 1s equal to the area
ABFD and the triangle ICK proportional to the time will be given and there-
fore KN will be inversely as the altitude IC that 18 Gf there be gnen any
quantity Q and the altitude IC be called A) asKQ This quantltyxca]l Z and
suppose the magmtude of @ to be such that 1n some one case

+ABFD Z=Ih KN
and then in all cases

+/ABFD Z=Ik KN
and ABI'D ZZ=1K? LN?
and by subtraction

ABFD-2Z ZZ=IN? KN

and therefore

V/(ABFD-2Z) Zor 8=IN KN

A
Q IN
and A I‘N_\/(ABFD——LZ)
Since YX XC A KN=C\ AA
1t follows that
Q IN CX\?

Y& 30 ~AAV/(ABI'D-24)
Therefore 1n the perpendicular DF let there be taken continually Db De equal
to 2+/(ABFD—Z7) ZAA\/?AJ(;I\D—LZ) respectively andlet the curved lines
ab ac the foct of the ponts b and ¢ be deseribed and from the pomnt V let the
perpendicular Va be erected to the ine AC cutting off the curvilinear areas
VDba VDca and let the ordinates L Lz be erected also Then because the
rectangle Db IN or Db E 1s equal to half the rectangle A IuN orto the tn
angle ICK and the rectangle De IN or DezE 1s equal to half the rectangle
Y% \C or to the tnangle XCY that1s because the nascent particles Db £
ICK of the areas VDba VICarealnaysequal and the nascent particles Dezll
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— ~aqmvenratio and
nbed by the hne
hat abody bemng
' o b=
olve with the t p 1n the cur line whuch the
:sxlne pont P l;’;lfhe method ju.t now expluned
/ ay be made to de<enbe 10 8 fixed plane Make
the anJe Y Cu equal to the angle PCp and the line
Cuequal to CV and the fieure uCp equal to the
fgure \CP and the body bemng always m the
pomnt p Wil movein the perimeter of the revolving
firure uCp and will descnbeits (revolving) arc up
1o the same tune that the other body P describes
’ \_ the smular and equal are VP 10 the fixed figure
- VPh Find then by Cor ¥ Prop 6 the centnp-
etal foree by which the body ms) be made to revolve in the curved line which
the point p describesin & fixed plane and the Problem will besolved QEF

Prorosrion H Trrorey 14
The d fierence of the forces by awhich tiro bodses may be made
wnafired the other tn
common alliudes

Tet the parts of the fixed orbit P PK be smlar and equal to the paris of
the revolvin orbit up pk and let the distance of the pomnt P and h be <up~
posed of the utmost _mallnecs. Let fall a perpendieutar v from the pont k to
the nght line pC and produce it to

m o that mr may be to kr ss the
an Je VCp to the anle \CP Be-
cawse thealtstudes of the bodies PC
and pC KC and &C are always
equal 1t 1s mamfest that the 1n
erements or decrements of the hines
PC and ¢C are always equal and
therefore if each of the several mo-
tious of the bodies 1n the places P
and p be resolied mto two (by
Cor nof the Law of Motion) one
of which 13 directed towards the
centre or according to the inesPC
7C snd the other tran-verce tothe
former hath a direction perpendic-
ular to the hines PC and pC the
mott s towards the centre wll be
equal and the transver<e mot on
of the body p will be to the trans-

verem tion of the body P as the angular motion of the line pC t:
th
:03:\220&:: &S‘ g::l‘;daslthe angle VCp tothe anglep\ C‘I)’ ';hﬁ:‘xf
vP by bothit. motions comes t
the body p having an equal motion towards the centre will a ;ﬁ?x\ﬁ

1o more equally one
the rame orind recolrang raries sneersely as the cube of thar
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veloaity asanothe hadv h §f lne #h v nfaw =«

place P may
the body 1sat

[

about the centre C with the radus Ck describe the circle ke meeting the nght
line PD 1n ¢ and let there be erected the lines eg ev ew ordinately apphed to
the curves BI'g aby acw From the given rectangle PDRQ and the given law of
centripetal force by which the first body 15 acted on the curved hne BIg1s
also given by the construction of Prop 27 andits Cor 1 Then from the gven
angle CIK 1s given the proportion of the nascent ines Ik XN and thence by
the construction of Prob 28 there 1s given the quantity Q with the curved
lines abv acw and therefore at the end of any time Dbie there 1s given both
the altitude of the body Ce or CA and the aren Deue with the sector equal to
1t XCy the angle ICL and the place & 1 which the body will then be found
QET
‘We suppose 1n these Propositions the centripetal force to vary 1n 1ts recess
from the centre according to some law which anyone may imagine at pleasure
but at equal distances from the centre to be everywhere the same
1 have hitherto considered the motions of bodies 1 1mmovable orbits It
1emauns now to add something concerning their motions in orbits wluch re-
volve round the centres of force

SECTION IX

I'HE % OT10\ O} BODILS IN MOVABLE ORBITS A\D THE MOTION OF THE APSIDLS

Prorosrrion 43 Probrry 30

It 3s required to make a body move in a curte that revolies abovt the centre of force
an the same manner as another body in the same curie al rest

In the fixed orbit VPK let the body P revolve proceeding from V towards
- = ~ ~ ~

:s the Veloc;‘ty of the deserbing line Cp to the veloaity of the desenibing hne
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bt
oot L wse .
rectut =
which a body may be made to re-
— solve1n & movable elhipse wilbeas
"// %+B.G£—/L and conversely
7/

A
TLet the force with which a body
may revolve na fixed ellp-e be ex

pressed by the quantity g and

FF
the force m V will be 5 But the

force with which a body may re-
volven a curcle at the dastance CY
with the same veloaity &s 2 body
m revolving m an efipse hasm\ 18
to the force with which & body re-
yolvine m an ellipse 18 acted upon
1o the apse §ashalf the latus rec
tum of the ellipse to the sermdim

eter GV of the aurrle and there-
F

fore 13 as %‘:T- and the force which 18 to ths s GG—FF to FF 1 as

rﬂ“'c%‘ﬂ and ths foree (by Cor 1of ¢his Prop ) 18 the difference of the
forcesin ¥ with whuch the body

P revolves 1n the fixed e hpse VPL and the
body p 1o the movable elipse up!

L Then mce by this Proposition that differ
ence at any other altitude A1 to 1tself at the altitude CV as %w 1 the

Cv¢
same difference 1n every altitude A will be as RGG;RFF Therefore to the

FF
force b by which the body may revolvein & fixed elipse VP add the excess

RGG~
RGG-RFF < RFF 14 the sum will be the whole foree

i_F_‘\+R____GG N REF by which
! - - ® e P Thmse uph
VPh be
upposed
the prnn

Cor v Andum ersally 1if the greatest altitude CV of
the bod;
and the radius of the curvature which the orbit % PIS !msem ‘y bt;mc?‘:d ﬂlxe
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from ptowards C and therefore that time being expired 15 will be found some-
where 1z the line mkr which passing through the pownt & 18 perpendiculor to
the line pC and by 1ts transierse motion will acquire & distance from the hne
pC that will be to the distance which the other body P acquires from the lme
PC as the transverse motion of the body p to the transverse motion of the
aother body P Therefore since Ar 1s equal to the distance which the body P ac
quires from the ine PC and mr1s to Ar as the angle VCp to the angle VCP
that 15 as the transverse motion of the body p to the transverse motion of
the body P 1t 15 mamfest that the body p at the exprration of that time
will be found 1n the place m These things will be so of the bodies p and P are
equally moved 1n the directions of the hines pC and PC and are therefore urged
with equal forces m those directions But if we take an angle Cn that1s to
the angle pCi as the angle VCp to the angle VCP and 2nC be equal to AC m
that case the body p at the expiration of the fime wiil really ben n and s
therefore urged with o greater force than the bad P ¢ - T

than tha et N

1
<

Lo
A
¢ wa U Luictangle mk ms and therefore

mn will be equal to ml;ntms But since the triangles pCL pCn 1n a given time

are of o given magmitude Az and mr and thewr difference mh and their sum ms
are mversely as the altitude pC and therefore the rectangle mi ms1smversely

as the square of the altitude pC Moreover miis directly as 14mt thatis ;xs the
altitude pC These are the first ratios of the nascent lines and hence ﬂ;le-s

that1s the nascent short Iine mn and the difference of the forces proportional

thereto are inversely as the eube of the altitude pC QD
Cor 1 Hence the difference of the forces in the places P and p or K and 4

15 to the force with which a body may revolve with a etreular motion from R to

K 1n the same time that the body P 1n 2 fixed orbit describes the arc P? as
t ms
the nascent line mn to the versed sine of the nascent arc R thatis as m_,;t__

to é—:‘% or as mh ms to the square of 74 that 1s 1f we take given quantitics F

and G mn the same ratio to each other as the angle 1 CP bears to the angle 1 Cp
as GG—TTF to FF And therefore if from the centre C with any distance CP
or Cp there be described a eircular scetor equal to the whole area VPC which
the body revolving in a fixed orbit hath by o radius drawn to the centre de-
scribed 1n any certamn time the difference of the forces with which the body P
revohes m a fixed orbit and the body p in a movable orbit will be to the cen
tripetal force with which another body by o racius drawn to the centre can
7 fnrml da wha b he same time ag the ares V PC 1s deseribed
and the aren pCh are to each other as the
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havine 1ts focus C and 1ts hughest

Cor 1 1f the othit VPR be an e\hpﬂi e vt <othat oy

to the ancle VCP in the gven

we put A, and 2R for the latus

um of the elipse the force with

which a body msy be made to re-
volve in 8 movable elhpse wil beas
Af—i+n———GG;] and conversely

Let the force with which a body
may revolve 1n a fixed ellipse be ex

pressed by the quantity A_F.l; and

the foree n V wll be gF\—,. But the
force with which a body maw re-
volve n a crrcle at the ditanee CV

with the <ame veloaity as s body
revolvine 1n an elipee hasmn ¥ 1
to the force with which a b':d) re-

foreues%!\‘_—}: and the force which 15 to this as GG—FF to FF 1s as

RGGC :PJ"F and this force (by Cor 1 of this Prop) 1s the difference of the

forcestn} with which the body P revolies in the fixed eipe VPE, arnd the
body p im the movable ellpse upk Then since by this Proposition that differ
ence at any other altitude A 15 to iteelf at the altitude CV as ito L the
AYT v
same difference 1 every altitude A will be as }ﬂ;_;ﬁ,? Therefore to the

)33
foree o by which the body may revolve ina fixed ellip-e VPI™ add the excess
PGG-P! =
POOPTE 1o the sum wall be the whole foree 17 + R0 FEE g opuch
3 body may revolve m the <ame time 1n the movable ellipse upk

Cor. m. In the same manner 1t will be found that 1if the fixed orbit VPK be

an elape ha ngts centre in the centre of the forces C and there be supposed
amovableellip-e upl amilar equal and concentnc toit and 2R be the pnn
«aipal latus rectum of that elipe and 2T the latus transversum or greater
axt. anjthe angle VCp be continually to the an e VCP2s G to F the forces
with which bodies mas revolye in the fived and movable elip-e 1nequal times
wlbe as FEY 4ng EFA ROG_RFF
. '\1‘; ) T Y respectively

eIV um ersally if the greatest altitude C\ of the body be ealled T
2nd the radius of the curvature which the orbit VPR hasin V that 1. the
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radws of & aircle equally curved be called R and the centnpetal force mth
\‘\’)}xlc‘h a body may revalve i any fised curve VP at the place V be called
T and m other places P be indefimtely styled X and the altitude CP be
called A and G be taken to F in the given ratio of the angle VCp to the angle
VCP the centripetal force with which the same hody will perform the same
motions i the same time 1n the same curve upl revolving with a eurcular
. 4

motion will be as the sum of the forees \+V-——RGGA,‘ REFL

Con v Thercforethe »r -
lar motion round the ec
grven ratio and thence N
revolve with new centn

Cor v1 Therefore if there be erected the hne VP of an indetermmate length
perpendicudar to the line CV given by position and CP be drawn and Cp
equal to 1t making the angle VCp having a miven P
ratio to the angle VCP the force with which a body ¥
may revolve m the curved ine Vpk which the pomt
P 1s continually describing will be 1nversely as the
cube of the altitude Cp Tor the body P by its mertia
alone no other force tmpellmg 1t will proceed um 2
formly o the nght hine VP Add then aforce tending
to the centre C myversely as the cubo of the altitude c
CP or Cp and (by what was just demonstrated) the
body will deflect from the rectilimear motion mnto the e = 1 1ph But this
curve Vphisthes me - ¢ 41 1p which
Isad bodi

Prorosiriov 45 Prosurss 31

To find the motion of the apsides 1n orbuls approaching very near to circles

This problem 1s solved anthmetically by reducing the orbit which & body
revolving 1n o movable elhpse (as 1in Cor 1 and nr of the above Prop) de-
senbes m a fixed plane to the figure of the orbit whose apsides are required
and then seching the apsides of the orbit which that body desenbesin a fised
plane But orbits aequire the same figure 1f the centmpetal forces with which
they are desenibed compared between themselves are made proportional at
cqual eltitudes Let the pownt V be the lughest apse and write T for the great
est altitude CV A for any other altitude CP or Cp and \ for the dufcrence of
the altitudes CV—CP and the force with which 2 body moves 1 an ellip ¢
revolving about 1ts focus C (as m Cor 1) and which i Cor 11 was 53
IF 4 RGG-RIT that 13 as TFA+RGG ~REF by substituting T—X for
AA Al A3

RGG~RFI+TIT-FIX
A willb A

etal foree 1s to be reduced to a fraction whose denominator 1s * and the
numerators are to be made analogous by collating together the homologous

terms 1 lus will be made plamer by Examples
¢ Exan 1 Let ussuppose the centripetal force to be uniform and therefore as

In Iike manner any other centnp-
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T3-3TTLH3TEA - X?
é{ or watng T—% for Amthe tor as X Then
collatiz  together the correspondent terms of the that 1s these

that conswt of piven quantities with those of gven quantibes and those of
guantities not g?\en ath those of quantities not given 1t will become
RGG—-RFF+TFF T'=—FF\ ~3TTL+3TYX~
=-FF —3TT+3T~X\.
“ow smee the orbit 15 supposed extremely near toa aurcle letat comerde witha
arcle and becsuse m that case R and T become equal and %18 nfimtely
cimim. bed the la ¢ ratios will be
GG T'=—FF -3IT
and agun GG TF=TT 3IT=1 3
and thersfors G1s to F thatis the angle VCp to the angle VCP as1to /3
Therefore tince the body tn & fied elzpse 1 de~cending from the upper to the
tower ap<e desenbesan angle 1f [may o peak of 180° the other bods s a
movable elipse and therefore 1n the fixed plane we are treating of willinats
descent from the upper to the lower apse desenbe an angle Y Cp of B And

V3
this cames to pass by rexson of the hiheness of this orbat which a body acted

~adeweribes and of that otbit which a body
n

Y
movis from the upper apse to the lower apse nhen 1t by vttt wee. w8

an.Je and thence returnung to the upper apse hen 1t has desenibed that angle
sgun anl<oonnt finstum

Exax  Spppose the cgntnpetal farce to be as any power of the sltitude A
8. forexample A** or =~ heren~3andn .agoify any mndices of pawers
what _-er whether itemers or fraction. rational or surd affirmative or

negs
¢ That oumerator A or (T~X) betng reduced to ap indeterminate senes
By my method of converging seres wil} become
Te-nXT +ER T ge
And companng these terms with the terms of
the other numerator
1t bec ey RGG—RFF+TFF~FF\,

POC-RFEATFF T = =FF —nT— +2020 yTee go
And tals g the fa
gthelat nm;; S(I;em Ttlle 0'23;35 app’rlsxfh to curcles 1t becomes

-~n
GG T* =FF nT=
e 110 i g e
ore G310 F that is the angle L Cp to the angle | CP
m i fince the anslc \CP descnbed i the descent of the body ‘::21.‘{{,‘
e to the lower apee 1n an ellipse 15 of 15¢° the anle\Cp dt’scnbe;
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1n the descent of the body from the upper apse to the lower apse in an orbat
nearly circular which a body describes with a centripetal force proportional to

the power A —3 wall be equal to an angle of %% and this angle bemng repeated

the body will return from the lower to the upper apse and so on wn infinitum
Asf the cen&npetal force be as the distance of the body from the centre that

15 asA or ik will be equal to4 and v/» equal to 2 and therefore the angle

between the upper and the lower apse will be equal to _1_82_0_ or 90 Therefore

the body having performed a fourth part of one reval tan =M = gt the
upper
acted
15 the
wooLoul el n the centnpetal force 15 inversely as the distance that 1s

directly as g 1 or E n will be equal to 2 and therefore the angle between the

upper and thc lower apse will be lﬂ;— or 127 16 45 and hence a body re-

volving with such a force will by a continual repetition of this angle move
alternately from the upper to the lower and from the lower to the upper apse
forever So also if the centmpetal force be mversely as the fourth root of the
eleventh power of the altitude that is invereely as AL and therefore directly

A 180
a5 gy oras K}' 7 will be equal to ¥4 and vy wili be equal to 360 and

thercefore the body parting from the upper apse and from thence contmually
descending will arrive at the lower apse when 1t has completed one entire reso-
lution and thence ascending continually when 1t has completed another entire
revolution 1t will arnve again at the upper apse and so alternately forever

Lxanm 3 Taking m and » for any indices of the powers of the altitude and b
and ¢ for any given numbers suppose the centnpetal force to be as (bA™+¢ )
—A? that1s as [H(T—\)"—c(T—X) ]—A® or (by the mcthod of converging
series above mentioned) as

PTm+eT ~mbXTmimno\T =0 B X Teep T

—cXXT - &el— A'
and comparning the terms of the numerators there will anse
RGG—RFF+TIT b0T"+4cT =—IT ~mbT"1=ncT ~14
TER T T AT 1 e

And taking the last r:mos that arse when the orbits come to a circular form
there will come forth
GG bT714-eT '=FI mbT'"“+mT"-‘
and again GG IT=bTm 4T -t mbT ~'+ncT ~
This proportion by expressing the greatest altitude CV or T anthmetically by

umity becomes GG I'F=b+c mbtne=1 m;: Whence G becomes to

mb+ne
T thatis theangle VCpto the angle VOP asltov/ "b B \nd therefore




Baxl Te= > eorbBos L)

e e yore VP Remwon the o dtke b weranse 134 Soed elapse 3

dlﬁ?‘;fzr‘\%*h;;&waw&hm::m*’\\hxhab«\\
[ e

oo wh w ceire A 1ve the s T wll be equal toan

e 1IN Ao byt gmareas nag ¥ the contnpetal free be

b—c
AR
b‘}l‘:ﬁ i anes bettren 1he s~ wll he fand equal to

A

b-c
WOV oo

the <ame roazoe the Prebema s m mee difficult ease The
e +tnwh chthe cennetal foree pm’n.(xm*::l mu t Al vsbe n\(\l\‘i"(\

Mtude thet

eh Thtt
if the whole angular motion with which the bouy returms 1o the ame ap.e be

to the angular motion of cne rev ofution or"t0” asan) numberasm faansther
asn and the sltitude be called 4 the force will be as the power 1=3~ of the
altitude A the index of which power s %—:"3 Thns appears by the second

Example Hence 1t 15 plain that the force 1n its recess from the centro cannot
decrease n & greater than a cubed ratio of the altitude L body revaluing, with

3
parting from the loner apee begin to a cend ever so hittle 1t wll n cend 1n
finstum and never come to the upper apse but will desenbe the curved hne

motion But if the foree 1 1ts recess from the centro either deeren ov1n & Joas

foree inereases 1n the recess from tho centre or 1t d
eereases in o less than a
cubed ratio of the altitude and the sooner tt e body returns from ono apso to

4 o nn
or? or1l4tol andtt crcl’omm—m-a be 14—3 or Y44~3 or L~3ords
~3 thentleforcevil bons A% or 44 =1 or A\ 8 or A% ¥ thatis b will bo
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mversely a3 A% or A%¥ or A% or A% If the body after each revo-
lution returns to the same apse and the apse remains unmoved then m will be

tonasltol and therefore A»= > will be equal to A~ or ALA and therefore the

decrease of the forces wall be m a squared ratio of the altstude 25 was demon
strated above If the body n three fourth parts or two thirds or one third o
one fourth part of an entire revolutron return to the same apse m will be ton

as34 or 25 or Y4 or Y to 1 and therefore A" 15 equal to A%~ or A*=S or
A% or A¥-® and therefore the force 1s either mversely as A¥ or A or
directly as A% or A® Lastly 1if the body 1n its progress from the upper apse to
the same upper apse again goes over one entire revolution and three degrees
more and therefore that apse m each revolution of the body moves forward
three degrees thenm will be tonas 363 t0360 oras 121 to 120 and therefore

A7"* will be equal to A~ 58" and theiefore the centnipetal force will be m

versely as A H*¥ orinversely as A?sizy ery neatly Therefore the centripetal
force decreases 1n a ratio something greater than the squared ratio but ap-
proaching 5934 times nearer to the squared than the cubed

Cor 11 Henee alsoif a body urged by = centripetal force which 1s inversly
as the square of the altitude revolves in an ellipse vwhose focus 19 1 the centre
of the forces and a new and foreign force should be added to or subtracted
from thus centripetal force the motion of the apsides arsing from that foreign
force may (by the third Example) be known and conversely If the force with

which the body revolves 1n the ellipse be as A_IA and the foreign force as cA

—_— 4
and therefore the remumng force as A ASA then (by the third Dxample) &

will be equal to 1 m equal to ! and n equal to 4 and therefore the angle of
revolution between the apsides 1s equal to 180 v/ 11_ 466 Suppose that foreign
force to be 357 45 times less than the other force with which the body revolves
in the elhpse that 15 ¢ tobe z3%%s A or T bemng equal to I and then 180
V4 11_406 will be 180 /33818 or 180 7623 that1s 180 45 44 Therefore the
body partmg from the upper apse will arnve at the lower apse with an angular
motion of 180 45 44 and this angular motion being repeated will return to
the upper apse and therefore the upper apse 1n each revolution will go forward
1 31 28 'lhe apse of the moon 1s about twice as swift
So much for the motion of bodies i orbits whose planes pass through the
centie of force It now remarns to determme those motions in eccentric planes
Tor those authors who treat of the motion of heavy bodies used to consider the
= = adicular direction but at
the same reason we are
to centres by means of
forces whatsoever when those bodies move 1n eccentnic planes The ¢
s are supposed to be perfectly smooth and polt hed so as not to retard the
dies 1 the least Morrover 1n these demonstrations nstead
which those bodtes roll or shde and which are therefore
he bodies I hall use planes parallel to them 1n which the

any
plane
motion of the bo
of the planes upon
tangent planes to t!
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centres of the bodies move and by that motion deseribe orbits And by the

came method I afterwards deterruine the motions of bodtes performed in curved
surfaces.

SECTION X

‘THE MOTION OF BODIES I\ GIVEN SURFACES AND THE OSCILLATING
PENDTLOTS MOTION OF BODIES

ProrosiTion 46 PPOBLEM 3

lnmrﬁgurcsbnngallowd HisTeYut LWy '
off from a gien plane wtth a queen celocly tn the direchian of a guen right hne an
at plane
» he" S be the centre of force SC theleat & tance of that centre from the
gven plane P abody issung from the place P n the direction of the nght hine
PZ Q the same body revolving in its curve and PQR the cunetself which1s
required to be found de<cnbed 1n that gven plane Jon CQ Q- and 1n QS
we take SV proportional to the cen
2 2 tnpetal force with which the body

1s attracted towards the centre §
and draw _\'T _Esnllel to CQ and

T
‘ other force TV conaiding with the
s poution of the plane it<elf attracts

the body directly tonards the given
pomnt C 1n that plane and therefore causes the body to moven the pl.Fne m

the same manner as1f the force ST were taken away and the body were tore-

atany given time and lastly th ]
s e y the veloaity of the body 1 that place Q qAnn:l
Prorosmion 44 Treorex 15
Supporr g thr eentripetal foree to be

proporitonal o the distance of the
the eentre all bodies rerolring wn any planes whatsoerer 1wl dw:n{c eH?;i‘lsjm
complete thes revol tionyn equal imes and those which more 1n right lines run-

n g backwards ond forwards alternatel,
gotng and return ng tn the same { mue y will complete thew sereral periods of
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mversely as AS* or A*¥ or AV or A*# If the body after each revo-
lution returns to the same apse and the apse remams unmoved then m will be
tonas1tol and therefore A™»—* will be equal to A7, or ﬁ and thercfore the
decrease of the forces will be 1 & squared ratio of the altitude 23 was demon
strated above If the body 1n three fourth parts or two thirds or one third o
one fourth part of an entire revolution return to the same apse, m wllbeton

2534 or 25 or 1§ or 24 to 1 and therefore A#* 13 equal to A** or A’ or
A%* or A¥% and therefore the force 1s erther mversely as A% or A' or
direetly as A® or A% Lastly if the body 1n 1ts progress from the upper apse to
the same upper apse again goes over one entire revolution and three degrees
more and therefore that apse in each revolution of the body moves forward
three degrees thenm will be tonas363 to360 oras 121 to 120 and therefore
A= will be equal to A~HEE and therefore the centnipetal force will be
versely as A 4t or mversely as Al very nearly Therefore the centripetal
force decreases 1n 2 ratio something greater than the squared ratio but ap-
proaching 5934 times nearer to the squared than the cubed

Con 11 Hence also1f a body urged by = centripetal force which 1s inversely
as the square of the altitude revolves in an ellipse whose focus 1s ta the centre
of the forces and a new and foreign force should be added to or subtracted
from this centnipetal force the motion of the apsides arising from that foreign
force may (by the third Example) be known and conversely If the force with

which the body revolves i the ellipse be as K1I_L and the foreign force as ¢}
—CcA*

and therefore the remaimng force as A AfA then (by the third Dxample) &

will be equal to 1 m equal to 1 and 7 equal to 4 and therefore the angle of
revolution between the apsides 1s equal to 180 v/ 11:4"; Suppose that foreign
force to be 357 45 times less than the other force with which the body revolves
m the ellipse that 15 ¢ tobe 313 A or T being equal to 1 and then 180
v 11_';0 will be 180 +/3334% or 180 7623 that1s 180 45 44 Thercforo the
body parting from the upper apse will arrive at the lower apse with an angular
motion of 180 45 44 and this angular motion berng repeated will return to
the upper apse and therefore the upper apse in ench revolution will go forward
1 31 28 lhe apse of the moon 1s about twice as swmft

So much for the motion of bocies 1 orbits whose planes pass through the
centre of force It now remams to determmne those motions 1n eccentric planes
Tor those authors who treat of the motion of heavy bodses used to consider the
ascent and de cent of such bodies nat only mn a perpendicular dircction but at
all degrees of obliquity upon any given planes and for the same reason we are
to constder 1n this place the motions of bodtes tending to centres by means of
any forces whatsoever when those bodies move 1n eccentnie planes These

wna 1 ALk

-l

tangent planes to the bodies 1 nail use planes paraliel to them m which the



Boox 1 Tar Mormion OF BopIEs 103
+  her andthegvenpont Pinthe

ntume the curvilinear path AP

d since the wheel touched the
globe m A, and the lengin Ui s p 1 be to twice the yer<ed aine of
the arc J4PB as 9CE to CB For let the nght hne CE (produced f need be)
meet the wheelm ¥ and youn CP BP EP \P produce CP and let fail there-
on the perpendicular \F let PH VH meetingin H touch the cicle1n Pand
Y\ andlet PHeut VFwG andtoVP Jet fall the perpeudlcuhxs GI Hh From

the centre C with any radiuslet the:
re be desenbed th
n:‘ht lu.x_e CPunn (he, penimeter of the wheel BPn o :sﬁﬁ%tﬁg u::x
~e vaY with th radus Vo let there be descnbzad a

wll touch ths curve i the
o e point P Let the racdius of grad
u 1y mereased or diminLhed so thatat latat bcco‘:n;h :;‘uﬁlim: ta
nee
- v
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For letting all things stand as in the foregoing Proposition the foree SV
o 2 towards the
TV and CQ
weppul v e ou o o towards the
given point C 1n the plane of the orbit 1s as the distance CQ Therefore the
forees with which bodies found 1n the plane PQR are attracted towards the
pomnt C are i proportion to the distances equal to the forces with which the
same bodies are attracted every way towards the centre S and therefore the
bodses will move 1n the same times and in the same figures 1n any plane PQR
about the pont C as they would do 1n free spaces about the centre S and
therefore (by Cor 11 Prop 10 and Cor 11 Prop 38) they will in equal tumes
either deseribe ellip es 1n that plane about the centre C or move to and from
nght hines passing through the centre C 1n that plane completing the <ame
periods of time 1 all cases QED

ScroLron

The ascent and descent of bodies mn curved surfaces has s near relation to
these motions we have been speaking of Imagine curved lines to be deseribed
-~ through the centre

and that the bodies

u those surfaces If

and descent ther

- v and therefore 1n

nerated In

on 1 tho e

curved lies
ProrosrrioN 48 THEOREM 16

If a wheel stands upon the outside of a globe at right angles thereto and revoliing
about tts own azs goes forwards 1n a great circle the length of the curcdinear path
uhach any point guenar I o~ hime
that ¢ touched the globe bt

cyclord) will be {o double the versed sine of nay e we w @ wo ik
touched the globe 1n passing over 1t as the sum of the diameters of the globe and the
wheel lo the serudiameter of the globe

Prorosrrion 49 THEOREM 17

If a wheel stands upon the inside of a concare globe at right angles thereto and
~ wmanv an forwards in one of the great errcles of the globe the

pownt quen an the perimeter of the wheel

will be to the double of the versed sine of

half the arc which tn alt that ume nut touched the globe 1n passing over 1t as the
dufference of the diameters of the globe and the wheel to the senudiamcter of the
be
gtaLct ABL be the globe Cits centre BPV the wheel resting onst T the centre
of the wheel B the pomnt of contact and P the mven pomnt in the penmeter of
the wheel Imagmne this wheel to proceed n the great arcle ABI from A
through B towards L and m 1ts progress to res olve 1n such a manner that the
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AS that asoftenss {he pendulum part from the perpen-
:?d;ngs 3:3 upper part of the tbresd AP may e apphed to that eermt
evelod APD towards which the motion tend. and fold iteelf rourd that curredd
Lne asif 1t were <o olid obetacle the remauning part of the ame thr:—sm
PT which has not yet touched the cemucyclord continuIng traight. Then
the weght T oscillate in the pven evelod QRS QEY

For Jet the thresd PT tmect the evelod QRe1e T and the arcle QOSm\
and let C\ bedravn and to the rectiear part of the ‘thread PT from theex
treme pants P and T let there be erected the perpcndxcuh:s BP TW meeting
the n bt ine GV 10 PBand W It evident from the con.truction and gepera

W ewnlar fizures AS SR, that those perpendiculars PB TW cut of

"~ w of the wheels 04, OR

10 VBP when 3B}

4and CO COand

A A4CO to CY, or af
\ >rop 49) th length

he are of the cyelod

P~ acd the whole thresd AL ALy G eyclad APS thatis

{by Cor 11 Prop 49} tothe length AR And converely i the tno,L alwavs
equal tothelenth AR thepomn T willslway moveln the gaven evelod QRS
Q

ED

Cor The stnng AR 15 equal to the semcy clod AS and therefore hs. the
sameratioto AC the cermdiame er of the extenor globe asthelie <emicyciod
QR has to CO the ceruchameter of the mteror globe

Proroumion 51 Tireozsx 15
chmmpda!{mlmd nqcrnnl’lmstoﬂuctnmCojuglobe be tn oll places
as the dictance of the place from the centre and by this foree alone acling upon '
the b 74 T ovcilla e (in the manner ebo~e
described) 1n the perimeter of the cydod
QR I say that all the oxcillations how-
«ocer unequal wn thenselres will be per
forrued tn equal times
For upon the tan~ent TW 1ndefiately
produced let fall the perpendicul cx
and jon CT Becauwse the centripetal
force with which the body T 15 mpelled
~ - aaT W

\

thresd PT and by the res..nce the
thread makes to 1t 13 totslly emploved
produar,, no o ber effect but the other
part T, unpelling the body transver<ely
£ or towards X, direc Iy accelerates the
(bt the e e bod motion 10 the cyclod. Then 1t 1s plam
s o v prop to this 1 force will

every wmoment as the length TV that s (becauze CV W\ and TN TW
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PV PI' PG PI respectively But since VF 15 perpendicular to CF and VH to

cv le VHG (because
the equal to the angle
CE will come fo pass
that EP CC=HG HVor HP=KI PK

and by addition or subtraction
CB CL=PI PK

and CB 2CE=PI PV=Pg Pm
Therefore the decrement of the Ine VP that 1s the mcrement of the lne
BV—VP to the increment of the curved line AP 15 1n 2 given ratio of CB to
2CC and therefore (by Cor Lem 4) the lengths BV —VP and AP generated
by those mncrements arein the same ratio Butif BV be radius VP1s the cosine
of the angle BVP or Y4BLP and therefore BV —VP 1s the versed sine of the
same angle and therefore in this wheel whose radius1s 34BV BV—VP will be
double the versed sine of the arc 24BP Therefore AP 15 to double the versed
sine of the arc J4BP as 2CL to CB QED

The hine AP m the former of these Propositions we shall name the cyclod
without the globe the other n the Iatter Proposition the cycloid within the
globe for distinction s sake

Cor 1 Hence if there be deseribed the entire cyclord ASL and the same be
bisected 1n 8 the length of the part PS will be to the length PV (which 1s the
double of the sine of the angle VBP when LB 15 redus) as 2CE to CB and
therefore 1n a gaven ratio

Cor 1 And the length of the sermdiameter of the eycloid AS will be equal
to a night lme which 1s to the diameter of the wheel BV as 2CE to CB

ProrosiTiov 50 ProBLEM 33

To cause a pendulous body to oscallate in a gren cyclod

Let there be given within the globe QVS deseribed with the centre C the
cycloid QRS bisected in R and meeting the surface of the globe with 1ts ex
treme pomnts Q and S on either
hand Let there be drawn CR
bisecting the are QS in O and
let 1t be produced to A n such
sort that CA may be to CO as
CO to CR About the centre C
with the radius CA let there
be described an exterior globe
DAF and withmn this globe by
a wheel whose diameter 1s AO
let there be described twosemm
cycloids AQ AS touching the
mtertor globe 1n Q and 8 and
meeting the extertor globemn A
From that pommt A with a
thread APT 1 length equal to
the line AR let the body T be
suspended and oscillated m
such manner between the two
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11 to the rads GK or as V(SR —TRY) to SR. Hence «nce
Ez:umuons there are described 10 equal times arcs proportionsl to
the entire ares of the cscillations there are obtamed from the tumes given
both the velocities and the arcs desenbed 1o all the osaillations umversally

red
w
thukcthm:‘s :;:;" mlous bodies oscillate 1n ifferent eycloids de<cribed within
different globes whose sbeolute forces are al:0 &ifferent and if the absolute
force of any globe QOS be called V the accelerstive foree with which tbf‘ p'e“n-

bodv from that centre and the avso ule v &
the globe conjomntly thatis as CO \ Therefore
the hort line HY which 1s as’this accelerated
force CO V will be descnibed 1n s given tume
and 1f there be erccted the perpendiculsr 12
meeting the circumference 1n Z the nascent arc
HZ will denote that grven time But that nascent
arc HZ vanes as the square root of the rectangle
GH HY and therefore as J(GH CO V)
Whence the tume of an enture oscillstion the
eyclad QRS (it bemg as the semupenphery
- - A

Gif and SR re equsl asvcbok\ or (by Cor Prop 50) a3 vggy Fhere-

o o emead e b henl

and the centre of the globe and al:o iy ercely as the <quare root of the ab<otute
force of the globe

QE1
- e had e

any place ta the centre and the time equal to it m which the bod;

un'\‘xnfd rmlv about the centre of the globe at any di-tance dscn’ba)a: :r‘::lvo‘fni
quadrant. For this time (bv Case ©) 15 to the time of half the oseillation i any
ovclod QRS ss 1 to \/‘\—\Ié

Cor u Hence also follow what %ir Chnito
pher Wren and Mr Hi
:‘:\; tcsmvemd concermng the common cycloid For af the dxax;eteruz?etgz
od\h nfinitely 1ncreased 1ts spheneal urface mll be chan ed 1nto a plane
g I e‘hc::ml;;ul for;e il act uniform!t 1n the direction of hnes perpegdxcz
plane and our evelord wmill become the
cyclod Dut m that case the length of the arc of the :y::; xt‘:mtﬁmm‘:
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proportional to them are given) as the length TW that 1s (by Cor 1 Prop
39) as the length of the arc of the cyclod TR If thercfore two pendulums
APT Apt be unequally drawn aside from the perpendicular AR and let fall
together their accelerations will be always as the arcs to be described TR (R
But the parts deseribed at the beginning of the motion are as the accelerations
that1s as the whole spaces that are to be described at the beginming and there-
fore the parts which remain to be described and the subsequent accelerations
proportional to those parts are also as the whole and so on Therefore the ac
celerations and consequently the velocities generated and the parts desenbed
with those velocities and the parts to be described are always as the whole
and therefore the parts to be described preserving a given ratio to each other
will vamsh together thatis the two bodies oscillating will armive together at
the perpendicular AR And since on the other hand the ascent of the pendu
lums from the lowest place R through the same cycloidal ares wath a retro-
grade motion 1s retarded 1n the <everal places they pass through by the ame
forces by which their descent was accelerated 1t 15 plain that the velocities of
their ascent and descent through the same arcs are equal and consequently
performed 1n equal times and therefore since the two parts of the cyclord RS
and RQ lying on either side of the perpendicular are similar and equal the
two pendulums will perform as well the whole as the half of their oscillations
mn the same times QED

Cor The force with which the body T 1s accelerated or retarded n any place
T of the cycloid 1s to the whole weight of the same body 1n the highest place &
or Q as the arc of the cycloid TR 1s to the arc SR or QR

Prorositiov 52 Prosroy 34

To define the telocities of pendulums in the several places and the times 1n which
both the entire oscillations and thewr scieral parts are performed

About any centre G with the radius GH equal to the arc of the ¢yclod RS
describe a semicircle HWM bisccted by the sermdiameter Gl And if a centnt
petal force proportional to the distance of the places from the centre tend to
the centre G and 1t be 1n the perimeter HIX equal to the
centripetal force in the perimeter of the globe QOS tending y z
towards 1ts centre and at the same time that the pendulum
T 1s let fall from the highest place 8 a body as L 1s Jet fall
from H to G then becausc the forces which act upon the
bodtes are equal at the beginning and always proportional P N
to the spaces to be described TR LG and therefore 1if TR
and LG are equal are also equal 1n the places T and L 1t 18
plan that those bodtes describe at the beginningequal spaces
ST HL and therefore are still acted upon equally and con
tnue to describe equal spaces Therefore by Prop 38 the
time m which the body describes the are ST 1s to the time of
one oscillation as the arc HI the time m which the body H arnves at L to
the sermpenphery HKM the time i which the body H wll come to M And
the veloaity of the pendulous body m the place T 1s to its veloeity in the
lowest place R thatis the velocity of the body H1n the place L to 1ts veloaity
inthe place G or the momentary ncrement of the hne HL to the momentary
ncrement of the line HG (the ares HI HK inereasing with an uniform v elocity)

—
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by te LI to the radws GE, or as /(SR ~TR ) to SR. Hence mce
tt»me m&hsuﬂsuons {bere are deseribed o equal times arcs proportionsl to
the entire ares of the oscillations, there are obtamed from the times gven,
both the veloaties and the ares desenbed m all the oscllations umversally
i ﬁﬁ- 1 hodies seoillate 1o different evelod described within
& -~ and 1f the abolute

nth which the pen
[ cumference of this
globe when 1t begins to move directly towards
stseentre will be as the di tance of the pendulous
bodv from that centre and the absolute foree of
the globe conjantly thatis as CO } Therefore
the hort lme HY which 15 as ‘the accelerated
force CO \ wll be decribed 1 a given time
and f there be erected the perpendicular YZ
meeting the crrcumference in Z the nascent arc
BZ will denote that mven tume But thst pascent
arc HZ vanes as the quare root of the rectangle
GH HY and therefore as +/{GH CO V}
TWhence the time of an entire osaillstion 1n the
evelod QRS (it bemp s the <emipenphery
HEM which denotes that entire csaillabon, di
rectly .zd as the are HZ, which m ¥le manner denotes a given time In
ves] } will be 23 GH directly and +/(GH OO V) inversely that 1 because
GH 2.4 SR wre equal, as ‘/O:JR\ o {by Cor Prop 50) as \/A%P\" There-
{oe the cstllations 1o all globes and evelad., performed with anv abeolu e
farces hatever vary directly s> the square root of the lenoth of the ctnng and
o e~elv a3 the square root of the distance between the pant of suspenzon

22d the centre of the globe and also mnverely as thy h
$ thecanreof ¢ gl =0 us the aquare root of the abolute

QEIX
= = ~hedies may
hwhch
hameter
entre of
>equent,
t from
23 pce to the centre and the tme equal to 1t 1 Wiy e bou -~
k_::{-m! about the centre of the globe at any dictance deseribes a:’:;lgini
Quadrant For thes timy (vaas")xstntheumeoﬂmnheosmusnonmany
oeloed QRy s 1 to \/'%
Cor 1. Henre sl followe what &
- 1r Chinstopher Wren and Vir Hu
sa\’;dl;i‘c?mgl concernit, the common evelard. For of the dumeter :ﬁﬁz
Ebebr [LEEN }rfzoc::dﬂ us:phg:nml surfsce will be chan~ed into s plane
[pueton el aef It 1 the & of ipes
plane evelord will becom: same
eveloed. But 1 that csse the len+th of the are of ih? ;clmd m&&m:
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and the describing point wall become equal to four times the versed sine of half
the arc of the wheel between the same plane and the describing port as was
discovered by Sir Christopher Wren And a pendulum between two such ¢y

cloids will oserllate 1n o sumlar and equal ¢y cloid 1n equal times as Mr Huy

gens demonstrated The deseent of heavy bodies also 1n the time of one osctl
lation will be the same as Mr Huy gens exlubited

N The Propositions here demonstrated are adapted to the true const # + on of
# the
1 = and
1 w Ius Inmuncs and deep caverns of the earth must osaillate m ey clods
within the globe that those o cillations may be pciformed 1n equal times Tor
gravity (as will be shown 1n the third bool) decreases 1n ats progress from the
surface of the earth upwards as the square root of the distances from the
centre of the earth downwards as these distances

ProrosiTiov 53 Prorrev 35

Granting the quadratures of curvilincar figures 115 requared fo find the forees with
whach badies moting 1n grten curted lanes may always perforn thew escillations 1n
equal times

Let the body T oscillate in any curved Iine STRQ whose avis1s AR passing
through the centre of force C Draw T'X touching that curve m any place of
the body T and wn that tangent T\ take TY A
equal to the arc TR The Iength of that arc 1s
known from the common methods used for the
quadratures of figures From the point Y draw
the nght hne YZ perpendicular to the tangent
Draw CT meeting YZ1n Z and the centnipetal
foree will be proportional to the night line TZ

QE1

Tor 1f the force with which the body 15 at §
tracted from T towards C be espressed by the
night Iine TZ taken proportional fo1t that force
will beresobvedintotwoforces TY YZ of which
YZ drawmg the body n the direction of the
length of the thre 1PT 4~ -
1ts motion
accelerates
STRQ Thercfore since that force 1s as the
space to be deseribed TR the accelerations or
retardations of the body in deseninng two pro-
portional parts (4 greater and a less) of tw o oseillations will be always as those
parts and thercfore will cause those parts to be deseribed together But bodies
which contmually describe in the sime time parts proportional to the whole

will desenbe the whele 1n the same fime QLD
Cor 1 Hence if the body T hanging by o rectilinear thread AT from the
pont n A d rmhathae ~ 1 aTpPA - - )

U a
tions will be equal For beeause TZ AR are parallel the tnangles ATN ZTY
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TY to TN
dar end thereforeTZ willbe to AT as

?\rxeutm\? of the umform force of gravity be etpx‘?sed b{
the given length AT the force TZ by whicht «; o=
Iattons become 1sochronod will be to the force of gl':wf
ity AT as the are TR equal to TY 15 to T\ the sine of

are
~ 1 And therefore 1n clochs i forees am'ug

Z!

hich 15 OULULCU Uy W e o
:ln?{;casn?hl\::e:\; by the ame TN then all the oscillations will become
iochronous Prorosirios o} ProsLEM 36

—~ -1 F£Athimsn

pont D and because Dd 1 given the rectangle
Dd D\ thatis the area DN\nd will be propor c
t1 nal to the same time Thercfore 1f T\n be a

line ST and therefore that area being found the time s al o gaven

QLI

Prorostrion 55 Treorey 19

Ifabody moretna yeurred su [ ce whose exis passes through the centre of force
and f om the body a perpendrcular be let f W upon the atis and aline pa allel and

equal thereto be drawen froma y g1 en poind of theanie T 2ay that this parallel I ne
10l dexcribe an @ ea proportronal to the time
o o .- [

- o .
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axis AP the path deseribed by the point
Pin the plane AOP 1n which the re-
volving hne OP 1s found A the be-
ginning of that path answenng to the
pomnt S TC a right line drawn from the
body to the centre TG a part thereof
proportional to the centripetal force wath
which the body tends towards the centre
C TM a night hne perpendicular to the
curved surface TI a part thereof pro-
portional to the force of pressure with
which the body urges the surface and
therefore with which 1t 1s again repelled
by the surface towards M PTT & nght
Ime parallel to the awas and passing
through the hody and GU IH ught
lmes let fall perpendicularly from the C
ponts G and I upon that parallel PHTF I say now that the area AOP de-
scribed by the radius OP from the beginning of the motion 1s proportional to
the time For the force TG (by Cor 11 of the Laws of Motion) 1s resolved mnto
the forces TF FG and the force TT into the forces TH HI but the forces
TF TH acting mn the direction of the line PT' perpendicular to the plane
AOP intréduce no change in the motion of the body but in a direction perpen
dicular to that plane Therefore 1ts motion so far as it hath the same direction
with the position of the plane thatis the motion of the point P by which the
projection AP of the cury ¢ 1s described 1n that plane 15 the same as:f the forces
TT TH were tahen away and the body were acted on by the forces I'G HI
alone that 1s the same as 1f the body were to describe mn the plane AOP the
curve AP by means of a centripetal force tending to the centre O and equal
to the sum of the forces FG and HI But with such s force as that (by Prop 1)
the area AOP will be deseribed proportional to the tume QED
Cor By the same reasomng 1f a body acted on by forces tending to two or
more centres 1n the same given nght lme CO should descnbe 1n a free space
any curved line ST the area AOP would be always proportional to the time

ProrosiTioN 56 PronLEm 37

Granting the quadratures of curmlinear figures and supposing that there are guten
both the law of centripetal force tending to o guen centre and the curied surface
whose axis passes through that centre 1t 1s requured {0 find the curte which a body
wall describe in that surface when going off from a guren place unth a grren velocaly
and 1 a guen direction 1n that surface

The last construction remaimng let the body T go from the grven place S
1n the direction of 2 line given by position and turninto the curve sought STR
whose orthographic projection 1 the plane BDO 1s AP And from the given
veloaty of the body 1 the altitude SC 1ts veloaity 1n any other altitude TC
will be also grven With that veloaity ma guen moment of time let the body
de cribe the segme
ment deseribed 1n
upon the eurv ed Su «
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jection of that kittle arcle the plane
AOP be the elipe pQ And because the
D msgmtude of that httle arcle Tt and
TN or PO 1ts dirtance from the axt; CO
15 al:0 @ven the elip~e pQ will be given
both 1n kand and magmitude as al.oats
position to the nght hive PO And <ince
the area POp s proportionsl to the ime
and therefore gaven because the time 15
gven the ap,le POp will be gven And
thence will be gmiven p the common 1o
tercection of the elhpee and the nght
lme Op together with the ap_le OPp 1n
which the projection APp of the curve
cuts the hine OP But from thence (by
companeng Prop 41 wmithits Cor n) the
c manner of determintn,, the curve APp
easily sppears. Then from the <everal pomnts P of that projection erecting to
the plare AQP the perpendiculars PT meeting the curved curfacein T there
will be pven the several pownts T of the curve QLI

SECTION XI

THE MOTIONS OF BODIES TENDING TO EACH OTHER WITH CENTRIPETAL FORCES
I have hutherto been treatinw of the attractions of bodies towards an m-

=o able centre thou b verv probably there 13 no such thing extent 1n na

ture For attractions are made towards bodies, and the actions of the bodies

% Law m <othat
mg body 1> truly
1t were mutually
¥ there be more
racted by them
il be <0 moved

- -— b ho trect

——— e gm

«
b emmn e mace h v o

by a mathematical reader

. Prorosrmion 57 Trxorxu 20
@0 bodies e.treet ng each oher mu ol
d wribe nmilar
"w}"\":—b: Jorariy and evo 1 ecch Jer muually Fares chout thse com-
- or B ud:.bq:nmus of thg&odx? from their common centre of gravity are
Yerse! e and therefore ina mven ratioto each oth
tomnotion of ratios 10 a given ratio to the whole dm.m:: btx:?\'::nge
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axis AP the path described by the pownt
P m the plane AOP 1 which the re-
volving Iine OP 1s found A the be-
ginning of that path answenng to the
point § TC a rnight hine drawn from the
body to the centre TG a part thereof
proportional to the centripetal foree with
which the body tends towards the centre
C TM arnight hne perpendicular to the
curved surface TI a part thereof pro-
portional to the force of pressurc with
which the body urges the surface and
therefore with which 1t 13 again repelled
by the surface towards M PTT a nght
hne parallel to the awas and passing
through the body and GT' IH nght
hnes let fall perpendicularly from the C
pomnts G and I upon that parallel PHTT' I say now that the area AOP de-
scribed by the radius OP from the beginning of the motion s proportional to
the time For the force TG (by Cor 11 of the Laws of Motton) 1s resolved mto
the forces TT' FG and the force TI into the forces TH HI but the forces
TF TH acting m the direction of the hne PF perpendicular to the plane
AOP ntroduce no change in the motion of the body but in a direction perpen
dicular to that plane Therefore its motion so far as it hath the same direction
with the position of the plane that1s the motion of the pomnt P by which the
projection AP of the curve1s descnibed 1n that plane 15 the same asif the forces
TF TH were taken away and the body were acted on by the forces TG HI
alone that 1s the same as 1f the body were to deseribe 1n the plane AOP the
curve AP by means of a centripetal force ton 1 no #n tha =~ ndequal
Prop 1)
QED
w w5 abuuy acted on by forces tending to two or
more centres 1n the same given nght line CO should desenbe 1n & frec space
any curved hine ST the area AOP would be always proportional to the time

ProrostTioN 56 ProbrLuu 37

Granling the quadratures of curvilinear figures and supposing that there are gnen
both the law of cenirpetal force tending o a guen centre and the curied swiface
whose az1s passes through that centre 1t 1s requared to find the curie which a body

R guen place with a gieen velocity

T go from the gven place §
1n the direction of 4 lite given by position and turn into the curve sought STR
whose orthographie projection mn the plane BDO 1s AP And from the given
veloatty of the body 1n the altitude SC 1ts veloaity 1z any other altitude TC
will be also given Wath that velocity n a given moment of time let the body
describe the segment T¢ of its curve and let Pp be the projection of that seg
ment described 1n the plane AOP Join Op and a Iittle circle being de enbed
upon the curved surface about the centre T with the radws T¢ let the pro-
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equare root of the wtervals because by Lem 10 the paces described at the
begamnrzod t;;léemnuon are ns the square of the times Suppose then the
veloty of the body p tobe tothe yelonty of the body P asthe quare root of
fhe ratio of the di. tance sp to the distance CP o that the arcs pg PQ which
sre n 2 smple proportion to each other may be descnbed 1o times that sre
#5 the <quare root of the dutances snd the bodies P p abways attracted by
equal forces will desenbe round the fixed centres C and & smlar fieures PQV
pre the latter of whick pgris sumlar apd equal to the figure which the body
- e = nd the movable bodv § QED
o of gravity together with the

epace allbe Pt L e
will describe about each other the same firures s e
fore sizular and equal fo the figure pyr QED

Cor 1 Hence two bodes attrscting each other with forces proportional to
{beir duistante deseribe (by Prop 10) both round their common centre of
gravity and round each otber concentne elip-es and conversely 1if such
figrures are described the forces are proportional to the distances

Coz 1 And two bodies whose forces are iverwely proportional to the
square of thetr distance descrnibe (by Props 11 12 13} both round therr com
mon centre of gravity and round each other eomsc sections having their focus
1 the ventre sbout whach the fieures are desenbed And conversely o such
fivures are desenbed the petal forees are 1y proportional to the
square of the di tance

Cor m Any two bodies recolviag round thewr common centre of gravity
de~enbe areas proportional to the tumes by radu dra so both to that centre

d to each othes
and foeach other ProrosiTioN 50 ThEOREM 77
The pertodic time of two bodues S and P reroling round therr common eentre of
oty C w o the periodic time of one of the badies P revoleng round the other S

em  ng fired and describing a figure amilar and equal to those which the bodies
¢ ~ ek thr as/Sasto V{S+P)

- which any
’sp thatis
l‘m tumes i

ole tunes 1n

ih::!;;,h)e whole smular hgures are el iy wt .., atie /S to
Prorosmoy (0 Trrorex 23 ase

l(’an bodes lsb:nd P altract ng each other wth Jorees tncersely proportional to
omnq;(c I d& ner erol ¢ about thet common centre of gravity I say

o m(am Km of the ellipse which either of the bodies os P describes by

v by other 'Sn ;1611:"2 e prinerpal arus of the ellipse whuch the

e l\mmboduss«i-l' periodie £ me about the other body S fized

thal eum  nd the body §

T ot to the first of tro mean propertionals between
11f the elhipees d
et pecs mmb?a‘:;: equal to each other ther penodic times by

Equare root of the ratio of the body § to the
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bodies Now these distances are carned round their common extremity withan
umform angular motion because lymgin the same nght Line they never chanes
their inchination to each other But right lines that are m a given ratio to each
other and are carred round their extremities with an umform angular motion
describe upon planes which exther rest together with them or are moved with
any motion not angular figures entirely similar round those extrermties There-
fore the figures described by the revolution of these distances are sumilar QED

ProrositioN 58 THEOREM 21

If two bodues altract each other wnth forces of any kind and revolie about the com
mon centre of gravty I say thal by the same forces there may be described round
erther body unmoved a figure sumalar and egual to the figures whach the bodies so
moving describe round each other

Let the bodies S and P revolve about their common centre of gravity C
proceeding from S to T and from P to Q From the given pomnt s let there be
continually drawn sp s¢ equal and parallel to SP TQ and the curve pgv
which the point p deseribes 1n 1ts revolution round the fized pomnt s will be

2
7

v

s ) P
T

slar and equal to the curves which the bodies S and P describe about each
other and therefore by Theor 20 sumilar to the curves ST and PQV which the
same bodies describe about therr common centre of gravity C and that be
cause the proportions of the linesSC CP and SPor sp toeach other are given
Case 1 The common centre of gravity C (by Cor 1v of the Laws of Motion)
15 either at rest or moves unmiformly in a nght line Let us first suppose 1t at
rest and 1n s and p let there be placed two bodies one immovable m s the
other movable it p similar and equal to the bodies S and P Then let the nght
Tnes PR and pr touch the curves PQ and pgm P and p and produce CQ and
sgto R and r And because the figures CPRQ sprg are similar RQ wilt be to
rqas CP to sp and therefore in a given ratio Hence if the force with which the
body P 1s attracted towards the body S and by consequence towards the
intermediate centre C were to the force with which the body p 1s attracted
towards the centre s 1n the same given rat o these forces would in equal times
attract the bodres from the tangents PR pr to the arcs PQ pg through the
intervals proportional to them RQ rg and therefore this last force (tending
to s) would make the body p revolve in the curve pgt which would become
similar to the curve PQV 1n which the first force obhges the llody P to revolve

SP mutually equal the bodies in equal times wilt be equally drawn
bances Sp)ents and therefore that the body p may be attracted through the

tan
g-%g‘t;?emtergval rg there 1s required a greater tume which will vary as the
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Prorosrrion 63 PropuEst 39

- tracting each olher with forces nrersely
+ oms of two bodies a.traching e atases 1o

| theres given sko
d the motion of the

the untform motion of 1he (oily & -
sp:me which moves along with this centre umformly 1 a nght line and alo
t - w t 1 of the bodiesin re_pect of this pace '1"‘1132
t

tending to tusi e ¢ o

time will be obtamned the motion of the other round the same venue b
this motion ¢ d the unform p e motion of the entire system of

the cpace and the bodies rev olvine it and there will be obtauned the absolute
motion of the bodies in immovable space QEX

ProrosrTios 64 PropLEM 40

Supporng forces with wh ck bodies altract eack other to tnerease tn a simple ralo
of thewr dr..ances from the centres 1813 requ red fo find the motsons of several bodses
among themselres

Syppose the fir<t twa bodies T and L to have their common centre of gravity
w D Theee by Cor 1 Theor 21 will de~enbe elhpses having their centres in
T th m rmtudes of which ellipses are known by Prob 5

¢
1L and tnerelore s we

.

©

< “7RT  forces with which the bodies Tand L at
D tract each other added to the forces of the
B badies T and L the first to the first and
e oo — L
v

and Cor I and ¥II rrop 4) wmey wu
cﬂt:qe ;;fnzzdf:c:lug dL:scnb[e e\hp;sn as before but with a switer m’utwn.
rative
208 8 1 g aoelerst tbeb‘::;xt:s and DL, by the motive forees SD T
-

sm?‘:tmg those bodies equally and 1 the
v . -
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sum of the bodies 84-P Let the penodic time 1n the latter ellipse be dimmshed
in that ratio and the penodic times will become equal but by Prop 15 the
principal axis of the ellipse wall be diminished 1 a ratio which 1s the 3/th power
of the former ratio thatis i a ratio to which the ratio of S to §+P1s the cube
and therefore that axs will be to the principal axis of the other ellipse as the
first of two mean proportionals between S+P and 8 to S+P And inversely the
prncipal avs of the elhpse desenbed about the movable body will be to the
principal axis of that described round the immovable as S-+P to the first of
two mean proportionsals between S+P and S QED

Prorositiov 61 TreoREM 24
If two bodies attracting cach other with any L nd of ¢
z

o~

ws pu o ner common centre of gravly and the law
of the attracting forces will be the same in respect of th 4 == { the bodres from
o Jodies
tending to the
-w v v viominon centre of gravity lying directly between them
and therefore are the same as if they proceeded from an mtermediate body
QED
And because there 1s given the ratio of the distance of either body from that
common centre to the distance between the tno bodies there 1s gven of
course the ratio of any power of one distance to the same power of the other
distance and also the ratwo of any quantaty derised i any manner from one of
the distances compounded 1 any manner with given quantities to another
quantit) denved m like manner from the other distance and ™~ « 7
quant ta b se~
force
the ¢ o vl LaLn other or as any power of that distance
or lastly as any quantity dernved after any manner from that distance com
pounded with grven quantities then will the same force with wiich the same
body 1s attracted to the common centre of gravity be in ke manner direetly
or inversely os the distance of the attracted body from the common centre or
as any pover of that distance or lastly asa quantity denyed i hhe sort from
that distance compounded with analogous given quantities That 15 the law
of attracting force mil be the same with respect to both distances QED

Prorostrion 62 ProsLEM 38

T determine the motions of two bodies which attract each other wnth forces tnersely
proporfional {0 the squares of the distance between them and are let fall from guen

places
The bodies by the last Theorem will be moved m the  ma ~ == f
voa

{ o o saws ot prouon) il be al & o1 T

weo v u wwu  allzacting each other QE!
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Casz 2 Yet us imsmne a system of lesser bodies revolving about & very
great one 1n the manner Just desenbed or any other system of two bodies
%t ach other to be moving umformly forwards in & nght hne

~ b yastly

system to change 1ts place whne we p 1 ».
themselves 1t 13 manifest that no change 1n those mohons of the attracted
" rds the greater unless by the in
the wchnations of the hnes to-
attractions are made Suppo e
de towards the great body to be

anang from the in:
tur\ nuon o equabity and melmation of the lines makes the whole per

R N, PR
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other with proper velocities to revolve round the common eentre of gravity
C With such a motion the body S because the sum of the motive forees
SD T and 8D L 1s proportional to the distance CS tends to the centre C
and will deseribe an ellipse round that centre and the pomt D because the
lines CS and CD are proportional will deseribe 2 Iike ellipse over agamst 1t
But the bodies T and L attracted by the motive forces SD T and 8D L the
first by the first and the last by the last equally and 1n the direction of the
parallel hnes TT and LIy as was satd before will (by Cor v and v of the Lavs
of Motion) continue to desenbe therr ellipses round the movable centre D as
before QET

Tet there be added a fourth body V and by the hhe reasomng 1t will be
demonstrated that this body and the point C will descnibe ellipses about the
common centre of gravity B the motions of the bodies T L and S round the
centres D and C remaining the same as before but accelerated And by the
same method one may add yet more bodies at pleasure QEI

This would be the case though the bodies T and L should attract each other

ntl 1

[y w HUL L LULLULE 1L WL Laslly be concluded that all the bodies Wit
desenbe different ellipses with equal periodic times about their common centre
of gravity B 1 an immovable plane QEI

Proiostrion 65 THEORFM 25

Bodies whose forces decrease as the square of thewr distances from their centres
may mote among themselres n ellspses and by radw drawn to the foce may describe
arcas rery nearly proportional to the times

In the last Proposition we demonstrated that case in which the motions will
be performed exactly 1r ellpses The more distant the law of the forces 13
from the law 1n that case the more will the bodies disturb each other s motions
neither 1s 1t po sible that bodies attracting each other according to the lan
suppo ed 1n this Proposition hould move exactly 1n ellipses unless by heeping
a certain proportion of distances from each other However 1 the following
cases the orbits will not much differ from ellipses

Case 1 Imagine several lesser bodies to revolve about some very great one
at different distances from 1t and suppose absolute forces tending to every one
of the bodies proportional to each And because (by Cor 1v of the Laws) the
common centre of gravity of them all 1s exther at rest or moves umformly
forwards n a rght line suppose the lesser bodies so small that the great body
may be never at a sensible distance from that centre and then the great body
will without any sensible error be either at rest_or move umformly fors ards
1n a right line and the les er will revolie about that great one in ellipses and
by radu drawn thereto will describe areas proportional to the times f we e¥
cept the errors that may be introduced by the receding of the great body from
the common centre of gravity or by the actions of the lesser bodies upon cach
other But the lesser bodies may be 5o far dimimished as that this recess and
the actions of the bodics on each other may become less than any assignable
and therefore so as that the orbits may become ellipses and the areas answer
t0 the times without any error that 13 not less than any assignable QEO
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other mth proper velocities to revolve round the common centre of gravity
C With such a motion the body S because the sum of the motwve forces
SD T and 8D L 1s proportional to the distance CS tends to the centre C
and will deseribe an ellipse round that centre and the pemt D because the
lines C8 and CD are proportional will desenibe 2 hke elhipse over agamst it
But the bodies T and L attracted by the motive forces SD T and 8D L the
first by the first and the last by the Inst equally and i the direction of the
parallel ines TI and LI as was smd before will (by Cor v and vr of the Lans
of Motion) continue to desenbe their ellipses round the movable centre D as
before QEI

Tet there be added a fourth body V and by the hke rea oming 1t will be
demonstrated that this body and the pomt C will deseribe ellipses about the
common centre of gravity B the motion of the bodies T 1, and 8 round the
centres D and C remaming the <ame as before but accelerated And by the
same mothod one may add ~ -~

This would be the case
with accelerative forces gr
other bodies 1n proportion to their distance Let all the accelerative attrictions
be to cach other as the distances multiplied 1nto the attracting bodies and
from what has gone before 1t will castly be concluded that all the bodies will
describe different ellipses with equal periodic times about thetr common centre
of gravity B 1 an immovable plane QEI

ProiositioN 65 THEORFM 2u

Bodies whose forces decrease as the square of thewr distances from therr centres
may move among themseles in ellipses and by radu drawn to the focy may describe
areas tery nearly proportional to the times

In the last Proposttion we demonstrated that case in which the motions will

be performed exactly 1 elipses The more distant the law of the forces 18

Fom v motions

the law

Leeping

« euitain proportion of distances from cach other However 1n the followmng
cases the orbrts will not much differ from elhipses

Cr1 Tm ann t one

one

) the

common centre of gravity of them all 1s aither at rest or moves uniformh

1m & e dne and the lesser will revolve about that great one m ellip es and
by radn drawn thereto will describe areas proportional to the times 1f we ex
cept the errors that may be introduced by the receding of the great body from
the common centre of gravity or by the nctions of the lesser bodies upon each
other But the lesser bodies may be so far dimimshed as that this recess and
the actions of the bodies on each other may Lecome less than any assignable
and therefore so as that the orbits may become cllipses aud the arcas answer
to the times without any error that 13 not less than any assignable QEO
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ProrosiTioN 66 THEOREM 20

If three bodies whose forces decrease as the square of the distances attract cach
other and the acceleratie atfractions of any two fowards the thard be befucen them
selves wmersely as the squares of the distances and the two least revolie about the
greatest I say that the wntersor of the fuo revolving bodies will by radu drawn ta
the inermost and greatest describe round that body arcas more proportional 1o the
times and a figure more approaching to that of an cllipse having sts focus  the
pownt of anterscclion of the radu +f that great body be aqutated by those altractions
than ot would do +f that great body were not attracted af ofl by the lesser but re
mamed at rest or than 1t would do of that great body were very much more or tery
much less altracted or very much more or very much less agilated by the aliractions

This appears plunly enough from the demonstration of the sceond Corollary
of the foregomg Proposition but 1t may be made out after this manner by 3
way of reasontng more distinet and m~

Cagr 1 Let the lesser bodies P
greatest body T the body P desc
exterior orbit LSE Let Sk be the  wau wstance of the bodies P and S and
let the accelerative attraction of the body P towards 8 at that mean distance
be expressed by that Ime Sk Make SL to Sh as the square of Sk to the
square of SP and SL wull be the aceelerative attraction of the body P toward 8
at any distance SP Jomn PT and deaw LM parallel to it meeting ST tn M and

E c L
P

E

the attraction ST will be resolved (by Cor It of the Laws of Motion) into the
attractions SM LM And so the body P will be urged with 4 threefold aceel
erative force One of these forces tend towards T and anses from the mutual
attractton of the bodies T and P By tlus foree alone the body P nould de eribe
round the body T by the radms PT ~ - -
ellipse whose foeusis m the eentre of
thelndvT om = - wl

or

bec
added to and comneade with the former 1otee and cau ¢ the areas to be still
proportional to the times by Cor 1r Theor 21 But becruset1s not s ersely
proportional to the square of the distance PT 1t will compose when added to
the former a force varymg from that proportion this 1anation will be the
greater by as much as the proportion of this foree to the former 1s greater
other things remaimng the same Thercfore stnce by Prop 11 and by Cor 1r
Theor 21 the force wath which the elipets descrtbed about the focus T ought
to be directed to that focus and to be my ersely proportional ta the square of
the distance PT that compounded foree varying from that proportion will
make the orbit PAB vary from the figure of an ellipse that has its focus i the
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nd so muth the more by as much as the vanation from that propor
m‘siTgr:ater and 1n con~equence by asmuch as the proportion of the sccond
force LN to the first forces greater other thines rematmin,, the sme Butnov
the thrd force SM attractin,, the bodv P in a direction parallel to ST com
poses mith the other forces a new force which 1s no longer directed from Pto T
and thisvanes o much more from th1 direction by as much as the proportion
21 e tn the other forces s greater other thin™s remaining the
T areas no
rom that
s foree to
the orbnt
PAB from the elhiptical figure belOse 1 L u ) ~ first be-
cause that force 15 not directed from PtoT and secondly because it 1s not
- - h 1are of the ditance PT These things beng
dly proportional to the
are-ervin,, their former
. 1earest to the elliptical
third but especially the
\n, it former quantity
1rds S be expressed by the
N ad S\ were equal thee
1 directions would not at
- LN

1t were a mean between the mnﬁeﬂ anil leat of all those attractions SN
= e

]

the body P from the plane of its orb
t But the other force \\{
duec:mle ;'u‘y;: :i :(}x:: p:cmhnedlﬂ :o il‘ (a‘x;i (hefraflore when the body 8 1: :‘nl:]hgol\:lt ttll]x:
0 the plane of the orhit PAB) besid
:x u:;:{ lV!;e ;io :nlx ;t:l:mé\ EP‘OLE!I of as ‘:o longitude l)n(r(x;u:sna‘z:g::x'
ude sttracting the bodv P

s g the bodv P out of the plans

this perturbation 1n anv given mtustion of the bodies £ nn?io'gt“tsooglc;
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other will be as the generating force MN and therefore becomes least when
the force MN 15 least that 1s (as was just now shown) where the attraction
SN 18 not much greater nor much less than the attraction Sk QED

Cor 1 Hence 1t may be easily inferred that 1f several less bodies P S R,
&c revolve about a very great body T the motion of the nnermost revolving
body P will be least disturbed by the attractions of the others when the great
body 15 as well attracted and agitated by the rest (according to the ratio of the
accelerative forces) as the rest are by each other

Cor 1 In g system of three bodies T P S if the accelerative attractions
of any two of them towards a third be to each other inversely as the squares
of the distances the body P by the radius PT will describe 1ts area about the
body T swifter near the econjunction A and the opposttion B than 1t will near
the quadratures C and D For every force with which the body P 15 acted on
and the body T 1s not and which does not act in the direction of the line PT,
does either accelerate or retard the description of the area according as 1its
direction 1s the same as or contrary to that of the motion of the body Suchis
the force NM Ths force 1n the passage of the body P from C to A tendsin the
direction i which the body 1s moving and therefore acceleratesit then asfar
as D 1t tends 1n the oppostte direction and retards the motion then m the
drection of the body asfaras B and lastly in a contrary direction as1t moves
from B to C

Cor mr And from the same reasoning 1t appears that the body P other
things 1emaining the same moves more swiftly in the conjunction and oppost
tion than 1n the quadratures

Cor 1v The orhit of the body P other things iemuning the same 1s more
curved at the quadratures than at the conjunction and opposition For the
swifter bodies move the less they defiect from a rectilinear path And besides
the force KL or NM at the conjunction and opposition 18 contrary to the
foree wath which the body T attracts the body P and therefore dimmshes that
force but the body P will deflect the less from a rectilinear path the less 1t 18
mmpelled towards the body T

E C L

E

Cor v Hence the body P other things remuning the same goes farther
from the body T at the quadratures than at the conjunction and opposition
This 1s smd however when no account 1s taken of the vanable cceentricity
For if the orbit of the body P be eccentric 1ts eccentricity (as will be shown
presently by Cor 1x) will be greatest when the apsides are in the syzygies
and thence 1t muy sometmes come to pass that the body P mats near approach
to the farther apse may go farther from the body T at the syzygies than at the
quédl:ts:e%ccause the ccntripetal foree of the central body T by which the
bod; P 15 retamned m ats orbit 15 ereascd at the qu wlratures by the addition
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A #h =« remes by the subtraction
more
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body T was dumin: hed or increased by the increase or decrease of the action
f the distant body 8

¢ Coea v It al o follows from what was before lund down that the aus of

the elipse deseribed by the body P _or the line of the apsides does as to s

angular motion go fornards and backwards by turns but more forwards than

back ards and by the excess of 1ts direct motion 15 on the whole carmed for

L

B M

wards For the force with swhuch the body P 1s urged to the body T at the
quadratures where the force M\ 1am hes 1s compounded of the foree LM
and the centripetal force with which the body T attracts the body P The
first force LM 1f the distance PT beincrea.ed 1s1ncrea ed 1n nearly the ame
proportion with that distance and the other force decreases as the square
of the ratio of the distance and therefore the sum of these two forces de-
ereases in less than the square of the ratio of the distance PT and therefore

by Cor 1 Prop 45 will make the line of the apside or which 15 the same
thing the upper apse togobach ards But at the conjunction and opposition
the force s th Tuch the body P 1s urged toward the body T 1s the difference
of the force KL and of the force with shich the body T attracts the body P

and that dlﬁcre!'xvcs because the force L 1s very nearls 1ncreased in the ratio
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of these eauses above the other Therefore since the foree LI 1o the syzygies
18 almost twice as great as the force LM 1n the quadratures the excess will be
on the side of the force kL and by consequence the line of the apsides will be
carried forwards The truth of this and the foregoing Corollary will be more
easily understood by conceiving the system of the two bodies T and P to be
surrounded on every side by several bodies S S 8 &e  disposed about the
orbit ESE For by the actions of these bodies the action of the body T will be
diminished on every side and deerease 1n more than the square of the ratio of
the distance

Cor vir But since the direct or retrograde motion of the apsides depends
upon the decrease of the centripetal force that 1s upon 1ts being in a greater
or less ratio than the square of the ratio of the distance TP 1n the passage of
the body from the lower apse to the upper and upon a hke ncrease n its
return to the lower apse again and thercfore becomes greatest where the pro-
portion of the force at the upper apse to the force at the lower apse reeedes
farthest from the invere square of the ratio of the distances 1t 1s plam that
when the apsides are 1n the syzygies they will by reason of the subtracted
force KL or NM~LM go forwards more swiftly and in the quadratures by
the additional force LM go backwards more slowly Because the veloeity of the
progression or the slowness of the retrogression 1s continued for a long time
thus imequality becomes exceedingly great

Cor 1 If a body 1s obliged by a force inversely proportional to the square
of 1ts distance from any centre to revolve n an cllipse round that centre and
afterwards in its descent from the upper ap ¢ to the lower apse that foree by
a continual aceession of new foree 1s inereased 1n more than the square of the
ratio of the dimimished distance 1t 1s mamfest that the body being impelled
always towards the centre by the continual accession of this new force will
1ncltne more tow ards that centre thanif 1t were urged by that force alone which
decreases as the square of the dimimshed distance and therefore will describe
an orbit intertor to that elliptical orbit and at the lower apse approaching
nearer to the centre than before Therefore the orbit by the acces 10n of this
new force will become more eccentric If now while the bady 1s returning from
the lower to the upper apse 1t should decrease by the same degrees by which
1t inereased before the body would return to1its first distance and therefore 1f
the force decreases 1n a yet greater ratio the body being now less attracted
than before will ascend to 2 still greater distance andso the eccentricity of the
orbit will be increased still more Therefore if the ratio of the increase and
decrease of the centnipetal force be augmented with each revolution the eccen
tricity will be augmented also and on the contrary 1f that ratio decrease 1t
will be dimimshed

Now therefore m the system of the bodies T P S when the apsides of the
orbit PAB are 1n the quadratures the ratio of that increase and decrease 13
least of all and becomes greatest when the apsides are 1n the syzygies If the
apsides are placed 1n the quadratures the ratio near the apsides1sle s and
near the syzygies greater than the square of the ratio of the distances and
from that greater ratio anses a direct motion of the line of the apsides aswasg
d But 1f we consider the ratio of the whole mmerease or deerease 1n
between the apsides thisis less than the square of the ratio of the
force 1n the lower 13 to that i the upper apse 1n Jess than the

just now s
the progress
distances The
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square of the ratioof the du.tance of the upper ap-¢ from the focus of the ellipse
to the du tance of the lower ap-¢ from the <ame focu and comersely when
the apsides are placed m the syny 1€~ the force 1n the lower apse1s to the force
n the upper apsena greater than the quare of the ratio of the distances For
the forces LM n the quadratures added to the forces of the body T compose
forces 1n a less ratio and the forces KL 1n the s\ZVEIeS subtracted from the
forees of the body T feave the forces i a greater ratio Therefore the ratio of

«h 1 ipcrease and decrease 1n the passage between the apadesisleat at
1. vofore 1n the passage of
inually augmented

errors sbove explamed 1t 15 manulest wat voou ces NM VLt
areth only and entire cause of them the force ML acting alnays in the plane
4 1 that the force

N a3t of the plape o1 its LIV

Wi e 1

then 1n the pa~age through the next 45 degrees to the next quadrature the
R S A

nodes are in the syzvges. In their passy
e from the
g::o \;cel:}ne; otn ;s lt‘llumm hed at each appulse of (h}:i»?d‘? ‘t‘;‘t‘feq“:gm e
opigion then‘:ta when the nodes are 1n the quadratures and the \l:odes i
Snpes then nereases by the same degreesby which it decreased bef yinthe
les come to the next sy rvgies returns toats former msg:::uxd
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Cor <1 Because when the nodes are 1n the quadratures the body P 1s con
tinually attracted fiom the plane of 1ts orbit and because this attraction 18
made towards S in 1ts passage from the node C through the conjunction A to
the node D and n the opposite direction 1n 1ts passage from the node D
through the opposition B to the node C 1t 1s mamfest that in1ts motion from
the node C the body recedes continually from the former plane CD of 1ts ornt
t1ll 1t comes to the next node and therefore at that node bemng now at 1its
greatest distance from the first plane CD 1t will pass through the plane of the
orbit EST not in D the other node of that plane but in a point that lies nearer
to the body S which therefore becomes a new place of the node behind 1ts
former place And by a hke reasomng the nodes will continue to recede 1n
therr passage from this node to the next The nodes therefore when situated
1n the quadratures recede continually and at the syzygies where no perturba
tion can be produced 1n the motion as to latitude are quiescent 1n the inter
mediate places they partal e of both conditions and recede more slowly and
therefore bemng always either retrograde or stationary they will be carned
backwards or made to recede 1n each 1evolution

Cor x1r All the errors described 1n these Corollartes are o httle greater at
the conjunction of the bodies P S than at their opposition because the gen
erating forces NM and ML are gieater

Cor xm And since the causes and proportions of the errors and variations

may 1evolve about 1t And from thisincrease of the body 8 and the consequent
mgerease of 1ts centripetal force from which the errors of the body P anse 1t
will follow that all these errors at equal distances will be greater i this case
than m the other where the body S revolves about the system of the bodies P
and T

Cor <1v But smce the forces NM ML when the bodv 8 15 exccedingly
distant are very nearly as the force SK and the ratio PT to ST conjointly
that 1s 1f both the distance PT and the absolute force of the body 8 be given
mversely as ST? and since those forces NM ML are the causes of all the errors
and effects treated of in the foregoing Corollanes 1t 1s mamfest that all those
effects 1f the system of bodies T and P continuc as before and only the dis-
tance ST and the absolute force of the body 8 be changed will be very nearly
1n a ratio compounded of the direct ratio of the absolute force of the body S
and the cubed mnverse ratio of the distance ST Hence 1if the system of bodies
T and P revolve about a distant body § those forces NM ML and their ef
fects will be (by Cor 11and v Prop 4) mverscly as the square of the periodieal
time And thence also 1if the magmitude of the body S be proportional to its
absolute force those forces NM ML and therr cffects will be dircctly as the
cube of the apparent diameter of the distant body 8 viewed from T and con
versely For these ratios are the same as the compounded ratio above men

tioned - -

::1::3 t}:e; tl:ege forces (that1 the force of the body T which obliges the body
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il the effects wall be Bitiat bue o (h(:fecg:cm s
will be proportional 8l-0 thatis that all bthe hinear eg}m ’;\manu; ia.;e he dism,
he angular errors the same as belo!
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olution of the body P as the square of
y Let the<e ratios be compounded with
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D

the ratios 1n Cor Xrv and 1o any system of bodies T P S shere P revolves
aboutT ery neartoit aniT revolvesabout 8§ at a great distance the angular
rrors of the body P obsersed from the centre T will be 1n each revolution of

the body P directly as the square of the penodical time of the body P and 1in
eelv as the sauare of the penodical time of the body T And theref ire the
.

than the radius PT fet the mean quantity of the force L\ pe €XpPreEssee vy
that radius PT and then thst mean force will be to the mean force St or S
(which may be also expressed by ST) as the length PT to the length ST But
the mean force S\ or ST by which the body T 13 retained 1mn the orbut 1t
n A -~ ~h

penod caf t me of the body T about§ And consequentl;
y the mean force LAL
1510 the force by which the body P1s retained 1n 1ts 0 Ent about T (or by which
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the same body P might revolve at the distance PT 1n the same periodical time
about any mmmovable pomnt T) mn the same squared ratio of the periodical
times The periodical times therefore bemg given together with the distance
PT the mean force LM 15 also given and that force bemng given there 1s
given also the force MN very nearly by the analogy of the hines PT and MM

Cor wvint By the same laws by which the body P rev olves about the body
T let us suppose many flwd bodies to move round T at equal distances from
1t and to be so numerous that they may all become contiguous to each other
s0 as to form a fluid annulus or ring of a round figure and concentric to the
body T and the several parts of this ring performing their motions by the
same law a3 the body P will draw nearer to the body T and move swifter in
the conjunction and opposition of themselves and the body § than m the
quadratures And the nodes of this ring or its ntersections with the plane of
the orbrt of the body 8 or T will rest at the syzygies but out of the syzyges
they will be carrted bachwards or 1n a retrograde direction with the greatest
swiftness 1n the quadratures and more slowly 1n other places The inclination
of this ning also will vary and 1ts as will osaallate m each revolutron and when
the rev olution 1s completed will return to 1ts former situation escept only that
1t wall be carned round a little by the precession of the nodes

Cor xrx Suppose now the spherical body T consisting of some matter not
fluid to be enlarged and to extend itself on every side as far as that nng and
that a channel were cut all round 1ts circumference contaming water and that
this sphere revolves untformly about 1ts own axs 1n the same periodtcal time
This water beng accelerated and retarded by turns (as in the last Corollary)
will be swifter at the sy zygles and slower at the quadratures than the surface
of the globe and so will ebb and flow 1n 1ts channel after the manner of the ca
1If the attraction of the body S were taken away the water would acquire no
motion of flux and reflux by revolving round the quiescent centre of the globe
The case 1s the same of a globe moving umformly forwards 1 2 night line and
1n the meantime revolving about 1ts centre (by Cor v of the Laws of Motion)
and of a globe umformly attracted from 1ts rectilinear course (by Cor vrof the
same Laws) Butlet the body S come to act upon it and by 1ts varying attrac
tion the water will recerve this new motion for there will be a stronger attrac
t10n upon that part of the water that 1s nearest to the body and a weaker upon
that part which 1s more remote And the force LM will attract the water down
wards at the quadratures and depress 1t as far as the syzyges and the force
KI will attract 1t upwardsin the syzyges and withhold 1ts de cent and mahe
1t r1sc as far as the quadratures except only so far as the motion of flux and
reflux may be directed by the channel and be a httle retarded by friction

Cor xx If now the nng becomes hard and the globe 1s dimunished the
motion of flux and reflux will cease but the o cillating motion of the ineltna
t1on and the precesston of the nodes will remain Let the globe have the same
axis with the nng and perform 1ts revolutions 1n the same times and at its
curface touch the ring within and adhere to1t then the globe partaking of the
motion of the rng this whole body will oscillate and the nedes wall go bach
wards for the globe as we shall show presently 15 perfectly indifferent to the
recerving of all impressions The greatest angle of the inclination of the nng
alone 1s when the nodes are 1n the sy zy gies Thence In the progress of the nodes
to the quadratures 1t endeavors to dimimish 1ts mnchnation and by that en
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deay or impresses amotion upon the whote globe The globe retans thus mgtmn
impressed till the nng by a contrary endeay oj\gastbm)t; ﬂu:; ex::;l&z:c z:: atlzt
jresses 4 new motion 10 a contrary darection y this
gmtlon of the decreasing, nchnation happens when thenodes are1n Lht:l qu:dux;as
tures and the lenst an_le of inchination :n the octants after the qua Or-é u
and agan the greatest motion of the rechnation happens when the nodes are
DOt e of mchination 1n the octants (o!lulmng

matter in the reglons near we ey
C
P -
/.—r"/

Sy - e

Al B™ T M

E D

though we should suppose the centnipetal force of thus globe to be mereased m
any manner so that all 1ts parts tend downwards as the parts of our earth
gra 1tate to the centre vet the pbenomens. of this and the preceding Corollary
‘would <carce be altered except that the places of the greatest and least her ht
of the vater will be different for the water1s now nolonger u taiwed and hept
1 1ts orbat by ats centniugal force but by the channel n which st flows. And

besides the force L\ attracts the water downsards most in the quadratures

and the foree KL or \M-LM attracts 1t upwards most 1n the sy ges. And

—

quadratures eveepting only <o far as the motion of ascent or desctlit un

ea little

quatonal

depressed or of a rarer cont tence near the equat
“mccmw a durect motion of the nodes quator than near the pole there
®. xxit And thence from the motion of the nodes s hnow

tion of the globe That 1s 1f the globe retains unalterably lh?z rgx:;epcot{:st:::d
the m tion (of the nodes) 1s retrograde there 15 a redundance of the matter
near the equator but if that motion1sd rect a deficiency Suppose a umife
and exactly phencal globe to be first at rest in a free pace then by 2““
1mpule made obl quely upon its surface to be dnven from 1ts place }nndn:e
recenve & motion partly aeircular and partly strught forward Since ths gl boe
13 perfectly 1n 1 ferent to all the axes that pass throu h ats centre nor h:s a
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greater propensity to one axs or to one situation of the nvws than to any other
1t 15 manifest that by 1ts own force 1t will never change 1ts axis or the melina
tion of 1t3 axts Let now this globe be impelled obliquely by a new mmpule in
the same part of 1ts surface as before and since the effect of an mapulse 13 not
at all changed by 1ts coming sooner or later 1t 13 mamfest that these two
mmpul es successively impressed will produce the same motion asif they had
been impressed at the same time that 1, the same motion as1f the globe had
been impelled by a simple force compounded of them both (by Cor 11of the
Laws) that1s a simple motion about an aus of a given mnchination And the
case 15 the same 1f the second impulse were made upon any other place of the
equator of the first motion and also if the first 1mpulse were made upon any
place 1n the equator of the motion which would be generated by the econd
mmpulse alone and therefore also when both impulses are made 1n any places
whatsocver for the e mpulses will generate the same circular motion asaf they
were impressed together and at once 1n the place of the interscetions of the
equators of tho ¢ motions which would be generated by each of them sepa
rately Therefore a homogeneous and perfect globe will not retam several
motions distinet but will umte all those that are imepressed on 1t and reduce
them into one revolving as far asinit hes always with a simple and umform
motion about one single given axis with an inclmation alwavs invanable And
the inchnation of the axis or the velocity of the rotation will not be changed by
centripetal force Tor if the globe be supposed to be dinided 1nto two hem:
sphercs by any plane whatsoever passing through 1ts own centre and the
centie to which the force 1s directed that foree will alwavs urge each hem
spherc equally and therefore will not incline the globe to any side with respect
to 1ts motion round 1ts own axis But let there be added anyw here between the
pale and the equator a heap of new matter like a mountawn and this by its
continual endeavor to recede from the centre of 1ts motion will disturb the
motion of the globe and cause 1ts poles to wander about 1ts surface descnibing
circles about themsclves and the points opposite to them Neither can thts
enormous deviation of the poles be corrected otherwise than by placing that
mountan etther n one of the poles m which case by Cor a1 the nodes of
the equator will go fornards or mn the equatonal regions 1n which case by
Cor x the nodes will go backards or lastly by adding on the other side
of the ax18 2 new quantity of matter by which the mountan may be balanced
1n1ts motion and then the nodes will erther go forwards or backwards a3 the
mountain and this newly added matter happen to be nearer to the pole or to

the equator ProrositioN 67 THEorF 27

The same laws of attraction being supposed I say that the exteror body S does by
raduz draun to the pownt O the common centre of gravity of the interror bodies P and
T deseribe round that centre areas more proportional to the imes and an orbit
more approaching to the form of an ellypse having sts focus wn that centre than 1t
can describe round the innermost and greatest body
T by radn drawn to that body

For the attractions of the body S towards T
and P compose 1ts absolute attraction which 18§
more directed towards O the common centre of
gravity of the bodies T and P than 1t 13 to the

g
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test body T and which approaches nearer to the mnverse proportion of the
Eq:m of the diztance SO than of the square of the dr.tance ST aswilleanly
sppear by a hittle connideration

Proro mion 68 Tarorex 28

The same law.s of altraction suppoed I «ay that the exterior body S anill by redns
~ mwaom ont ¢ of grarity of the interior bodies P ard T deseribe
and an orby mare approach
centre tf the annerriost and
greales. body be oqta od by these 0 ros. nsus e 3s the reet than 1t would dosf
that bod j exther wwere at re L and nol attracted atall or were much more or much less
¢. racted or were much more or much less epta.ed
Thus may be demonstrated after the same manner as Prop 66 but by a
more prolix ressomn  which I therefore pass over 1t wall be <ufficent to con
- * % manner From the demon tration of the last Proposition it

bodues. 1 s cenue PN
the commen tentre of gravity of all the three bodies were at rest the body Son
one side and the common centre of granity of the
2y other two bodies on the other aide would desenbe
true elip-es about that quescent common centre
Tlus appesrs from Cor 1 Prop 58 compared
withwhst va demon. trated in Props 613nd 6o
N\ow this accurate elliptical motion wall be dhs-
turbed a ittle by the du.tance of the centre of the
two bodies from the centre towards which the third bodv S 1 attracted Let

e mmenen £ b hewn nl

agitated
Cor. And hence if <everal smaller bodzes res olve sbout the great one 1t may
= PR - -

third ovbit 1n the common centre of gravity of

than if the 1nnerm «t bod the three innermost and 5o on)
2 the orbts, «f ) were at rest and
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Prorosrrion 60 Tuzores 29

In a system of sereral bodies A B C D dc of any one of those bodies as A
attract all the rest B C D &e  with acceleratue forces that are wnwersely as the
squares of the distances from the attracting body and another body as B aitracts
also therest A C D d&e with ¥ r 2~

A

wir B to whach thase forces belong

1ut e accelerative attractions of all the bodies B C D towards A are
by the supposition equal to each other nt equal distances and m hike manner
the accelerative attractions of all the bodies tow ards B are also equal to eacb
other at equal distances But the absolute att ~t ¢
theab ol #a
the bo
Bate
towarc « wu ul we pody A towards B But the
acceleratve atiraction of the body B towards A 15 to the accelerative attrac
tion of the body A towards B as the mass of the body A 1s to the mass of
the body B because the motive forces which (by the second seventh and
eighth Definitions) are as the accelerative forces and the bodies attracted con
jotntly are here equal to one another by the third Law  Therefore the sbsolute
attractive force of the body A 1s to the absolute attractive force of the bod_y B
as the mass of the body A s to the mass of the body B

Cor 1 Therefore 1f each of the bodies of the system A B C D &e docs
singly attract all the rest with accelerative forces that are wversely as the
squares of the distances from the attracting body the absolute forces of all
those bodies will be to each other as the bodies themselves

Cor 11 By a like reasoning 1f each of the bodies of the systemA B C D
&c  does stngly attract all the rest with accelerative forces which are exther
mversely or directly 1n the ratio of any power whatever of the distances from
the attracting body or which are defined by the distances from each of the
attracting bodhes according to any common law 1t 15 plaim that the absolute
forces of those bodies are as the bodies themselves

Cor 1t In a system of bodies whose forces decrease a the o
distances if thelesse <
common focus in th
aceurate and morec
portional to the time
wiil be erther accura
versely This appears up Lo wmpared with the first Corollary

of this Proposition

P
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L 1¢ Use the Wword alfracizon in general
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SECTION X11

THE ATTRACTIVE FORCES OF SPHERICAL BODIES
ProrosrioN 70 TreoneM 30
1f to every pownt ofa sphertcal surface there tend equal centripetal forces decreasing
as the square of the distances from those powts T

say that @ corpuscle placed
u thin that surface will not be attracted by those forces any woy
- i

snd P a corpuscle placed within

Prorosrrion 71 TREOREM 31

The same things supposed as belsa
Tk 4 that a corpuscle laced with
hort al su face1s tracted tova ds the cenire of the sphere unzL’h a force umiste’;;

1t the centres
uate mithout
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PropostTioN 69 TrHEOREM 29

In a system of sereral bodies A B C D dc +f any one of those bodies as A
attract all therest B C D d&e with aceeleratue forces that are wniersely as the
squares of the distances from the altracting body and another body as B attracls
also therest A C D &c unth forces that are wnversely as the squares of the
dustances from the atfracting body the absolute forces of the attracting bodies A and
B unll be to each other as those very bodies A and B {o which those Sorces belong

For the accelerative attractions of all the bodies B C D towards A are
by the supposition equal to each other at equal distances and 1n like manner
the accelerative attractions of all the bodies towards B are also equal to each
other at equal distances But the absolute attractive force of the body A 1s to
the absolute attractive force of the body B as the accelerative attraction of alt
the bodies towards A 13 to the accelerative attraction of all the bodtes towards
B at equal distances and so 1s also the accelerative attraction of the body B
towards A to the accelerative attraction of the body A towards B But the
accelerative attraction of the body B towards A 1s to the accelerative attrac
tion of the body A towards B as the mass of the body A 1s to the mass of
the body B because the motive forces which (by the second scventh and
eighth Definitions) are as the accelerative forces and the bodies attracted con
jointly are here equal to one another by the third Law Thercfore the absolute
attractive force of the body A 1s to the absolute attractive force of the body B
as the mass of the body A 1s to the mass of the body B QED

Cor 1 Therefore 1if each of the bodies of the system A B C D &c does
singly attract all the rest with accelerative forces that are mverscly as the
squares of the distances from the attracting body the absolute forees of all
those bodies will be to each other as the bodies themselves

Cor 11 By a like reasoning 1f each of the bodies of the system A B C D
&c does singly attract all the rest with accelerative forces which are either
mversely or directly 1n the ratio of any power whatever of the distances from
the attracting body or which are defined by the distances from cach of the
attracting bodies according to any common law 1t 1s plain that the absolute
forces of those bodies are as the bodies themselves

Cor 11 In a system of bodies whose forces decrease as the square of the
distances if the lesser revolve about one very great one in ellipses having their
common focus 1n the centre of that great body and of a figure exceedmngly
aceurate and moreover by radu drawn to that great bedy de e¢nbe areas pro-
portional to the tumes exactly the absolute forces of those bodies to cach other
will be either accurately or very nearly in the ratio of the bodies ind so con
versely This appears from Cor of Prop 68 compared with the first Corollary

of this Proposition ScroLtum

These Propositions naturally lead us to the analogy there 18 between centnp-
etal forces and the central bodies to which tho e forces are usually direeted,
for 1t 18 reasonable to suppose that forces which are directed to bodies should
depend upon the nature and quantity of tho e bodics as we sce they do 1n

- when such cases occur we are to compute the
sigmng to each of their particles its proper foree
tiem all I here u e the word atéraction tn general
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ProrosiTion ¢ THronex 32

1 centnpetal forces decreasing as
! the el prieof A ‘h":""";d mth:re Mp;xrm both the densify c;[
ol

ally attracted by two apheres one by
—~em th pntres of the pheres
the pheres

corpte cles.

icles of one

alogou par

w narticles

e

e

<3

Fp

S d of
centres of the pheres

sl be equal
3l the di tances willbe
appear from Cor mt

‘
will be to each

Prorposirion ¢3 Trneorex 33
Ift th several po nls of a g ven sphere there tend equal centripetal forees decreas
ngasth square fthe d st nces from tFe pownts I say tFaf a corpuscle ploced
wath th sphere s altracted by a force p oportional 1o 13 distance from the centre
c In the sphere ACBD desenbed sbout the centre
$ fct there be placed the corpuscle P and about the
same centre § with the wterval SP concerve de-

LN S
A

@

3

being destroyed by contrary attractions {here re-

mamns therefore anly the attraction of the mtenor

5 sphere PEQF And (by Prop 7°) this s as the dis-

tance PS QED
Scrovroy

By the surf ces of whuch I here imagyne the sobids compased T do not mean

surf ces purely mathemst cal but orbs so extremely thin that their thicknes

13asnoths g thatis the evaneseent orbs of which the phere will atla t con
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the spheres in those diameters produced Let there be dreawn from ¢h
puseles the hnes PHK PIL phk nif o #+ -~ =~

akb the an
SD ~ewa) urnltalo
B, £
1 P .
3 AQ S By 3
to the diameters the nn - igles DPE dpe
vamsh and becau 2L PF and pe
2f and the short b wy we Linen tor equal because therr last ratio

when the angles DPL dpe vansh together s the ratio of equality Thee
things bemng thus determined 1t follows that

PI Pr=RI DI
and pf pr=dfor DT
Multiplying corresponding terms
PI pf PT pr=RI n=arc I arc ik (by Cor m Lem vir)
Agam PI PS=IQ ST
and ps m=seorSL
Hence PI ps PS ;=1Q 1

Multiplying together corresponding terms of this and the smularly denved
preceding proportion
PP pf ps pi* PT PS=HT 10 1
that1s as tha
crele AKB
by the arc

wy tosiypothesss as the surfices
wres of the di tances of the surfaces from
°T PS And these forces ngam are to the
» ju ) s ot them which (by the » ot
Laws) i
priopt
to PF

the attraction of the corpuscle p towards s as

18 as ps? to PS* And by a hke reasoning the forces with which the surfaces
described by the revolution of the ares KL Al attract those corpuscles will be
as pst to PS? And m the stme ratio will be the forees of all the crreular surf ices
snto which cach of the sphercal surfaces may be divided by taking sd always
equal to SD and se equal to ST And therefore by composstion the forees of

the entire sphencal surfaces exerted upon tho e corpuscles will be 1n the same
QED

utpusele L towards S1s to
&{g—pﬁ 15 to &I:IS that

ratio
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% h v themselvesare attracted by the others again

—~tad and attracting

ny their mutusl

ung the motion
bodies hen an attract~
bout the focus vl 1 \
:7; =pher: 1s placed 1n the focu. and the ‘bodies move wiuud the phere
Cor. v Those {hynge which were demon. trated before of the motion of
bod.es about the centre of the come cections take place when the motions are
performed sithin the phere

Proro Mo "6 Taeorex 36

' - Aonnly of mal er and atfractice foree) 1
e mtorem ¢ bud everyichere smilar

atraclire

1 attracted

Iray the thetct € € Jeracill be

1 rereely pmpor‘wnul 10 the square of the didance of the cer ued

Imamne several concentne omlar <pheres AB CD EF &c the innermost

of which added to the outermost MY compore 3 matter more dense t

the centre OF cubtracted from them mav Jeave the same more Jax and rare
“Then, by Prop "2 the-e spheres will

A G attroct  other =milar concentne
1 phere~ GH Th, 1M &e each the
1 other with forces versely propor
_@ tional to the square of the ditance
¢ SP And, by additson or cubtraction
- the sum of all those forces or the ex
H
B

e~ of anv of them bove the others
thatt. theentire forcewathy tuch the

whole <phere AB (compo-ed of any

=k 1 cphere GH
ratio Let

o thal

denaty of th matter torether With the il (i P
o reace or decrease according to any
a0t attractive let the deficent den-
acquire any form desired 2nd the
other will be still, by the former

ressonin~ 0 the same 1nverse ratio of the square of the distance QED
Cor 1 Henee if many spheres of this kand, simular m all respect., attract

anj ttrarted pheres thatis |4
epheres tmto esch & ber as the produets arine trom mulupivin tie
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sist when the number of the orbs 13 increased and their thekness dummshed
without end In hke manner by the points of which hnes surfaces and solids
are said to be composed are to be understood equal particles whose magmtude
18 perfectly inconsiderable

ProrosrrioN 74 THEOREM 34

The same things supposed I say that a corpuscle situafed wnrthout the sphere 1s
attracted unth a force wnverscly proportional to the square of 1s distance from the
centre

Tor suppose the sphere to be divided into innumerable coneentric sphencal
surfaces and the attractions of the corpuscle ansing from the several surfaces
will be inversely proportional to the square of the distance of the corpuscle
from the centre of the sphere (by Prop 71) And by composition the sum of
those attractions that s the attraction of the corpuscle towards the entire
sphere will be in the same ratio QED

Cor 1 Hence the attractions of homogeneous spheres at equal distances
from the centres will be as the spheres themselves Tor (by Prop 72) if the
distances be proportional to the diameters of the spheres the forces wall be as
the diameters Let the greater distance be dimimished 1n that ratio and the
distances now bemng equal the attraction will be mereased as the square of
that ratio and therefore will be to the other attraction as the cube of that
ratio thatis in the ratio of the spheres

Cor 11 At any distances whatever the attractions are as the spheres apphed
to the squares of the distances

Cor 11 If a corpuscle placed without an homogeneous sphere 1s attracted
by a foree inversely proportional to the square of 1ts distance from the centre
and the sphere consists of attractive particles the force of every particle will
decrease as the square of the distance from each particle

ProrosiTioN 75 THEOREM 35

If to the several pounts of a guen sphere there tend equal centripetal forces decreas
wng as the squarc of the distances from the point I say that another sinular sphere
wall be atracted by 1t wath a force iniersely proportional to the square of the distance
of the centres

Tor the attraction of every particle 1s mversely as the square of 1ts distance
from the centre of the attracting sphere (by Prop 74) and 1s therefore the
same as if that whole attracting force 1ssued from one swngle corpuscle placed
1n the centre of this sphere But this attraction 1s as great as on the other hand
the attraction of the same corpuscle would be if that were 1itself attracted by
the several particles of the attracted sphere with the same force with which
they are attracted by 1t But that attraction of the corpuscle would be (by
Prop 74) mversely proportional to the square of 1tg distance from the centre
of the sphere therefore the attraction of the sphere equal thercto 1s also 1n

the same ratio \ QED

¢ 15 the same when the attracted sphere does also attract

The cas
Connt the several pomts of the other with

Tor the several pomnts of the one attract
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Tt . e e sphere S’ﬁﬁﬁ&’;’ifi 1“»‘3
concx'fu;l\é Let pow the corpuscle P attract the phere \EBF And by the
amerea.omn 1t will appear thst the foree with w1 1ch tt ¢ spherer ‘\t(r:c::‘c;l
" aC= ‘s‘fsd;x‘n?:::ﬁno\hcr phere composed of mnumerable corpuscles P am%
herause the farce with nhuch ev eny c:r';\):x\(gg :e ngﬁcﬁ ;xi a: -u(:: ::htc:\r:\c:ﬂ g

% v attracted 1L D L N e
- of the first phere anaw e e
‘entres of the phere QED
her .nd the force Wl be doubled
but tl e proportion will remaun
-1

QED
nhe ot cedi1th the phere AEBF and l‘:-ec:u:\L;e
- t

d

the
£ e of
aney

multiphed by halt the dulerence vt we  RECN
B A thst 15, as that <um multiphied by pS the di tance of
the corpuscle from the centre of the sphere And by

a1 Le reasomn, the attrction of all the planes EF

4

«f throu hout the hole phere that: the attre
tion of the shole plere 1s conjointdy o the <um of

ces ubasp ituated within the it phere AL by o
bef re that the attraction whether «n le of one phere towards the other or
mutual of both to ards each other will be as the distance pS of the centres

QED
Prorosmmion 8 Tueoreu 38

1f epheres in the progress from the cent e to the cr cumference be however d ssmilar

and  ep ble but amilar on erery sude round about at all giren dr lances from

~ e mn theq the distance of the attrocted

This  demon_trated from the fore o
83 (I:mp ‘RE‘ wa uﬁemom\n\ed from Prop 5
0% Thow things that were above demonstrated i Props. 10
and 64
:‘!’\e ;n‘tlm u of bodies round the centres of cone sections t.’-s place swhen :lii
dwnl:dmom are made by the force of sphencal bodies of t] e condhtion above
nd the attracted bodies are pteres of the <ame land

0, Proposition 1n the same manner
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Cor 1v And at unequal distances direetly as thoe products and m ercely
as the squares of the distances between the centres

Cor v These proportions hold true also when the attraction anses from
the attractive power of both spheres exerted upon each other For the attrac
t1on 15 onty donbled by the conjunction of the forees the proportions remmn
g as before

Cor v1 If spheres of thus hind revolve about others at rest each about
each and the distances between the centres of the quiescent and revolving
bodees are proportional to the diameters of the quiescent bodies the perodic
times will be equal

Cor v And again if the periodic times are equal the distances will be
proportional to the diameters

Cor viir All those truths above demonstrated relating to the motions of
bodtes about the foct of cote sections will take place when an attracting
sphere of any form and cond:tion like that above deseribed 13 placed m the
focus

Cor 1x And also when the revolving bodies are also attracting spheres of
any condition hike that above descnbed

Prorosrrion 77 Treorenm 37

If to the several pownts of spheres there tend centripetal forces proportional lo the
distances of the points from the attracted bodies I say that the compounded force
with whick two spheres attract each other 1s as the distance between the centres of
the spheres

Case 1 Let ALBF be a sphere Sits centre P a corpuscle attracted PASB
the axis of the sphere passing through the centre of the corpuscle LF ef two

planes cuttipe +»  ~* x1s and equidistant one
on one side the sphere G and g the
mtersection wuu L dMb £

and H any pomnt in the plane CF The cen

tnpetal force of the point H upon the cor

puscle P cxerted 1n the direction of the ~—

Line PH 15 as the distance PH and (by B N op

Cor 1t of the Laws) the same exerted

the direction of the ne PG or towards

the centre S 15 as the length PG Therefore

the force of all the pomntsin the plane LT Y B

(that 15 of that whole plane) by which the corpuscle 1 1s attracted tonards

the centre S 15 as the distance PG multiplied by the number of those pont

that 15 as the sold contained under that plane LF and the distance PG And

- - 1e corpuscle P 1s attracted
1ts distance Pg or as the
the sum of the forees of
of the distances PG+Pa

L 1IhG ILA.ULML, LUL olees ol au Lue planes 1 the shole sphere equdistant
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~ tthearctE

¢ the same

Jlinder And

or Pr ituated

face will be as

nalar surtace e that 15 os the
-~ the

the
sree
end
ratio
PD to PE and theretore t i Dd
Quppose DOW the hne DF to be divided
1nto inaumerable ttle equal particles each
of which call Dd and t\m;l t‘\,x: cur{;xlcc YE
o o0 many © al annul whose forees W as the um
e dn:ded “V‘:e D Dd)t!g‘:ls as WPF—34PD and therefore as DE
wr  d the force of the
force
at the

Prorostrion 80 TREOREN 10

- b entreS there tend

of the sphere AB

culars DE 1zeet

\ be taken as the
u‘;‘h 2 and as the force which @ pu L ue 4 re situated tn the
ans exerts ot the dist nee PE upon the corpucle ® conjontly Isay that the wchole
fore wath chach the corpusele Psattracted towards the sphere 13 as the area ANB

omprehended under the ams
fth sphere AB and thecurted
I ¢ ANB the loas the
por tN

F r upposing tte con
tn tion 1o the last Lemma
and Theorem to tand con
cene the nas of the phere
AB t be dinded nto mou
me able equsl particles Dd
and the whole sphere to be
d  ded into <o many phen
eal neavoc n ex lamine EFfe and ercet the perpendscular dn By the last
Theorem the foree mith vhich the laminz EFje attract the corpu cle P11 as
DI Ff and the force { on particle exerted at the di tance PL or PF con
jontly But (by thelat Lemma) Dd1sto Ffas PE to PS and therefore ¥fis

quantilj
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Scroriuy

I have now explamed the two prineipal cases of attractions to wit when
the centripetal forces decrease as the square of the ratio of the distances or
1ncrease 1n & simple ratio of the distances causing the bodies in bath cases to
revolve m come sections and composing spherical bodies whose centnpetsl
forces observe the same law of increase or decrease in the recess from the
centre as the forces of the particles themselves do which 18 very remarkable
It would be tedious to run over the other pax  wha e~ - b
elegant =1 ~-
comprel

Leana 29

If about the centre S there be described any circle n ATR asd
thereh ) ~ 3
PSin ’

the distance of the arcs EF ef be supposed to be imfinrlely dimmmshed the lastralio
of the evanescent line Dd to the evanescent line Ff 15 the same as that of the line PE
1o the line PS
Tor 1f the line Pe cut the arc CF in ¢ and the right Iine Ce which comnerdes
with the evanescent arc Le be produced and meet the right lme PS1n T and
there be let fall from S to PE the perpendicular SG then beegause of the bke
tnangles DTE dTe DI'S
Dd Ee=DT TE=DL L8
and because the triangles Leg ESG (by Lem 8 and Cor 11 Lem 7) are
simlar Le egorBf=DLs 8G
Multipiying together corresponding terms of the two proportions
Dd Ff=DE 8G=PL PS
(because of the similar tnangles PDE PGS) QLD

ProrostrioN 79 THEOREM 39

Suppose a surface as EFic to have o3 breadth infinitely dimirashed and fo be yust
wanwshing and that the same surface by s recolution round the axs PRI~ 3

onhow ol -

o we wne prace 1 1 would attract the same

uscl
”',’3 € his gen
the ine
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the quantity DPE; }‘)5 shich (by Cor 1+ of the fore owng Prop )13as the length
DY will no v resolve tt.elf into three parts
of the ordmate 12SLD PS_LD PS_ALB PS
PEY PEV PE‘\h irpetal £ and
there if instead of V ne 1nte the mverse ratio of the centnpetal force
:‘n;:d of PE the mean proportional between PS and 2LD those three parts
ll became ordinates to so many curved lines whose areas are dicovered by
the common methods QED
Exax 1 If the centripetal force tending to the several particlesof the phere
bemersely as the distance instead of ¥ wnite PE the di tance then”PS 1D

A LB
p for PE* and D wll become ns SL—}41D~ 222
Suppose DY equal to 1ts double 2SL—LD-I";‘II)B
- oy

ta d awn 1nto the

L

4 m its motion one way or ancther 1t may erther by m
crea.tng or dccma’smg remain always equal to the length LD will dewenbe
the arca —;—— that1 thearea SL AB which taken from the former area
25L AB leaves the area SL AB But the third part L}JLI;B drawu after the

N

-t h

cube applied to any given plane wnte v for v

and 2PS LD for PE  and DN\ il bee
SLAS AS LALB aS
" PSLD 2% 205 1D
th :,:,_\l; (:secau& PS AS SI are continually propor

ISl . o LA LB SI r
W-rp—

LD

1f we draw then these three parts into the length AB the first SL St will
senerate the ares of an hyperbola th o
Y T L;f;}médl%S[ the area J4AB ST the thurd
m f&;lzt N LY T aig  thatis 244B ST From the first
@ sum of the sccond and third snd there will remain ANB the area
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equal to PSP]? d, and DE If1sequal to Dd DI:LPS
DE? PS

of the lamma LEfe1s as Dd PE and the force of 2 particle exerted at
the distance PF_conjomtly that ¥+

a

and therefore the foree

|
e st
- 3
PL
with which the carpuscle s attracted by the sphere 1s as the aren A\B
Cor 11 If the centripetal force of the particles be inversely as the distance
2
of the corpuscle attracted by 1t and DN be made as DfL,PS
which the corpuscle P 1s attricted by the whole sphere will be as the area ANB
Cor 1t If the centripetal force of the particles be myerely as the cube of

the distance of the corpusele atiracted by 1t and DN be made as —D%f; the

foree with which the corpuscle 15 attrcted by the whole sphere will be as the
aren ANB

Cor v Anl -
ticles of the

nlway s the same at w i Lt made as the whole foree

the foree with

made ag By v o witg which o corpusele 15 attracted by the whele
sphere will be as the area \NB

Prorosrriov 81 Proprem 41

The things remaining as abore il 1 required {o measure the arca ANB
Trom the point P let there be dra m 44 o - N
II - 1
(by
But e
SHI ate auhe dLo or SH?1s
equal to the rectan,le PS I8
Therefore PL 1s equal to the
rectangle contamed under PS
and PS+SI4238D  that 1=
under PS and 21.5--28D that P 7 1 5 B
15 under P8 and 2LD More-
over DE 1sequal to SE?~8D* N

“SE —18 4218 LD-LD

thits 218 ID-ID*-LA LB — al

For LS —SL2or LE—SA? (by Prop 6 Book 1t Flements of Euelid) 1s equal to
LB Therefore if mstead of DE” we wnte

the rectangle LA e e P I
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SP and the square root of the ratio of the
of the distance ST to the dhtance- P f pm any particle 1n the centre to the
[

3
L of ratios compose L f
equality and therefore the at

tractions m I and P produced

by the whole sphere are equal

By the like caleulation of the

P " 4 B jarces of the particles of the
sphere are inversely as the

square of the ratio of the dis-

tance 1t will be found that the

attraction 1 Tstothe attrac

tion 10 P as the du tance 8P to
the sermdiameter SA of the sphere 1f those forces are inversely as the cube of

the ratio of the dr tances the attractionsin I and P wil be to each other as
SP°to 8\ f as the fourth power of the ratio as 8P to 84 Therefore since
D« { undin this last ease to be inversely as PS PI the
att becsuse SA'1 grnen m
i nfimium The demonstra
tion of this Theorem 15 a3 follo vs
The thmgs remaimng as above constructed and a corpuscle being m any

place P the ordinate D\ was found to be as

L Therefore 1f 1E be
dravn that ordinate for any other place of the corpuscle as I will become

{other things being equal) as DIE ‘IS Suppose the centripetal forces flowing

from any po ot of the sphere asE to be ta each other at the distances IE and

PEasPL tolE (where the number 7 denotes the indev of the powers of PE
Dr pg

and IC) and those ordinates vl become as PLIL and ﬁ.TLS whose ratio

which the ordinates desenibe and the attractions proportional to th
ratio compounded of the square root of thowe ratmspﬁ o ax:;n:
Prorosimion 83 Prosres 45
To fnd the foree with thich & corpt scle placed tn the

cent;
1 wrd_‘avu segment of tha! sphere uwhalsoe er e of  sphere s atircted

nnon
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sought W hence arises this construction of the Problem At the pomtsL A §
B ercct the perpendiculars LI Aa Ss Bb of which suppose Ss equal to SI
and thro - 1 >
meeting
tracted £

Exam
spheres decrease as the fourth power of the distance from the particles wnte

PLt
5AS for V then +/(2PS+LD) for P and DN will become as

SESL 1 _ SI* 1 SPIALB 1
V28T VID¥ 2v2SI VLD 328l yLDS

H

2

PO ! B

These three parts dravwn nto the length \B produce so many areas vz
281 1

1
35T mto LA~ VLD \/Tsz“‘“’ V(LB—+/LA) and
SI LA LB

/281 mto <\/—1141T’— \/%B‘) And these after due reduction come forth
2 3
% SI and SI‘«{—?,,iL‘I And these by subtracting the fast from the firt

3
bccomc%si}l Therefore the entire force with which the corpu cle P15 attracted
3

towards the centre of the sphere 1s as STII that1s mverscly . PS? PT Qi1

Bj the same method one may determune the attraction of a corpu cle 1t
uated within the sphere but more expeditiously by the following Theorem

Prorosition 82 Turorew 41

In a sphere described about the centre S wath the radius S\ 1f there be taken ST
SA SI continually proportional I say that the altraction of a corpu cle withinthe
=ke=  th place Pan aratio
s from the centre
the centre 1n those
UL L U u

As 1f the centripetal forces of the particles of the phere be mversely as the
distances of the corpuscle attracted by them the force with which the cor
puscle ituated 1n 115 attracted by the entire sphere will be to the force with
whch 1t 1s attracted 1n P 1n 2 ratio compounded of the square root of the ratio
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nerral decrease i the
1 the forces of the particles of the attracting body

Tﬂ?ﬂdl ’ W n.xmiled mfmore than the squared ratio of the distanee of the
~

- e

1
1
- 1t e
- ufia e
actno external bodzes
e placed within them
1e3 of tho-e orbs are (b3
0) de~troved Ly U, fore have no effect even
Fro & » \u\\—‘:i {rom the<e spheres and pheneal otbs we take
-~ ot anvwhere

b2
b
th part added or talen away Li, flus ut

rause no remsrhable excess of the attraction an=sing from the contact of the
two boches. Therefore the Proposition holds good 1n bodues of afl figures @ £

Prorostrion 86 Trrorm 43

If 4 forces fthe part clesof whichan a ractire body s composed decreate wn the
ec e n ftheatract  body as the third or more than the third power of the dis
tance ! th part eles the attraction will be rasily stronger 1n the point of conlact
tha when the attracty g and adracted bodues are separated from each other though

by ever #o small an ntereal
Fo that the attract on 13 mfintely wnereased when the attracted corpuscle
comes to touch an sttracting <phere of this kund, appears, by the <olution of
Problem 41 extub ted w the <econd and thurd Examples. The same wil ako
appear {(by companng those Examples and Theor 41 torether) of attractions
{ bocies made towards concavocomex orb~ whether the attracted bodies be
placed  th ut the orbs or 1n the camities withun them And by adding to or
t lung from thoe pheres and orb» an  attractive matter anywhere without
th place f contuet o that the attractie bodie may receive anv sssigned
£~ re th Propoation will hold good of all bodies yniversally QED
Prorosrrion 8 THEozEst 44
- o Hre mall 1 attrachee
n
@ a
e aee leraace a..ract ons f the COTPUSCLES LOWUIUS PU! waed Les
proport  al o the whole  and amile ly situc od n them
E 1f the bodies are & 1ded mto particles proportions] to the wholes agd
alk  tustedinthem it will be & the attraction towards any particle of one
fth t bestothe sttra tion towards the corre~pondent particle 1n the other
t xdy <o are the sttract ons towards the several ¢les of the first
th  ttract oo towards the <e eral wmponden‘tnnm:? < f ; e
d by composition s01s the attract e et e pier body

on towards the
ttract o towards the secod whol body e first whole body to the

be

QED



144 MaraeMATICAL PRINCIPLES

ment be divided into the parts BREI'GS FEDG Let us supposc that segment
tobenotan ol - ¥ - face having some buta
perfectly '
be called R
onstrated

suppose & B
of the sphe « v ve 1uversely as that power of the dis-
tances of which #1s1ndex and the force with which
the surface LFG attracts the body P will be (by

DE: O 2DF O _DF2 O B
Prop 79) s F thatis as B =T PT Let PO D| B
the perpendicular N multiplied by O be propar
tional to this quantity and the curvilinear srea N
BDI which the ordinate TN drawn through the
len~ = T G|
be
RL . & nuewouyt QEI s

Prorosirion 84 ProBuem 43

To find the force with whach a corpuscle placed without the centre of a spherean the
az1s of any segment 1s altracted by that segment
Let the body P placed in the avis ADB

E
of the segment EBK be attracted by that
segment About the centre P with the ra
dius PE let the spheneal surface CI'I be
desembed  and let 1t divide the segment
mto tno parts CBKFL and CTKDE PO | B
Find the force of the first of those parts
by Prop 81 and the force of the latter
part by Prop 83 and the sum of the
forces will be the force of the whole seg

ment EBKDE QEI

ScroLtus
The attractions of spherteal bodies being now explmmned 1t comes pext i
order to treat of the laws of attraction in other bodies consisting 1n ke man
ner of attractive particics but to treat of them particularly 1s not necessary to
my design It will be sufficient to add some general Proposttions relating to the
forces of such bodies and the motions thence ansing beecause the know ledge of
these will be of some hittle use in philosophical inquirzes

SECTION XIII
THE ATTRACTIVE FORCES OF BODIES WHICH ARE NOT SPHERICAL

ProrosiTioN 85 THEOREM 42
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A\for1on OF BODIES
Roos T Tu® *  iohemnGand
hree particles
vere placed 1
may goontn
ndv whatever

to put on the form of 8 & v b the sxzoe as1f the
the attracted body 4 will e
Con. Beaco “ie"x'&?‘fu: ! "ken(“ﬂ and therefore if that attracting body be
~dwllmore
body
Proro 1110\ 89 LHEORLM =+
¢ o I rhles who e forees are as the dis-

neasu lue
attractin bodies preserving thelr Loun A w0 would umte

there and be formed nto a globe And thercfore 1f the common centre of
granity of the attractig bodes be erther at rest or proceed umformly 12 a
nght hne the attracted body will moie 1z 2n ellipse having its ceptre :n the
common centre of granity of the attractin, bodies

Prorosirion 90 Propres 44

Ift tesereral por s fany crcle there tend equal centripetal forces sncreasing or

decr et gt eny ahwo ftheds tances w13 required to find the force wath which a

corp wl s ot acted that 1s suafed anywhere 1n a rnght line which stands at
right ¢ gles to the planc of the et cle al 13 centre

Suppase a circle to be deseribed about the centre A with any radiusAD ma

plane to shuch the nght boe AP 15 perpendicular and let 1t be required to find

D the foree wath which a corpuscle P s attracted

towards the .ame From any pomnt E of the

£ arcle tothe attracted corpusele P let there be

drawn the n bt lime PE 1In the nght line PA

take PF equal to PE and malea perpendicular

Fh erected at F to be as the force with which

the point E attracts the corpusele P And let

b s¢ n the curved line IhL be the locus of the pount
Al K Let that curve meet the plane of the crcle

~y mL InPA take PHequal to PD and erect the

R K perpendicular HI meeting that curve in 1 and

the uttraction of the corpuscle P towards th
m&l willbe as the area AHIL moultiphied by the alttude AP QE ‘e
- ry

* ~D 4 - OP DA
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Cor 1 Therefore1f as the distances of the corpuscles attracted incres.e the
attractive forces of the particles decrease 1n the ratio of any pover of the di-
tances the acceleratrye attractions towards the whole bodies will be drectly as
the bodies and inversely as those powers of the distances As 1if the forces of
the particles decrease as the square of the distances from the corpu.cles at
tracted and the bodies are as A? and B* and therefore both the cube sides of
the bodies and the distance of the attracted corpuscles from the bodies areas

i

L
Aand B the accelerative attractions towards the bodies will be as f:—, andl—g-,

that 1s as A and B the cubic sides of those bodies If the forces of the particles
decrease as the cube of the distances from the attracted corpuscles the ac

celerative attractions towards the whole bodies will be as %, and I that 1s

equal If the forces decrease as the fourth power the attractions tonards the
3 3

bodies will be as ‘%; and % that1s nversely as the cubic sides A and B Andso
n other cases

Cor 1 Hence on the other hand from the forces with which like bodies
attract corpuscles stmilarly situated may be obtained the ratio of the decrease
of the attractive forces of the particles as the attracted corpuscle recedes from
them 1if only that decrease 1s dircetly or tnversely 1n any ratio of the distances

Prorosiriov 88 THEOREM 45

If the aitractue forces of the equal particles of any body be as the distance of the
places from the pariicles the force of the whole body unll tend to 1ts centre of grarty
and will be the same with the force of a globe consisting of similar and equal matler
and having uts centre an the centre of gratily

Let the particles A B of the body RSTV attract any corpu cle Z with forces
which supposing the particles to be equal between themselves are as the
distances AZ BZ but 1f they are supposed unequal are as those particles and
their distances AZ BZ conjomtly or (f 1 may so speak) as tho e particles
multiplied by their distances AZ BZ respec
tively And let those forces be expressed by R 5
the contents under A AZ and B BZ Jomn %9~ - A
AB and let 1t be cut 1n G so that AG may <~
be to BG as the particle B to the particle A ~ N
and G will be the common centre of gravity G &
of the particles A and B The force A AZ "
will (by Cor 11 of the Laws) be resolved mto
the forces A GZ and A AG and the force v T
B BZnto the forces B GZand B BG Now
the forces A AG and B BG because A 15 proportional to B and BG to AG
are equal and therefore having contrary directions destroy one another There
reman then the forces A GZ and B GZ These tend from Z towards the
centre G and compose the force (A+B) GZ thatis the same force asif the
attractive particles A alnd 1}3 g\ ere placed 1n their common centre of gravity G

here a little globe

COIBDEOtigiatme Teasoning gxf there be added a third particle C and the force of
1t be compounded with the force (A+B) GZ tending to the centre G the force
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be U e.al -
A B Candwil " ere t velobe there and 66 Weudy pu « +

t on the form of a glove
tocpxn O?knce the motion of the attracted body 7 will be the same as i1 tue
Tl RS\ were sphencal and thercfore f that attracting body be
LA s ted willmove
racting body

Prorosrrion 80 THEOREM b

“t 1 equal particles whose forces are as the dis-

L
cenlre of graaly should unie there anu ¢,

: ame manner as the foregaing Proposition
will be the same asf the

e of gravity should umte
there and be formed into a glove Anu w1 1f the common centre of

gravity of the attracting bodies be erther at rest or proceed umformly 1n a
nght fine the attracted body will move 1n an eliipse having its centre m the
common centre of gravity of the attracting bodies

ProrosiTioN 90 ProsLEM 44

right angles to the plane of the arcle al s centre
Suppose 8 arcle to be de enbed about the centre A mith any radius ADma
plane to which the nght line AP1s perpendicular and Jet 1t be required to find
o the force with which a corpuscle I 13 attracted
to ards the ame From sny pomt E of the
N arcle tothe attracted corpuscle P let there be
c'lr:\\nl _{hc nght ine PE TIn the right line PA

) —

¥

t
N tr u thecurved hne ThL be the locus of the pont
I Let that curve meet the plane of the circle
i* L InPA take PHequal to PD and ereet the
J perpendicular HI meeting that curve n 3 and
the attraction of the corpuscle P townards the
-
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plane attracts to 1tself the body P 15 supposed to beas Fl and therefore the

force with wiich that point attracts the body P towards A 1s as AI;,}S b and
the force \uthr \Idnch the whole ring attracts the body P towards A 1s as the
nng and Uy > conjontly and that ring also 1s as the rectangle under the

radus AD and the breadth Te and this rectangle (because PE and AL Eeand
CE «wre proportional) 1s equal to the rectangle PT. CL or PE T the force with

which that ring attracts the body P towards A will be as PE I'f and AP P

19
TE
ul
n
P

Cor 1 Hence 1f the forces of the points decrease as the square of the div-
tances that s if Th be as I% and therefore the area AHILL as I.’I—A_%
the attraction of the corpuscle I townards the circle will be as

1—3== thatis as AR
1H PH
Cor 11 And umversally if the forces of the ponts at the distances D be

mversely as any pow 1 D of the distances thatis if Fh be as Di and there-

fore the area AHIKL as I—Al—_x—# the attraction of the corpu cle P

1 PA
towards the cirele will be as PA S TH
Cor 11 And if the diameter of the circle be mereased tn infinatum and the
number 2 be greater than unity the attraction of the corpuscle P toward the

whole iefimte plane will be mversely as PA = because the other term PH
vamshes
ProrosiTioN 91 ProsrLEyM 45

To find the attraction of a corpuscle situated 1n the axis of a round solid to whose
sereral ponts there tend equal centripetal forces decreasing in any ratio of the
dustances whatsoerer

Let the corpuscle P situated 1n the aus R
AB of the solid DECG be attracted towards /—\E
that sohid Let the solid be cut by any circle D
as RFS perpendicular to the aus and mts
semdiameter T'S 1 any plane PALKB pass-
1ng through the axis let there be tahen (by .
Prop 90) the length Tl proportional to the

force with which the corpuscle P is attracted G,\‘;/C
L

s

§—
>
]

I T =and the attraction of the cor
puscle P tonards the solrd will be as the area LABI Qri
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Ld be der decnbed bv the parslieloram

Cg; ~ gﬁaweu: axts &;3 Tnx;the centrpetal forces tending to the
Pl <quares of the di-tances {rom the pomnts the
attraction of the corpuscle P towards this
cylnder will be as AB—PE+PD For tke
ordinate FE (bv Cor 1 Prop 90) wll be as
l—% “The part 1 of this quantity multe
plied bv the Jength AB descenbes the area

1 AB and the other part g—ﬁ multiphed by

the length PB desenbe the area 1 (PE~
AD) (asmay be esshs  hown from the qgs‘t‘i
v

)

tbere Wl remain the ares LABL equas w jvy H
force betne proportional tothisarea,r as AB—PE+PD

Cor 1 Hence abo 13 known the force by which a sphermd AGBC attracts
an body P mtuate externsllh mats anis AB Let NERM be a conte <ection
whose ordinate ER perpendicular to
PE mav be alwavs equal to the
len~th of the hne PD contunually
drawn to the point D 1n which that
ordinate cuts the pherod. From the

rees A B of the <pherad let |G
th re be erected to its axs AB the

i
e

M

BV respe

Iy equsl to AP BP and therefore
meeting the cone <ection 1 K and
M and jom KM cuttin off fromat
the <ezment KMRK. Let S be the
centre of the phermd, and SC its
greatest semidiameter and the forte with which the epherod attrects the
bod P will be to the force with which a <phere de~enbed with the diameter
AB stiructs the sume body as A5 (S:g K;\S‘RK 13 ta :?PE:‘ And by a
caleulat on founded on the sxme prineiples may be found the force

meatd of the ephermd s s ound the forces of the e

e - ha

the extenor the firet of which
passes through the body P and et
Lres DL, FGinBand C the latter cuts the same ngl:\{msal?: Ht:nsdt;?i:;
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L Let the spheroids have all one common avis DE
and the parts of the night hines intercepted on A
both sides DP and BE I'P and CG DH and 1D P

F and LG will be mutually equal because the

right lines DT PB and HI are bisected tn the / c
same point as are also the nght lines TG PC

and KL Coneerve now DPI’ EPG to represent /

oppostte cones desenbed with the infimtely small P

vertienl angles DPT EPG and the lines DH

LI to be infinttely small also Then the particles of the cones DHAF GLIE
cut off by the spheroidal surfaces by reason of the equality of the hines DH
and EI will be to one another as the squares of the distances from the body P
and will therefore attract that corpu cle equally And by ahke reasoning:f the
spices DPF LGCB be divided 1nto particles by the surfaces of mnumerable
sumilar spheroids concentric to the former and having one common awis all
these particles will equally attract on both sides the body P towards contrary
parts Therefore the forces of the cone DPT' and of the conie segment EGCB
are equal and by their opposed actions destray cach other And the case 1s
the same of the forces of all the matter that lies without the interior spheroid
PCBM Therefore the body P 1s attracted by the intertor spheroid PCBM
alone and therefore (by Cor m1 Prop 72) its attraction 1s to the force with
which the body A 1s attracted by the whole spherord AGOD as the distance
PS1s to the distance AS QED

ProrosiTion 92 PronLEM 46

An attracting body being quien 1t 1s requared lo find the ratio of the decreasc of the
centripetal forces tending to s sereral points

The body grven must be formed mto » sphere o cyhnder or some regular
figure whose law of attraction answenng to any ratio of deerease may be found
by Props 80 81 and 91 Then by experiments the force of the attractions
must be found at several distances and the law of attraction towards the
whole made hnown by that means will give the ratio of the decrease of the
forces of the several parts which was to be found

ProrosrTiov 93 THEOREYM 47

If a solid be plane on one side and wnfinately exiended on all other sides and consist
of equal particles equally allractie whose forces decrease n receding from the
solid n the ratio of any pouer greater than the square of the distances and 6
corpuscle placed towards ether part of the plane 1s attracted by the force of the
whole solid I say that the attractice force of the whole solid tn receding from als
planc surface unll decrease 1 the ratio of a power whose side 13 the distance of the
corpuscle from the plane and uls index less by 3 than the wndez of the power of the
distances
Casc 1 Let LGl be the plane by which the sohd 1s terminated Let the sohd
lie on thatsdeof the plane thatistonards I and let1t be resolved intomnumer
able planes mHM nIN ohO &c| parallel to GL \nrr!‘ﬁrst Iet the attracted
-~ ]
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not les_ than 3 Therefore (by Cor 1
Prop 90) the force with which any
plane mH\I attracts the pont Cism
serehy as CH~? In the plane miN
take the length H\L inversely proper
tional to CH*~ and that force will be
as HM In hke manner m the <cveral
planes IGL I\ ohO &c take the
lengths GL I\ 10 &c mverely
proportional to CG™ CI~- CI+
&c and the forces of those pil:\ncs \\11}
slen 2nd therefore the um of the forcesas the sum o
be as the 1exx§ths <o§‘ ¥ ree of the whole solid 25 the ares GLOR produced

cG—*

Case® Let the corpuscle C be now placed on that 1de of the plare IGL that
1swithm the <ohd and take the di taace Ch equaltothe ds tance CG Andthe
part of the of d LGlohO terminated by the par <o
allel plsnes (GL ohO will attract the corpuscle L
C stuated 1n the middle peither one wav nor
another thecontrary actions of the oppoate pant
destrovine one another by reason of their equality c
Therefore the corpusele C1s attracted by the force
only of the <ohid <itusted beyond the plane Ok
But this force (by Case 1) 13 inverely as CI
that 13 (because CG Ch are equal) mversely as
CG~—

a-
»

1

QED

Cor 1 Hence 1f the olid LGIN be termmated on each =ide by two infimite
i - wa Imowen ahtr t of m the

1 n compared with the attraction of the nearer part 15 inconmiderable the
attraction of that nearer part will a the distance mcreases decrease nearly 10
th ratio of the power CG—

Cor. 11 And hence if any fin te body plane on one <ide sttracta corpuscle
atusted o er agunt the middle of that plane and the distance between
th corpuscle and the plane compared mith the dimen.1ons of the attracting
bodv be extremely «mall and the attracting body conit of homoren
¢ous particles whose attract: e foves decrease n the ratio of any power
of the d: tances greater than the fourth the attractive force of the whole
body w1l decrease verv nearly in the ratio of a power whose side 1s that

very mall drtance sad the index less by 3 than the ndex of
the
Pov  This ussertion does ot hold good however of a body mn:x.?:; Z;
{En&:lrs whose sttractive forces decrease in the ratio of the third power of
e q eh':;]?: ::c‘a}:m n (}(xlntcinx the attraction of the remoter part of the
e
mﬁmﬂtlntt\on i u::o;n rollary 13 alwavs mfinately greater than the
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ScroLtunm
Ifabody - !
1

« w wiwy LOL 1101 the Laws) compounding that motion
with an uniform motion performed i the dircetion of hnes parallel to that
plane And on the contrary 1if there be required the law of the attraction tend
1ng towards the plane 1 perpendicular directions by which the body may be
caused tomove n any given curved ine the Problem will be solved by working
after the manner of the third Problem

But
verging
angle anu that length be as any power of the buse A" and there be sought the
foree with which a body either attracted tonards the basr o 1 venfom ¢ a
.

w o increa.ed by o very small part O and I resolve the ordinate (A+O)= mto
an infimte <cries
"om B omm—mn =

A +; 0A +W 00A &e

and I suppo=e the force proportional to the term of this series n which 013 of

two dimenstons that 1s to the term mr;;;:nnoo \ ™= Therefore the foree
—_— L _— m=ta

sought1s as m——mn;’ﬂ A" or whichs the same thing as &;"—”ﬂ BT As

i 2 and n=1 the forec wll be as

® Thercfore with o gven force the

13 Gautea hath demonstrated Tf the ordinate
=0—1 and n=1 the force will be a3 24~ or
215 and therefore a force which 1s as the cube of the o In ta 1 th
body f B
on to

SECTION X1V

‘THE MOTION OF YFRY S3ALL BODIES WHF" \GITATED B} CFNTRIPETAL FORCFS
TENDING TO THE BLVERAL PARTS OF ANY VERY GREAT 80DY

Prorostrion 94 THrLOREM 48

If two sumular medrums be separated from cach other by a space terminaled on both
sides by parallel planes and a body 1n +fs passage through that space be attracted or
wmpelled perpendicularly towards either of those mediums and not agutated or
Fandered by any other force and the aftraction be ererychere the same af cqual
dustances from evther plane taken towards the same swde of the plane I say thal
the sine of incrdence upon esther plane will be to the sine of emergence from the other
¢ 1 a qwen rolio
pltglnx 1 ﬁ:t Aa and Bb be two parallel planes and let the body light upon the
first plane Aan the direction of the line GII and n1ts whole passage through
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the intermediate pace lot 1t be attracted
or impelled toiard. the medwm of ma
dence and by that action let 1t be made to
de~cribe a curved hne HI and fet 1t emerge
1n the directron of the kne Th Let therebe
erected T\ perpendicular to Bb the plane
of emergence and meeting the line of 1n
adence GH proloneed in M and the plane
of weids Acn R and let the hine of
emergence KI be produced and meet HVM
m L \bout the centre L with the radius
LI let & cirele be deseribed cuthing both
HM m P and Q and MI produced m N\
- HT (by
atof
re of

re be
fet fall the perpendicular L tnen & w qua)

s

lnes O\ QI the wholes MY\ IR will be equal alvo Therefore 1mce IR 15

@ven M\ 1sabo given and the rectanJe MI M 13 to the rectan,le under

the Iatus rectum and M that 1. te H\L i a guven ratio But the rectan le

I MY 15 equal to the rectan e MP MQ that L to tle difference of the
- APl or LI* and HM hath a miven rati0 to ats fourth part

C st Let now the body pass ulet~ ity ul  pu

vated w th paralle] planes \adB BbeC &c¢  and let 1t be acted on by a force
wluch 1. umform m each of them eparately but d.fferent 1 the different
spaces and by what wa. ju t demonstrated the
\ e of the an je of maxdence on the first plane
5 Aa 1> to the ine of emergence from the sccond
plane Bb 1n a given ratio and thi ane of e
* denee upon the econd plane Bb will be to the
ne of cmelgv;ce from the third plane Cean s

genrmtio andthi metot)
frm the fourth plane Dd w a given ratio and o on "}n: ;;\E;)u“lm::éml:;;
n; 1 pheatt 1 of equals the «ime of merdence on the fing plan 1 tothe ine
L’\m rgence from thela t plane in a myen ratio Let now the intervals of the
plares be dumime hed and thetr number be whintely wnerez ed, o that the

- )

e e

onw >

At 1w oo

then alwa
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ScrotIuM

If a body 15 attracted perpendicularly towards a given plane and from the
! red the Problem will
descendinginan bt
“ U wwus o bralit 4L oy Lor 11 ot the Laws) compounding that motton
with an uniform motion performed 1n the direction of hnes parallel to that
plane And on the contrary if there be required the law of the attraction tend
1ng towards the plane 1n perpendicular directions by which the bedy may be
caused to move m anv given curved line the Problem will be solved by workin
after the manner of the third Problem
But the operations may be contracted by resolving the ordinates into con
vergimg sertes Asif to a base A the length B be ordiately applied i any given

angle and that length be as any power of the base A" and there be sought the
force with which a body either attracted towards the base or driven fromitn
the direction of that ordinate may be caused to move m the curved Jme which
that ordinate always describes wath 1ts superior extremity I suppose the ba e

to be ncreased by a very small part O and I resolve the ordinate (A40) into
an mfimte senes . L —
A +; OA‘+—2;;L— 00A &c

and I suppose the force proportional to the term of this senes :n which O1s of
two dimenstons that 1s to the term m_____r;’;mnoo 1+ ™ Thercfore the force
soughtisas n_“zmn—nmn A™
if the ordinate deseribe a parabola m being =2 and ne=1 the force will be as
the given quantity 2B and therefore 1s given Therefore with a mven force the
body will move 1n o parabola 2s Galileo hath demonstrated If the ordinate
describe an hyperbola m being =0~1 and n=1 the force will be as 247" or
2B and therefore a foree which 1s as the cube of the ordinate will cau e the
body to move 1n an hyperbola But leaving Propositions of this kind I shall go
on to some others relating to motion which I have not yet touched upon

—mn mmn
or which s the same thing as m_mnn1_nn B As

SLCTION X1V

THE MOTION OF VERY SMALL BODIES WHEN AGITATED BY CENTRIPETAL FORCFS
TENDIMNG TO THE SEVERAL PARTS OF ANY VERY GREAT BODY

ProrosiTion 94 THEORE: 48

1f two sumillar medrums be separated from cach other by a space terminated on both
sudes by parallel planes and a body wn 1ts passage through that space be attracted or
wmpelled perpendicularly towards exther of those mediums and not agulated or
hindered by any other force and the attraction be evcrywhere the same at cqual
distances from erther plane laken lowards the same sude of the plane 1 say thal
the sine of incudence upon euther plane will be to the sine of emergence from the other
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e and will emerge st la_t with the same obhquty at h

M ® R L = ihat n]‘}l?e at H Concen e now the mtervals of
~4 and the number

exerted accord

le of emergence

remumn all 10D, eduw us) to the same
also at last QED

ScroLroy

~ « the reflections and refractions
s as di covered by Spell and

A agnenratioof the mnes aswas

pdubited by Descartes For 1t 13 now certamn

4 from the phenomena of Jupiter s<atellites con

! 4 firmed by the observahions of different astron
4

omers that b ht 13 propagated m succes.ion
~ g2 - ; snd requires about <even or eight minutes to
wt travel from the sun to the earth ‘oreover the
LA ¥ ravs of ight that are 1n our air (as lately was
discovered by Grimaldi by the admi sion of b bt wato a dark room through
# ~ »1 which { have also tried) 1n their passage near the aneles of
“ b oreular and rectangular

t broken preces of stone or
gloss) are bent or et w . f they were attracted to
them and thoswe rays which in their passare come nearest to the bodies are
the mo<t inflected s af they were most attracted which thing I myself base
i hne which pass at greater di tances are lessin

Fy

whii 1 donme partly n the mr peiore o y -
‘n}f): glas p rtly (f 1 me take not) within the glas -

th v ba eentered t as)s e, l, gb
pre~ented i the

™ cho by ahza falling uponr ¢ p and me

flected between k and 2 yangd ¥ hand z Therefore 7
T M he ean honenp

ays of gl t
ung the cunves
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ProrosiTioNn 95 TureorEey 49

The same things bewng supposed I say that the velocity of the body before 1ls
wnerdence 15 fo ais relocuty after emergence as the sine of emergence to the sine of
wncdence

Make AH and Id equal and erect the perpendiculars AG dlx meeting the
Iines of incrdence and emergence G 1K in G and X In GH take TH equal to
Ik and to the plane Aalet fall a perpendicular Tv And (by Cor 11 of the Laws
of Motion) let the motion of the body be re- g
solved mto two one perpendicular to the T
planes Ae Bb Cc &c and another parallel
to them The force of attraction or impulse
acting m directions perpendrcular to those
planes does not at all alter the motion1n par B
allel directions and therefore the body pro- C
ceeding with this motion will 1n equal times P ) d
go through those equal parallel intervals that \IL
Lie between the line AG and the pomt H and
between the pont I and the line dK that1s they will deseribe the hnes GH
II n equal times Therefore the velocity before merdence 1s to the velocity
after cmergence as GH to IK or TH that1s as AH or Id to oH that s (suppo-
smg TH or IK radius) as the sine of cmergence to the sine of Incidence  QED

Prorosiriov 96 THEOREM 50

The same things being supposed and that the motion before wncidence 18 swafler
than afterwards I say thataf the ine of tnerd: beinchined Iy thebody
wall be at last reflected and the angle of reflection will be equal to the angle of
wnerdence

Tor concerve the body passing between the parallel planes Ae Bb Ce &
to deseribe parabolic arcs as above and let those arcsbe HP PQ QR Lc And
let the obliquity of the line of incidence GH to the first plane Aa be such that
the sine of inaxdence may be to the radius of the arele whose sine 1t 15 1n the
same rat10 which the same sine of mcidence hath to the sine of emergence from
the plane Dd into the space DdeE and because the sine of emergence 18 now
become equal to the radws the angle of emergence will be a right one and
therefore the line of emergence will comerde with the plane Dd Let the body
come to this plane 1n the point R and because the hine of emergence comncides
with that plane 1t1s mamfest that the body can proceed no farther tow ards the
G g plane Ce But neither can 1t proeced 1n
\ the Iine of emergence Rd becau c1t 18
H ) o perpetually attracted or mmpelled to-
~eo gt 5 wards the medum of ineidence It will

R 4 return therefore between the planes

Ce Dd descnibing an arc of a parabola

QRg whose principal vertex (by what Galileo hath dcmonstm’gcd) 18m R

Lielglt
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that AH may be equal
betoCEas M-\ toN and \D toH <o
:?:gi:i’{)f‘ tool\ cothat DhmsvbetoDH s\ to \ Jon KB ancg;suht
{he centre D) with the radsus DH descnbe a cirele meeting KB produ

/H
s X
Y
A { s 6
T 3 Xz

-~ T« fouch the hne EF which
rface <ought QLF
xrpendicular to AD DF
— N2 nbe slwavs
ind there-

H-rD-
(becaue
But (be-
GLtoCE

1therefore

n1t m the

QED

direction DF to go onan the hine ¥ i 1o tue pact

SenoLrry

In the ame mannet one ma  Eo on to three or more surface< But of all
figures the pheneal1 the most proper for optical uses If the object glasses of
telescopes were made of two glasses of & phencal figure contarmng water be-
tween them 1t 1> bot unlikely that the errors of the refractions made 1n the

—

ease and accurscy but beeause the penculs of rays aituated wnbouL e wi [
the gla s would be more accurately refracted by them But the different re-
{ranmbiity of different ravs 1. the real obstacle that lunders apties from beng
made perfect by sphencal or anv other firures Unless the errors thence an g

can be corrected all the Iabor pent 1 correcting the others: quite throvm
away
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Prorostriov 97 Proprr 47
Supra =~ 3
of er

P

v}utetrom o~

they »~
anis
ri po uiLtitars fet E
paths of the bodies AD DB Lot the n
point D approach to and conlesce with & ¥
the pomt I' and the ultimate ratio of
the Ime DT by which AD 1s ncreased TN B
to the hne DG by winch DB 1s dimin
1shed will be the same as that of the <ine of wmeidence to the sine of emergence
Therefore the ratio of the increment of the hne AD to the decrement of the
line DB s given and therefore if m the avis AB there be taken anywhere the
pomt C through which the curve CDE must pass and CM the merement of
AC be taken in that given ratio to CN the decrement of BC and from the
centres A B with the radn AM BN there be described two eircles cutting
each otherin D that pomt I will touch the curve sought CDE and by touch
g1t anywhere at pleasure will determine that curne QEL

Cor 1 By causmg the pont A or B to go off sometimes tn 227/ 4
sometimes to move toward nof! = !
Y r

1
t + pudy lightine an

faaa] %
h w v
¢ v o uuotner night ine DK and from
the point C there be drawn curved lines CP
CQ always perpendicular to AD DK the
increments of the ines PD QD and there-
fore the lines themselves PD QD generated by those increments will be as
the sines of incidence and emergence to each other and conversely

[

ProrosirioN 98 Prosrey 48

The same thangs supposed +f round the azis AB any atiractie surface be described
as CD regular or wrregular through whick the bodies 1sswng from the guen place
A must pass 1228 required o find o second attractie surface EI' which may make
those bodies conterge to a guen ploce B

Tet o hine jorung AB cut the first surface in C and the econd1n I the point
D being taken n any manner at pleasure And suppo. ing the sme of mexdence
on the Brst surface to the sine of emergence from the same and the sine of
emergence from the second surface to the sine of incidence on the same to be
asany guen quantity M to another ginenquantity N then produee AB to G so



BOOK TWO

THE MOTION OF BODIES

IN RESISTING MEDIUMS

SECTION I

THE MOTION OF BODIES TEAT ARE RESISTED Id THE RATIO OF TRE VELOCITY

Prorosrrion 1 Tarorem 1

- 7

b receflance 15 a8 the

1s as the veloaty
¥ composihion the
as the whole pace goneover QED
te of all gravity move by its mnate force

only 1o free spaces and there be g en both its whole motion at the bepinming
and al o the motion remamng after <ome part of the way 1s gone over there
will be g1 ea ala the whole pace which the bods can de~enbe in an infimte
time For that space will be to the pace now descnbed as the whole motion at
1t bemnning: to the part lost of that motion

e Rl Ol DatEL v

Leva §
@ anlit s proport onal to therr diff are Ny p
et A A-B=B B-C=C C-D=tc

then by =ubtrsetion
A B=B C=C D=ic QED
ProrosiTion 2 Treorewm 2

— Tam dm  x by ts aertia only
stn the

cC8

described 1n each f the { mes are as the relocities A

C se1 Let the imebe dinaded sntoequalintersa)  and of 2t the very bein

ter differences, and therefore (by Lem 1 Book 1) contrnualls

Therefore af out of an equal number of mtervals there be coi:g;gmgog:;

equal port ons of ime the velocities at the begimin,, of those times will be as

trmsin ¢ ntipued p orresaon + bich are taken by jumps omttip, overy

where an equal number of intermeduate terms But the ratios of theee tarms are
1.9
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from
of pravits to the resistance in the begnning of the second tume then
i;:‘(omp:f gravity <ubtract the resitances and ABHC Mﬂceduﬂc “z'{;
HC dc wll be as the sbeolute forces with which the body s acted uponm (;
& of each of the times and therefore (by Law 1) as the icrements of
the velottties that1s, as the rectangles 1 KI Lm \Mn L¢ and therefore (by
Lera 1 Book ) in a geometncal progression Therefore if the nght hnes hk
1 Mm “n &c are produced so as to meet the hyperbolaing r & ¢ de the
aress ABgh, hqrL LrsM Ma\ &e will be equal and therefore analo~ous to

the equal times and equal gravitating forces.

But the area ABgh (bv Cor mr Lem. 7 and

8 Book 1) 15 to the area Bigas hgto } /¢

or AC to AK that 1. asthe force of grav

1 1ty to the resistance in the riddle of the first

' time And by the bhe reasoning the areas
_/‘ ﬁl ‘n

H gKLr rLMs NI\t &c are to the areas i Ir
tims smn? &c as the gravitatm, fowres to
the resiztances mn the middle of the <econd

A hLn € third fourth time and <0 on Therefore since
the equal aress BAKg gKLr rLMe s\I\! &¢  are anslogous to the gran
tatin forces the aress Blg ghlr rlms smn! &c will be analogous to the
re<i_tances m the middle of each of the times thatis (bv supposition) to the
veloaties and so to the paces descnbed Tale the sums of the analogou

e AT I L

senbe the pace B! and in the time Lri\ the pace rinf @ £p And the hke
demon tration holds 1n ascending motion
Cor. 1 Therefore the greate<t veloaity that the body can acquire bv falling
1stothe elomty acquired 1n any given time as the given force of gravity which
t;:tmually acts upon 1t to the resiting force which opposes it at the end of
time

Cor 11 But the time bewr augmented 1n an anthmetical prorrexsion the

£um of that greatest veloaity and the veloaty 1n the a-cent and alwo thewr
ifference 1n the descent d ma

Cor 1 Ao the differences of the <paces which are dewenbed
1m equal
differences of the time= decrease m the same geometncal progresaon.

Cor v The pace desenbed by the bod;
y 15 the difference of two paces
w‘!; reof (:‘l;l} 18 1” the ux‘z:le l:.xlm from tke bemanim,, of the de~cent axsdn the
erasthe eloaty whiel ce~] also at
e oty [spce~] al0 at the begruming of the descent are

Prorosmmion 4 Prosrex 2
N

mﬁp«mnq M:’!ortj fg-mn_u tn any ko noreneous medrum Lo be uniform and to
¢

1
r

“e ot wd 0 Avas ey ucal component of the
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compounded of the equal ratios of the intermediate terms equally repeated
and therefore are equal Therefore the veloaities being proportional to thae
terms are mn geometrical progression Let those equal intervals of tume be
diminished and their number ncreased 1 snfinstum so that the mpul ¢ of
resistance may become continual and the velocities at the beginmngs of equat
tunes always continually proportsonal will be also m this cose contmualls
proportional QED

Casp2 And by diviston the differences of the velocitics thats the parts
of the viloeities lost 1n each of the times are as the wholes but the <paces
described 1n each of the times are as the lost parts of the "
veloaties (by Prop 1 Book 1) and thercfore are also as
the wholes QED G

Cor Hence if to the rectangular asymptotes AC CH
the hyperbola BG 1s described and AB DG be drawn
perpendicular to the asymptote AC and both the velo- t
aty of the body and the resstance of the medm at 4 L
the very bemnning of the motion be expressed by any given kne AC and
after some time 1s elapsed by the mdefimte hne DC the time may be ex
pres ed by the aren ABGD and the space deseribed 1 that tume by the hne
AD Tor 1f that area by the motion of the point D be umformly inerca.ed
the same manner gs the time the night ine DC will decrease 1 4 geometrieal
rati0 1 the same manner as the velocity and the parts of the nght Ime AC
described 1n equal times will deerease 1n the same 1atio

B

Prorosrrion 3 Propuev 1

To define the molion of a body which n an honogencous medsum ascends or
descends 1n a right hine and s resisted an the ratio of s telocety and actcd upon by
an uniform force of gravety

The body ascending let the gravity be reprecented by iy enve vt el
BACH and the resistance of #1 ~ ~

- « o through thepoint
B with the rectangular asymptotes AC
CH desenbe an hy perbola cutting the per
pendiculars DE demm G ¢ and the beds
ascending will 1n the time DGgd de enibe
the space EGge m the time DGBA the

F—17 1 space of the whole ascent EGB_n the tume

G| g ABLI the space of descent BTR and m
o Y the time {1/2 the space of descent KFfK
and the velocities of the bodie (propor

t1onal to the resistance of the mecdium) m these periods of trme wall be ABED
ABed 0 ABFI ABfs respectively and the greatest veloeity which the body
can acqutre by descending wall be BACH

Far Yot the - -~

Im M

‘ v ol ibuu to ABRh as the
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DR AB

produced to N\ <o that RX ma¥ be equal to —=<; that 1 1f the parallel
ogrsm ACPY be completed and DY cuttng CP 12 Z ‘l{cD(‘(I:‘r’:;\\’n and RT be
produced till 1t meets DY m % 37 will be equal to =< and therefore

rtional to the time
pmép:&luo Whencef inoumerable lLnesCR or which1s {the same nnumersble
Jmes ZX be takenind gtomelnc:xl progre~10n there will be as a0y lines \r
1n an snthmetseal prorression And hence the curve DroF 1s eastly delineated
br the table of Joranthm.

o~ w 1fparabola be con.tructed to the vertes D and the diameter DG
anD gs the whole re-t.tance at
e the veloaty with which
10m of the nght ine DP <0

T T resisting medium to de-

<cribe the curve DraF will be the .ame as
that with which 1t ought to €0 from the
came place D mn the direction of the same
n htlineDP oasto desenbe a parabola
10 & nonret. tin,, medm For the latus
rectum of this parabola at the very be-
enning of the motion, 1> Y7 and Vris

N ‘—GTT or D_f;\ﬂ But a nght hne which
i drawn would touch the hyperbola GTS
G 1s parallel to DB and therefore Tt1s

And therefore Vr 1> equal to DED((:J_X\QEP that 1
(becawse DR sad DC DV and DP are proportionals) to I%%E—P

and s

Ch DP QB DC
Dl Ct

DV °DF* QB

and the latus rectum < cum: I;);t ‘C—h—g—P that 1s (because QB and Ch.
DA
DA and AC are proport onsl) ~ccr and therefore 1s to 2DP as DP DA

CP AC that1 2o the recistance to the granity
QED
Cor.1v Hencefabody be pTLec‘ed from amy place D witha given veloaty
- —— L

tumof th parsbola 1 gven a3 15 well known 4nd takone ©

ne LY to that lat
r:ux;l:: :géhe 1 ree of gramity to the rew tinw force DP 1s al:o grven. 'm‘:x
= :: ty t:)nt:v: :;:lt:: cSPth\C may be to DP DA 1n the same ratio of
LS ediod e pomnt 4 will be mven  And hence the curie

Cor. v And conver<ely 1f the cursy
¢ DroT be given there mil

T et CP G to BF D\ berg £ cn shere Soatfie
d 10z @ en there 15 pven bo

£tance of the medium at the beginnin,, of the motion and tg}:e \:\u:r:ctthu;rz;
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resistance of the medium ansing from the
motion upwards at the beginning to the
force of gravity or (which comes to the
same) so that the rectangle under DA and
DP may be to that under AC and CP as
the whole resistance at the bemnning of
the motion to the force of gravity With
the asymptotes DC CP describe any hy
perbola GTBS cutting the perpendiculars
DG ABinGand B complete the paralle-
Jogram DGKC and Jet 1ts side GK cut AB
mQ Takealine N n the same ratio to QB
as DC1sin to CP and from any point R
of the nght hne DC ercet RT perpendicu
lar to 1t meeting the hyperbola in T and
the nght imesCH GK DPinl ¢ andV
m that perpendicular take Vr equal to

6T or which 15 the same thing talke Rr

N B i
equal to GTID and the projectile 1n the G % T \ N
r

N
tume DRTG will arrive at the pomnt » de
seribmg the curved line Dral’ the loeus of
the pomt 7 thence 1t will come to 1ts greatest height a i the perpendrcular
i asymptote PC And 1its veloaty m
any | 1€ curve QE1
Fo =DR RV

and therefore RV 15 equal to DRNQB and Rr

[3)

(that 18 RV~-Vr or D——Ug;t(}—’r) 1s equal to IQ%IJRD'G—’I: Now let
thet wet ws Cor 11) distinguish
the the other lateral And
sinec o aso v distingusshed mto two

parts proportional and contrary to the parts of the motion and therefore the
length described by the lateral motion will be (by Prop 2 Book 11) as the hine
DR and the height (by Prop 3 Book 11) as the arca DR AB—RDGT that1s
as the hne Rr But mn the very beginning of the motion the arey RDGT 15 equal
to the rectangle DR AQ and thercfore that hne Rr (or M{ﬂlﬂ

will then be to DR as AB—AQor QB to N thatis asCPto DC and t} arafam

asthe motion upnards#~ & ~
forc Rrisalways asthe
tthah ~wmm m=
QED

DR AB_RDGT
Cor 1 Therefore Rr 1 equal to ———~ — == and therefore of RT be
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DR 4B Af the parallel
produced to X o that R\ may be equal to —< that e P

ogram ACPY be completed and DY cutting CP 1 Z be drawn and RT be

RDGT
produced till 1t meets DY m\ \rwill be equal to =

and therefore

e e o fuch1s the same 1noumerable
‘hence 1f innumerable lines CR or whid

hn?;“i\“ t:e‘ t;fen 10 a geometneal provres.ion there will be 2s many hnes \r

10 an anthmetical proression And hence the curve DraF 1s caly delineated
by the table of lomanthms
~ -

b 11 be con.tructed to the vertex D and the diaxoeter DG
- L mee tancent
*

P A5 A0 an wa e

r1.ht hne DP 50 as to desenbe a parapuia
1m a nonrest ing medium  For the latus
rectum of this parabola ac‘the veny be-
gnning of the motwon 18 % and Vrag
&\’E or L;{\ﬂ But 2 nght hine which

- w1t T

Ch DP QB DC

e and N1 ol

D\ Ch C
(because DR and DC DV and DP are proportionals) to Wﬁ%ﬁz
N1
and the latus rectum 9\!’_- comes OUC%B— that 1s (becau<e QB and Ch
o
D\and \C are proportionals) —r\)g—(g,} and therefore 13 to 2DP as DP D4
toCP AC that1 as the rest tance to the gravity QED
Cor nn Henceif abody be projected from any place D mith agien veloeity
w the direction of a nght ne DP given by position and the re 1 tance of the
- v

cutting DC 10 A so that CP \C may be to DP DA 1n the <ame ratio of
e granty

to the rew.tance the point A will be d
Doy do the pou given nd hence the cune

Cor.v And con erely if the curie DraF be gven there milt be
guven both
the veloty of the body and the re-r. tance of the medwum 1n each of the place
7 For the ratio of CP AC to DP DA bern @ven there 1s miven both the re-
ELtance of the medim at the beginning of the motion and the latus rectum of
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the parabola and thenee the veloeity at
the beginmng of the motion 1s grven also
Then from the length of the tangent rL
there 15 given both the veloerty propor
tional to1t and the resistance proportional
to the velocity i any place r

Cor v1 But since the length 2DP 15 to
the latus rectum of the parabola as the
gravity to the resistance 1n D and from
the veloaty augmented the resistance 1s
augmented 1n the same ratio but the latus
vectum of the parabola 15 augmented as
the square of that ratio 1t 1s plan that
the Iength 2DP is augmented . that
stmple ratio only and 1s therefore always
proportional to the velocity nor willit be
augmented or dimimished by the change
of the angle CDP unless the veloaity be
also changed

Cor vir Hence appears the methe 1 of
1

(o

L w o enu veloerty with which the body

15 projected Let two simlar and equal bodies be projected with the same ve-
Joaity from the place D 1n different angles CDP CDp and let the places
F § where they fall upon the honzontal plane DC be known Then taking
any length for DP or Dp suppose the resistance i D to be to the gravity i any
rafio whatsoever and let that ratio be represented by any length S Then
by computation from that assumed length DP find the lengths DI’ Df

and from the ratio j‘% found by ealeu

Iation subtract the ~ame ratio as found
by cxperiment and let the differcnee be
represented by the perpendicular MY
Repeat the same o sccond and 2 third
time by assuming always a new rmtio
SM of the resistance to the gravity and
collecting 2 new difference MN  Drew
the positise differences on one stde of the
nght ine $M and the nepatnve on the
other 1o ni#t ~ ~

N

the
bet 1 suuue tothe

gravity which was to be found Irom
thus ratio the length DI 1s to be found
by enleulatton and alength whichisto
the assumed length DP as the length DI
known by expenment to the length DF
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{l have
11 be the true length DP This Peng known you wi
ﬁthn&; f:?x“:?d‘l‘;e DraF + tuch the bods deserbes and also the velocity and
reci-tance of the bod 1 each place

Scpourey

% 4% resstance of bodies 13 1m the ratio of the veloaity 13 more
~s vad of all tenac

velonties For by
the action of a swilter buuy ap to a greater veloc

umeated to the syme quantity of the medium i 2 less hme and1n
:z):- fq?;ﬁnm by re.con of & greater quantity of the disturbed medium a8
motion 13 commummeated as the quare of the ratio greater and the re«1 tance
{by Lawsnand )1 . the motion communicated Letu therefore <ee what
motion. anse from thi law of resi.tance

SECTION II

THE MOTION OF BODILS THAT ARE RESISTED AS THE SQUARE
OF THEIR VELOCITIES
Proro t110N\ 0 THEOREM 3

Ifabodys esieed as the square of 1fs reloerty and mores by 1ts wanate force only
thr ugh an homogeneous medium and the t mes be faken n a geometrical progres-
#o  p oceed ngf oml ssio greater terms I say that the relocities af the beginmang
7 eack of the ¢ 1 es are tn the same geor etrical prorresston nversely and thal the
epac  reequal which o ¢ deseribed tn cach of the imes

F r ance the resustance of the medim 15 proportional to the <qu.re of the
veloait  nd the decrement of the yelonity 13 proportional to the revistunce
if the time be di 1ded 1nto mnumersble equal wtervals the quares of the
reloeit >3 st the beginnun o each of the times wall be proportional to the dif
H] ferences of the same velocities Let those inter

,:lé-ﬁ to !;khu i\\’; ta CA and alternately

—Ik to as hi to CA and therefore as

“C‘ C\M::: :B ;’\1 &Bbem f\on.\}r\s‘cx Therefore <nce All\mand
n - W

com le as AR \.d by the by 2, mben \B and I

aba e to be as their diffe,
demon trated 1t followe

1

rences the pro~ression of both wall be alike Thus bes
1D,
o ‘:lc:) \|hnt n‘::duﬁu geacnbed by these Lnes are 1 & kike
de<cn] ¥ thewe velomt
xaty tthelegm rung of the Sret £ me AR be mpmx;::d’&iﬁﬁ;‘ge::&
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the velocity at the beginning of the second timo KL by the hne Kk and the
length deseribed 1n the first time by the area ALAB all the following s elocthies
will be represented by the following lines LI Mm &c and the lengths de-
scribed by the areas KI Lm ¢ And by composition 1f the whale time be
represented by AM the sum of 1ts parts the whole length deseribed wll be
represented by AMmB the sum of 1ts parts Now concerse the ttme AM tobe
divided mto the parts AK KL LM &¢ sothat CA Ch CL CM &e¢ may
beina geometnical progression and those parts will be mn the same progre-sion
and the veloeities AB I LI Mm & wll be in the same progression
versely and the spaces deseribed AL B! Lm &e¢ will be count o

Cor 1 Hence 1t appears thatif *
the asymptote and the velocity
AB the '~
and 1

the first veloaty
. wufi vy the rectangle AB AD

Gor 11 Hence the space deseribed 1 a resisting medium s given by tahing
1t to the space described with the unmiform velocity AB 1n a nonreststng me-
dium as the hyperbolic area ABGD to the rectangle AB AD

Cor m The resistance of the medium 1s also miven ¥ malang 1t equal 1n

the very beginmng of 41~ ~ 1force whnch could
genera the veloosty B
the tur «  vuumng the hyperbolamn B and meeting the

asymptote nT the right hine AT will be equal to AC and will express the ttme
1 which the first resistance unformly continued may tahe away the whole
velocity AB
Cor 1v And thence 13 also mven the proportion of ths resistance to the
force of gravity or any other given centnpetal foree
Cor v And conversely 1if there s given the proportion of the resistance to
any given centripetal force the time AC 1s also grien wn wiuch a centripetal
force equal to the resistance m ~ = as AB and thence 13
- TH CD foritsasymp-
wuus wineh 2 body by beginning
« wu win that veloaty AB can deseribe mn any time AD 1o an homo-
geneot § resisting medium

Prorosrron 6 THEORDM 4

Homogeneous and equal spherical bodics opposed by resistances that are as the

square of the telociltes and moring an by thewr innate force only wnll wn tumes

whach are wnacrsely as the eelocities at the beginmng

describe equal spaces and lose paris of thewr veloc 1

aties proportional to the wholes 5
To the rectangular asymptotes CD CH des

erbe any hyperbola BbLe cutting the perpen $
die 1= 2R PR a8 -
E
pat
A; vy L nnes Ae Dd
TFherefore as Aa1s to Dd so (by the by pothe 1s) L -

15 DU to AB and so (from the nature of thely €
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perbola) 18 CA to CD and by composition $0 13 Ca to Cd Therefore the
sreas ABba DEed that s the paces descnbed are equal among ihem.efres
and fb fir<t velocities AB DE are proportional to the last ab de and there-
fore by subtraction proportrons! to the parts of the veloaties fost AB—ab
DE—de QED

ProrostTion 7 THEOREM §

of thetr molions proportional to e w
10 the product of those times and the first telocities
For the parts of the motions lost are as the produet of the resistances and
times Therefore that those parts may be proportional to the whole the
product of the resistance and tune ouht to be as the motion Therefore the
~  TNhag the mohion directly and the re.istance mnversely Therefore the
-~ teqvs lose parts
11elocities
en ratio of
duct of the
first velotsties and the times QED
Cox. 1 Therefore 1f bodies equally swft are res ted as the quare of their
diameters homogeneous globes moving with any veloeities what cever by
desenbin,,  paces proportiona) to their diameters will lose parts of thewr mo-
= 1 aft <h Jes For the motion of each globe will be as the

Cor ¥ \ow if the globes
e giobes nre not hamogeneous the pace d
i ;‘L‘ ngloi:ﬂmuit be augmented 1n the ratio of the denift}e ;zﬁr::gdu}’ ); e
. Pro;?n d u‘ rr) ﬁ x gl; E;::;er u: hthe Tatio of the den.ity and the hn:)c l?l;]y
merbed o o g tm:: e ratio of motion directly and the pace
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the veloaity at the beginming of the second time KL by the Iine Ik and the
length deseribed 1n the first time by the aren ARKAB all the following velocities
will be represented by the following hnes LI Mm &c and the lengths de-
seribed by the areas KI Lm &c And by composition 1f the whole time be
represented by AM  the sum of 1ts parts the whole length desenibed wall be
represented by AMmB  the sum of 1ts parts Now concerve the time AM tobe
divided mnto the parts AK KL LM &c¢ sothat CA Ch CL CM &c may
be in a geometrical progresston and those parts will be 1n the szme progre ston
and the veloaties AB sk LI Mm &c¢ will be 1n the same progression 1n
versely and the spaces desenbed AR ki Lm &e¢  will be equal QED

Cor 1 Hence 1t appears that if the time be represented by any part AD of

the asymptote and the velocity in the beginming of the time by the ordinate
AR thateln ¢+ t#laandaAf ha wn -~ W - - t 1 A

AB 1n a nonresisting medium by the rectangle AB AD

Cor 11 Hence the space described 1 a reststing medium 1s given by taking
1t to the space desenibed with the uniform veloeity AB mn a nonresisting me-
dium as the hyperbolic area ABGD to the rectangle AB AD

Cor m The resistance of the medium 1s al<o given by making 1t cqual m
the very beginming of the motion to an uniform centripetal force which could
generate 1n a body falling through a nonresisting medium  the veloaty ABmn
the time AC T'or1f BT be drawn touching the hyperbolain B and meeting the
asymptotein T the right hine AT will be equal to AC and will express the time
m which the first resistance umformly continued may take away the whole
veloaity AB

Cor 1v And thence 1s also given the proportion of this resistance to the
farce of gravity or any other given centripetal force

Cor v And conversely 1f there1s given the proportion of the re 1stance to
any given centripetal force the time \C1s also given 1n wluch a centripetal
force equal to the resistance may generate any veloeity 2s AB and thence s
given the pomt B through which the hy perbola having CH CD forits asymp-
totes 15 to be desenbed as also the space ABGD which a body by beginning
1ts motion with that veloaity AB can desenbe 1n any time AD 1n an homo-
geneous re 1sting medium

Prorosition 6 THEOREM 4

Homogeneous and equal spherical bodies opposed by resistances thal are as the

square of the telocities and moving on by their innate force only will in times

which are wnrersely as the telocutees at the beginning

describe equal spaces and lose parts of their teloc H

1hies proportional to the wholes s
To the rectangular asymptotes CD CH des

cribe any hyperbola BbLe cutting the perpen

diculars AB @b DL demn B b I e let the im

tials elocitiesberepr ted by the perpendiculars

AB DL and the times by the lines Aa D

Thercfore as Aa1s to Dd so (by the hy pothesis)

1s DL to AB and o (from the nature of the hy € A D 4
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fare with the whole increments a and b of the 1des the merement aB-{-gt :))f
ted
thccmtf’nxilsmng alsaysequaltoG and the(n the mo::le}nt (Z{( ﬂ;;z r;'n\tcfx;t
Case 1) will be gC+cG thats (putting ABand a
(\}B a(n:do ;)G&(gib &\C+c.~\11 And the reasoning 1 the same for contents under

QED

e er omany 1des i
-~ s be alwas s equal among them
< # desA B andC to 3 o
wilibe3aA?
vt QED
Cuse 4 Therefore snce :—x mto A1s 1 the moment UL 7 ww 1plied by A

torether with %mulhphed by @ will be the moment of 1 that 1s nothing

- 1
Therefore the moment of % or of A= 13 _Xa- And generally since — 1to

A
1
A 11 the moment of Al— multiphed by A together mith e wto ngA*1t will
ng
be nothin,, And therefore the moment of ‘—:— or A will be — A QED

Cise 5 And @nce A *mto A 13 A the moment of A multiphed by
24 @ xll be o (by Case 3) and therefore the moment of A 7 will be 53z
T 1,4 7 And generally putting I equal to B then A=~ wil be equal to
B and therefore maA™ equal to nbB~! and maA—! equal to nbB—! or

11" and therefore "ad ™ 1s equal to b thatis equal to the moment of

-
) QED
Case 6 Therefore the moment of any generated quantity A=B 1s the
m m nt of = multiplied by B to ether with the moment of B multiphed
byt thatis ma\™ B 4+nbB* A= and that whether the indices m and n
P fFrmat e or negatine \nd the

QED
one term 1s given
—— - wlad bk

{

Cor 11 Andf 1n four Proport onals the two meansare pven the moments
of the extremes wall be as thowe extromes The same s to be understood of the
sdes of any gnen rectangle

Cor m \ndif the sw

m ot difference of two squares 1
of the mdes wili be wmersely as the sides * senea the moments

Scnouwyn
In 8 fetter of mine to \Mr J Collins dated D
ecember 10 36 ©
:n&n!is method of taneents  fich T y pected to be the same wlxl:‘hnsnliiz
"cz p(: (;\‘3 cf atthat une a3 not made public Tadded these s ords Thes1s
ar or rather a € lary of g general method tehich extends at.elf
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or v Andif the elobes move in different mediums the space n 2 medum

tshed 1n the ratio of the augmented resistance anu i space “
the time
Lrunmas 2

The momen! of any gentum 18 equal lo the moments of cach of the generating sides
multiphed by the indices of the powers of those sides ard by thewr coefficrents
continually

I call any quantity a genstum which 15 not made by addition or subtraction
of divers parts but 13 generated or produced in anthmetic by the multipliea
tion division or extraction of the root of any terms whatsoever in geometry
by the finding of contents and sides or of the extremes and means of propor
tionals Quantities of thishindare products quotients roots rectangles squares
cubes square and cubie sides and the ike These quantities I here consider as
variable and mdetermimed and inerensing or decreasing as 1t were by 4 con
tineal motion or flux and T understand therr momentary tmerements or decre-
ments by the name of moments so thet the merements may be esteemed ns
added or affirmative ts and the d ts as subtracted or negative
ones But take care not to look upon fimite particles as ueh Fimte particles
arc not moments but the very quantities generated by the moments We are
to concerve them as the just nascent puneiples of finite magmtudes Nordowe
m this Lemma regard the magmtude of the moments but their first propor
tion asnascent It wall be the sume thing 1f 1stead of moments weu eeither
the veloaities of the increments and decrements (which may also be ealled the
motions mutations and fluxions of quantittes) or any fimte quantities pro-
portional to those veloetties 1he coefficient of any gencrating side 1s the quan
tity winch anses by applymg the genztum to that side

Wherefore the sense of the Lemma 1g that if the moments of any quantities
A B C &ec 1ncreasing or decreasing by a continual flux or the veloaities of
the mutations which are proportional to them becalleda b ¢ &c the moment
or mutation of the generated rectangle AB will be aB-+bA the moment of the
generated content ABC will be aBC+bAC+cAB and the moments of the
generated powers A2 A2 A4 Au2 A2 Am A A-1 A= A-Y will be 22A
SaA? 4ai? JgaA—12 -}aA”’ 1éaA—2t 24qA~1R ~qA—? —ZaA~ ~—}/§a 4-n

respectively and, i general that the moment of any power AvT': will be
z aA? Also that the moment of the generated quantity A?B will be
2cAB-+bA? the moment of the generated quantity AB'C* will be 3€A’B‘C’+
4bA'B'C*+2¢A'B‘C and the moment of the generated quantity g3 or AR

will be 3¢AB-2—2bAB~? and s0 on The Lemma 15 thus demonstrated
Case 1 Any rectangle as AB nugmented by a continual flux when asyet
there wanted of the sides A and B half their moments 37 and Y70 was
A—1a mto B—34b or AB—Jga B—14b A+2ab but as soon as the sides
‘A and B are sugmented by the other half moments the rcetangle becomes
‘A+Y4a nto B+15b or AB-+V3a B+15b A+lgab T'rom this rectangle sub-
tract the former rectangle and there will remain the ecess aB+b\ There




71
Poox II TmE \{orion oF BODIES 1

ctnnely and
pedium mway be represented by the hoes AC AP and AT respe!
comerels © o tect velotity which the l:‘od) can ever acquire in %

|m answenng to any gnen

1 e known _the greatest ound by tu\Emg 1@:0 ];eh;;
) ek‘m‘yelocxt,y s the square root of the ratio which the force of gravity
E:::\l:nt known resistance of the medium

ProrostTion & THEOREM 7

trated 1 ay thal 1f the tangents of the angles of
Supposng wha! 12 abore e be taken pr riional 1o the telocthies
! A Fen huperbls be proee » Hghest place awill

the haghest place
as the sector of the ypLiv

D be drawn

\C which expre~.cs the force of gravity let Al
- ;‘éﬁﬁ ::; equal From the centre D with the semidiameter AD
gccr;‘be as well the quadrant \(E of a arcle as the rectangular hyperbola
A\Z whose ax15 18 \h pnoaipal vertes A and asymptote DC Let Dp D1

D
be drawn and the cireular sector AID will be a5 all the time of the ascent to the
hsghest place and the hiyperbol ¢ sector VTD as all the time of de<cent from
the tughest place f obe that the tan ents Ap AP of those <ectors be as the
veloaities
{ r1 Draw Drgcuttin off the moments or lea.t intervals {Dr and ¢Dp
e g

thet terval tDe will be as —

) that 13 (Decaust W I8 piitly as D wub
pD'is AD'+Ap that1 AD +AD W or AD Ch and ¢Dp1s ¥AD pg
Th refore tDr the intennal of the sector 1325 é’% thatis directly as the least
decrement pq of the veloats and o ersely as the force Ck which dimini hes
the veloaity and therefore as the inters al of time answenng to the decrement,
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3 1, Tand,

not only to the dra mna £ =

t any tr
curied lines whether ~ =

Lines or other curres

about the crookednes oy granty of curres & nor sl
(as Hudden s method de maximus et mmimis) lumaled to cquations whach are free
Jrom surd quanfiftes This method I have interioven with that other of working
equations by reducing them 1o wfinse seres So far that Jetter And these last
words relate to a treatise I composed on that subject in the year 1671 The
foundation of that general method 1s contaned n the preceding Lemma

Prorositiov 8 Turorev 6

If a body 1n an uniform medwum being uniformly acled upon by the force of
gravty ascends or descends in a right line and the uhole space described be
diwided 1nto equal parts and wn the beginnang of cach of the parts (by edding or
sublracting the resisting force of the medium to or from the force of grarily when
the body ascends or descends) you deriie the absolute forces I say that those
absolute forces are in a geometrical progression
Let the force of gravity be represented by the given hne 4C the foree of
resistance by the indefinite ine AK the absolute force in the descent of the
body by tbe difference BC the veloaity of the body by a hne AP which hall
be a mean proportional between AL and AC and therefore as the square root
of the resistance the mcrement of the re H
sistanee made 1n 4 given wnterval of time
by the short line KL and the contempma
neous mcrement of the veloaity by the
short hne PQ and with the centre C and
rectangular asymptotes CA CH desenibe
any hyperbola BNS meeting the & acted
- - and
N
PQ of the other that1s as AP RC for
1o tauent P of the veloaty s (by Law my» -
force LC Let the ratio of KL b multiphed by t
LL KN will becomeas AP hC KN thatis (b wa © 1ectangie KG KN
1s given) as AP But the ultimate ratio of the hyperbolic arca KNOL to the
rectangle L, KN becomes when the potnts K and L comade the ratwo of
equality Therefore thathy perbolic evanescent area 1s as AP Therefore the
whole hy perholic area ABOL 1s composed of intersals KNOL which are alnay s
proportional to the velonity AP and therefore i1sitsclf proportional to the space
desenbed with that veloctty Let that area be now divided into equal parts as
ABMI IMMNK KNOL %c¢ and the absolute forces AC IC KC LC &e
wall be 1 a geometrical progression @ £ p And by a like reasoning 1o the a.cent
of the body taking on the contrary sideof thenant 4
1

c QP LRIA+ 4 )

mnl T

¢ v ou nu LU & wil

4
+ continually proportional Qi D
b Cor 1 Hence if the space deseribed be repre ented by the hypesbolic ares

ABNK the force of gravity the selocity of the body and the resistance of the
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medium may be repre<ented by the lines AC AP and AR re peetnely and
conversely

Cor 11 And the preatest 1eloaaty whach the body can ever scquire in an
1nfintte de<cent will be represented by the hine AC

Coz. m. Therefore f the re-tance of the medium answenng to anv given
veloaity be known the greatest veloaity will be found by talung it to that
oven velooty 2sthe quare root of the ratio which the force of gravity bears
to that known resi.tance of the medum

Proro rrion 9 THEOREM ™

Suppowing what 13 abote demons rated I ay that 1f the tangents of the angles of
the sector of a ewrele and of an k -perbola be taken proportional to the veloaities
1 the ascent to the highest place will

thest place

be drawn
perpendicular and equal from the cente u u u o  neter AD

deseribe as well the quadrant UE of 3 arcle as the rectaneufar hyperbola
AV Z whose axis s Ah pruteipal tertex 4 and asymptote DC Let)B; D;

elocities,

)
PD' s AD-
Thors “';\P’ that L AD +4D AL or AD Cf and gDpis 1/AD pg
e the mterval of the sector 1928 B thap g durect];
docrerent 7 of the veloet < e Lot
the veloat 'y and mversely s the force Ck which dumim hes

¥ and therefore as the interval of tune answenng to the decrement
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of the velocity And by composttion the sum of all the intervals tDyn the
sector AD¢ will be as the sum of the intervals of time answering to each of the
lost intervals pg of the decreasing veloeity Ap till that velocity being dimin
1shed into nothing vamshes thatis the whole sector AD¢ is as the whole time
of aseent to the highest place QED

Case 2 Draw DQV cutting off the least intervals TDV and PDQ of the
sector DAV and of the triangle DAQ and these intervals will be to each other
as DT to DP thatis (if I'\ and AP are parallel) as DX?to DA? or T\2to

D

AP? and by subtraction as DX2—TX? to DA — \P But from the nature
of the hy perbola DX2—TX?15 AD? and by the supposition AP 1s AD AL
Therefore the mtervals are to each other as AD to AD*—AD Al that s
as AD to AD— AR or AC to Ch and therefore the interval TDV of the sector
18 ——PD&XAC and therefore (because AC and AD are given) as g—ﬁ that 1s
directly as the mcrement of the velocity and inversely as the force gencrating
the increment and therefore as the mterval of the time answening to the incre-
ment And by composition the sum of the intervals of time m which all the
mtervals 1 Q of the veloeity AP are generated will be as the sum of the
tervals of the sector ATD that1s the whole trme will be as the nwhole ector
QFD

Cor 1 Hence if AB be equal to a fourth part of AC the space which a body
will deseribe by falling 1 any time will be to the space which the body could
deseribe by moving umformly on 1n the same time with 1ts greatest veloeity
AC as the area ABNX which expresses the space de enbed 1n falling to the
area A1TD which expresses the time Tor since

AC AP=AP AK
and by Cor 1 Lem 2 of this Book
Lk PQ=2\L \P=2AP AC
therefore LK VPQ=AP 1{ACor AB
and sice KN AC or( AD=AD Ch
together corre ponding terms

multiplyng Lo LKNO DPQ=AP CK
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Az hown above DPQ DTV =Ch ACC
LENO DTV =AP A
I;:l:c: 29 the veloaity of the falling body to the greatest veloaity which the
bodv by faling can sequire, Since therefore the moments LENO and DTV
of the aress ABNK and ATD are as the velociies, all the parts of those areas
groerated 1 the same tume will be as the paces described 1 the same time
and therefore the whole aress ABNR and AD’,\;)egenemtediT:gmdthe betgmmug
desenbed from the beginning of the descent Q&
n Thewhdesares nace descnbed 12 the ascent Thatsto
desenibed m the same time with the
15 to the cector AD?

] L me ATD ztothe veloaty
ting space asthe tnangle
) Ina ponrest ting medium
imisas AP that) asthe
A8, KT PR

1g of the descent are equal
smong themsclve- as well as those ateas o D

Cox 1v By the same argument the veloaity 1n the ascent 1s to the veloerty
with which the bedy in the same tine in a nonrest ting pace would lose all
1t motion of ascent as the tnan e ApD to the circular <ector 4D or as the
nght hoe Ap to the are At

Cor. v Therefore the tune in which a bodv by falling 1n & rest-ting medum
would acquire the velocity AP 1 to the tune 1 1 huch 1t would aequre its
greatest veloaty AC by fallin 1n s nonresicting  pace as the <ector ADT to
the tnangle ADC and the tiume in shich 1t would lose 1ts veloety Ap by
ascending in & recisting medrm is to the tume in which 1t would lase the same

~~4  naponresstin space s the are At toats tangent Ap
~~~e de<cribed tn the
ading 1 snfinfum
‘e the trme 1> given

' onresisting pace
ratio of the grien
or Ap and

& ght to that shs b would 1w 4\, w f,fgffﬁfﬁ

N

themven pace of ascent or decent
tune AD? or ADT

Prorosmon 10 Prosrey 3

PPosctheun | om foree f graratyto tend & rectly o the plane of the horon and
5 w? nce to be a1 the product of the denst.g of the medium and the square of
G ':l:}thilb:,Jp;'VP:rW to find the density of the red um tn each place wchich
ma

e e oy o m(yhmmmtdluw the velocuty of the body and the

‘rtm\mnphnepeqmndmhrm
8 curved Line tecting tha
of the body gong on 1

bs

the plane of the scheme 1telf PFH
t plane 1 the points P and QG HIEKifour plaug
this cunve from F to Q end GB HC ID KE four
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" 1
'
€
ngl
eur « u 13 4nd meeting the ord: by
nates CH DI produced upwards m L and e M
N and complete the parallelogram HCDM NN

And the tunes in which the body describes
the arcs GH HI will be as the square
root of the altitudes LH NI which the
?(;;hcs f\\ ould de<cnbe mn those times by
alhng from the tangents and thexelocrttes
will be directly as the lengths desenbed g A stord
GH HI and inversely a5 the times Let the times be represented by Tand{

and the velonties by ng and I-{ZI and the deerement of the velouty produced

n the time ¢ wiil be represented by GTH-%—I This decrement an es from the

resistance whrch retards the body and from the gravity winch acceleratesat
Gravity ina falling body which in its fall desenbes the space M producesa
veloaty with which 1t would be able to desenibe tawice that space i the <ame

time as Galileo hath demonstrated thatis the 1eloctty g:‘\—l but if the body
describes the are HI 1t augments that arc only by the length HI-IIN or

MIX{XN‘ a4 and therefore generates only the veloaity Yo 1
beadde? -
of the v RS

Therefore smee 1 the same time the action of gravity generates m a falkog
body the veloaty g—l the resistance will be to the gravity as

GH _HI, 2MI NI 2N1 ¢t GH M1 N1
T“T+ 7T to —t—oras—r —HI+——~H1 to 2NT
Now for the abstaissas CB CD CE put —o ¢ 20 For the ordmate CII
put P and for MI put any seres Qo+Ro?+80'+ L¢ ind all the terms of the
series after the first thatis Ro +80'+ (¢ will be NI and the ordimates DI
LL and BG will be P—Qo~No —80°~ &e P—-2Qo—4Re?—S§Se*~ te
and P+Qo—Ro +803~ &c respectvely And by quaring the differences of
the ordinates BG—CIH and CH—DI and to the squares thence produced
adding the quares of BC and CD themschies you wall have 004-QQoo~
2QRo*+ &c¢ and aa+Qan+Q2r(l2Ra‘+ Le  the squares of tgcnarcs GH HI
00 00
whose roots o\/(l-i-QQ)—\/(TQQ) and o\/(1+QQ)+m are the
arcs GH and HI Moreover if from the ordmate CH there be subtracted half
the sum of the ordinates BG and DI and from the ordinate DI there be ub-
tracted half the sum of the ordmates CH and Th 1 = ¥ - f
Roo-+330* the '
to the <hort hnc
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! tof R+3%0
emall tmes T and ¢ and thence the ratio 7 vanes as the square roat of —p—
{
orB:—:—/—:—o and ‘593‘-—m+'-"__‘—;{’;—\1 by ub-hitutin, the valuesof T GH
R T
HI I 564 STyt found becomes S52 +/(1-+QQ) And since 2XT> 2Ro0
3>
{he rei-tance will be now to the granity as —2—‘%’\/ (14+QQ) to2Roo that1. as
5v/(1+QQ) to ARR
:L} (‘ WQ(?elom\ will be<uch thata bodv gomng off therewith from any place
- whe m3gvaeuum a parabola
1+
N
And the ress tance L as the product of the denaity of the medium and the

~quare of the veloty and therefore the
density of the medium 15 directly as the re-

T e HL H\ = tance and m\rmlvuthesgx\x/ng :_331;
1 veloaity that 1> directly a2y =3rE
and 1versely as % that + &
8
1 bipi g RVOFQD axEx

Cor-1 If the taneent H\ be produced
both navs <o as to meet any ordmate \Fin'T I{_TC_‘““ be equal to v/ (1+
QQ) and therefore 10 what ha_ gone before may be put for /(1+QQ) By

th. means the rewt tance will be to the gravity 2 35S HT to 4RR AC the

eloctts will be s \2};‘;1 and the den.ty of the medium will be as 5 A0

DT Nhed § adh the relation be-

l‘& t‘o find the denity of the medium that shall make a projectuie move 1
thatin

B sect thed smeter PQin A andeallAQ n AC ¢ CH ¢ and CD o then
D1 AQ ~AD =nn—ga—220—00 or €¢—200~00 and the root being
€ tra ted by our method will give

Hreput nforeetae and DI will become  =ce— 920700 _onno® &e
3,
m:n s;zth 8 senies | distun tl:s m?x:er Teall
t 1] wnfimtely small quantity 0 1s pot found the
15 of one dimen_ion only the third 1 tuch
he fourth n shich 1t 13 of three and o ed
whi hherets e will alnavs denote the length of

mut h the suecesive terms aft
firet t rm 1n which th o
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the ordinate CH erected at the starting pomnt of the mndefimite quantity ¢ The
second term which heres 1_15 will denote the difference betveen CH and DN

that 15 the short ine MN which 1s cut off by completing the parallclogram
HCDV! and therefore alnays determunes the positton of the tangent H\ as

1n this ease by talang MN  HM =a-£— o=a ¢ The third term whch heress

f_%tho will represent the short line IN' which hes between the tangent and the
curve and therefore determies the angle of contact IHN or the curvature
which the curved line has in H If that short hine IN 15 of & fintte magmtude 18

will be expressed by the third term to-

gether with those that follow i infindum T|
But 1if that short Iine be dimimished 12 10 T ok M
fimatum the terms following become 1nfin HY

itely less than the third term and there-
fore may be neglected The fourth term
determunes the variation of the curvature
the fifth thevanation of the vanation and
soon Trom this by the way appears the | A BCDERQ
use not to be disdaumed which mny be
made of thesc seres 1n the solution of problems that depend upon tangents,
and the curvature of curves
Now compare the sertes ,

_go_nnoo _annot .

with the serzes
P—Qo—Roo—-Sc*~&e

ad
andforP Q RandS pute %—2"?" and %’Z—;—' and for v/ (1+QQ) put\/(H'E)

cr% and the density of the medium will come out as 1—:‘—6 that 1s (because 718

given) as % or é\—g that 1s as that length of the tangent HT which 1s term
mmated at the somdiameter AF standing perpendicularly on PQ ond the
resistance will be to the gravity zs 3a to 2n that 1s as 3AC to the dameter
PQ of the circle and the veloaity will be as +/CH Thercfore if the body goes
from the place I' with a due veloaity 1 the direction of 2 hine parnilel to PQ
and the density of the medium 1n each of the places H 1s as the length of the
tangent HT and the resistance also i any place H 1s to the foree of gravity 8s
3AC to PQ that body will deseribe the quadrant FHQ of a circle QE!?

But 1f the same body should go from the place P 1n the direction of a hne
perpendicular to PQ and should begin to move tn an arc of the semicircle
PI'Q we must tahe AC or a on the contrary side of the centre A and therefore
1ts sign must be changed and we must put—a for+a Then the density of the

medium would come out as —g But Nature does not admut of a negative

herefore
ty thatis adensity which accelerates the motion of bodies andt
iezsalnzot naturally come to pa s that a body by a cending from P should
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drant PF of a crrele To produce uch an effect a body ought
'dN'nbe (he-?l:?l f v sn 1mpelline medium and not impeded by sre 3 ting one
« AF perpendicular
vill make a pro-

From the nature of the Paravu s o 18 equal to the
rectangle under the ordinate DI snd some given night line that 1 1f that nght
Loebecalled b PC a PQ ¢ CH e and CD o the rectan le

(@+o0)e~a—o)=nc—aa—~"a0+cw—oo=b DI

ce—ea,c—"a o0
1 pr=f8e, e D=

¥ [ [
H c—~2a
| “\ow the second term 50 of thay <enes 1s to be put
for Qo and t!e third term gg for Roo But ce there
are ho more terms the coefficient S of the fourth term
¥ A<D

wil vani h and therefore the quantity R—\/TI%TZ(D
to wlich the denaty of the medum 15 proportional will be nothing There-
fore shere the mediumis of noden.aty the projectile wmall moie 1n a parabola
- A 37

laé QET

er
ut

Let M be the other a.ymptote meetin the oron e LG plod L o\

and from the nature of the hvperbola tle rectan le of XV mto VG wil be
¢ - ~ -

— 1

or D\ be - Then D\ will be equal toe—o \G equaltoia— N Z equal te
a—o
';:I' (e~ ) 20d GD or N\ ~12—1G cqual to

c—!'-'a+'£<;-i
» n n a-o
Let the term o be re<olved into the con

eTRng eries z
Wobh W 13
2t TgotTe de /
and O will become equal to v

m

=Tyt m W
LR

W o W
naa—;lr—;‘u‘ &e.
The sorond term %’o—i—ﬁod thi senesisto

te used for Qo the lhud'ga’ with its sign

hannd f ¢ Ro and the fourth b—'v‘ wth ~ T
e Moa BD N N
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1ts sign changed also for So* and therr coef Y
m bb
ficients Pl and & are to be put Z| X

for Q R and 8 n the former rule Which
being done the density of the medum will
come out as v

24

K

n
bb (1+M_2:lzbb+§_)

nn nae = @t

or 2 / \
~
T
\/(lm-l— mn 2mbb + b‘) ,

n . ag M4 8D A ’;‘
m? . 2mbb B
Fa,_ w Ta
are the squares of %7 and ZY But the ratio of the resistance to gravity 15
found to be that of 3XY to2YG and the veloeity 13 that with which the body
would describe a parabola whose vertex 1s G diameter DG latus reetum

}-Q- Suppose therefore that the densities of the medium 1n each of the places

that1s 1f 1 VZ you take VY equal to VG nS\LY Tor aaand

)]
e e he resistance m any place G1s
1 o from the place A with a due
QEl
tala -1t
1
1
t

TorBN BD N\ p\n“A O C respectively and let VZ be to N2 or DN a3
dtoc and VG beequalto - 22 then DN will boequal to A—~O VG ~asg

DN
V2=%(4~0) and GD or NX—~VZ~VG cqual to
a, d bb
C-A+0~m=or
Let the term { Af-b()) be resohved into an mfimte senes
bb, nbb nntn n+3nn4-2n
X+F‘ O+2A T be’+-GA—ﬂ bbO* de

and GD will be equal to
The second term %O—K"EE,O of thig series 1s to be used for Qo the third
;’Zt?bbo’ for Roo the fourtbﬁ‘%;m-lbbo for So* And thence the density
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s m il be
any place G Wi
of the medlumk\/“ Q) N
".,d bb nnb
o {(& +—~\ i -\+

and thereforesf mn VZ vou tabe \’\ equs\ \o n\G that denits 15 reczprocally

2 by o d £1 But
=1 For—\‘andi—:{'\—- oy -\-i—A are the quares of W7 n u

S XY, PR
{be re-1.tance sn the ame place Goto the force of gravity as 35 -~ to

thate = X1 to‘7 "+ M1+ G And the selocity there 1> the same “herenth

the projected bod ou\d move 1 a parsbola whose vertex: G duameter
3
GD and latus ret:mml ﬁ?Q

s QEIL
(n +n) \G

ScroLroy

In the <ame manzer that the density of
the medium comes out to be a.

RHT™®
Cor 1 1f the re~s tancet put 3. any power
1 of the veloats V the denaty of the
medium will come out to be as

S AC\—

— \ax

¥ And theref re 1f acune canbe found «uch

that the ratio of — to ur
R™

body 1nan umform medium whose rest tance1 asthepover\ of theveloaity
* ~rw Tuat!tu retum to more simple curves

stise 2d nt that the boe which 8 project ¢ o

‘medium appmtheﬁ nesxer to thee hyper

12 the parts remote from the vertex drawy
nearer to them than thewe hvperbolas here
descnibed The dufference however 1snot <o
£reat between the one and the other but
that thee latter may be commodiowly
enough used 1 pract ce wnstead of the for

mer And perhaps these ms3 prote more
useful than an hyperbola that 13 more ae-
curste and at the same time more com

Plex. Thev may be made use of then 1n
manner
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Complete the parallelogrim XYGT and the night hne GT wall touch the
hyperbola in G and therefore the density of the medsium m G 13 mversely as

the tangent GT and the veloeity there as \/%Z-J and the resstance 13 to the
2nn+2n av

a-+2

Therefore 1f 2 body projected from the place A n the direction of the nght
Iine AH deseribes the hy perbola AGh. and AH produced meets the asymptote
NxmH and AT drawn parallel to 1t meets the other asymptote My m1 the
density of the meditm m A will be mversely as \H and the velocity of the

force of gravity as GT to

body as \/%-’ and the resistance there to the force of grawity 2s AH to

w Al Hence the following Rules are deduced

Rure 1 If the density of the me
dwum at A and the veloaty with
which the body 1s prejected remain
the same and the angle NAH be
changed the lengths AH Al HX
will remamn Therefore 1f those
lengths mn any one case are found
the hyperbola may afterwards be
casily determmed from any gnen
angle N.

Ruwr 2 If the angle NAH and
the density of the meduim at A e
mawn the same and the veloaty with
which the body 1s projected be
changed the length A\H will continue Moa
the ame and AI will be changed in <
versely as the square of the velocity

RuLe 3 If the angle NATT the

¢ w  ut Liie above mentioned parab
2

ola remaining the same and also the length ‘—Au—il— proportional to1t and there-
fore AH wall be dimimushed 1 the same ratio and AT wail be dimmmshed as the
square of that ratio But the pronortian ~f *
mented
equal or o ot waen by dimun
sshing the o wa Lo resistance becomes dunmmished 1n o less ratio than
the weight

Rouc 4 Because the density of themet =~
hon ket Lo

1
‘ the figure AGX 13 to be de-
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1to1 and wit
to X so that HX may be to Al as nt d
in’bt:itgr%d.lﬁdfl{l‘?e asymptote M X describe nnh)%rbo\n }(};mu,h the
pc:.ntx,suchthat AT may be toany of the lines VG as to

s

M A “E iR N

Reee 6 By how much the greater the number n 1. so much the more accu

rate are these hyperbolas in the a.cent of the body from A and less accurate
- L hene hola Leeps & mean ratio
if the hyperbola be

projected body falls
upon any NEuL UL A, pds iy, ulU gu \ produced meet the

PRI
asvmptotes MX N\in M and \ and take Vh equal to AM
Rrie~ And hence appears an exped method of ‘L’Y, i this hz:‘

1t be as d to ¢ Then erecting a perpendicular Al of any length assume any

Jength AY or Ah and thence graph
1eally or by scale and compass
collect the lengths AR AR (bv Rule
G) If the ratio of Ak to Ak be the
same with that of d to e the length
of AH was nghtly assumed If not,
take on the indefimte nght line S\
the length S\ equal to the assumed
A and erect a perpendicular M\

equal to the difference %——% of the

ratios multiplied by any gnen nght
Lne By thelilemethod from<everal
assumed lengths ATl you may find
several points \ and draw through
them all a regular curve NN

cutting the nght hne SMMM o 3.
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Lastly assume AH equal to the abseissa S\ and thence find again the leneth
Ak and the lengths which are to the assumed length AT and thislast AH
as the length AX known by expenment to the length Als last found will be
the true lengths AT and AH wluch were to be found But these being given
there will be given also the resisting force of the medium 1o the place & it
being to the force of gravity as AH to %4AI Let the density of the medium be
mereased by Rule 4 and if the resisting foree just found be mereased 1 the
same ratio 1t wall become still more accurate

Rute 8 The lengths AH HX being found let there be now required the
position of the hne AH according to which a projectile thrown with that gien
veloaity shall fall upon any pomnt I At the points A and I ercct the hines \C
KF perpendicular to the honzon whercof let AC be drawn downwards and

be equal to AT or J4HX With the asymptotes Al K" describe an hyperbola
hnnnan o fa h 1ln honowh haman 0 w1f am thacentre A with

pomt H then

1 fall upon the
pomnt K Qe Yor the pomnt H beeause of the grven length AH must be some-
where 1n the circumference of the deseribed crele Draw CH mecting Als and
KRFmEandT and because CH MY are parallel and AC Al equal ACwill
be equal to AM and therefore also equal to KN But CE1s to AL as FH to
KN and therefore CL and TH are cqual Therefore the point H falls upon the
hyperbolic curve described with the asymptotes AL LT whose conjugate
passes through the point C and 1s therefore found mn the common inter<cction
of this hy perbolic curve and the errcumference of the described circle QED
It1sto be ob crved that this operationis the same whether the nght line AKN
be parallel to the horizon or nclined thereto 1n any angle and that from tvo
ntersections H £ there anse two angles NAH N {4 and thatin mechameal
practice 1t 1s sufficient onee to deseribe a circle then to apply a ruler CH of an
indeterminate length so to the point C thatits part TH intercepted between
the arrcle and the right Line 'K may be equal to 1ts part CE placed between
the point C and the nght hne AK

TWhat has been said of hyperbolas may be easily

applied to parabolas For if a parabola be represented
by YAGK touched by a nghtline \Vinthevertex\ T
and the ordmates IA VG be as any powers Al \V
of the absaissas NI XV draw X1 GT AIl whereof
let \.T be parallel to VG and let GT AH touch the
parabola in G and A and a body projected from any
place A 1n the dircction of the nght inec AH with a
due veloaity will desenbe thus parabola 1if the den
sity of the medium 1 each of the places G benversely
as the tangent GT In that case the veloeity 1 G will
be the same as would cause 2 body moving 1n a nonresisting space to describe
a come parabola having G for 1ts vertex VG produced downwards for its

diameter nnd(Tn_z—TTvx for 1ts latus rectum And the reswsting force m G

will be to the force of gravity as G1 to -2—"':'_;—22" 1G Therefore if NAR repre-
sent an honizontal line and both the density of the medizm at 4 and the
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H e e be reovesen od b the bvperbo. o ares

ABED ooy mereranz [ aav that the velante

avbe expressed br the lermth DF whose reciprocal

£ GD reede- wath the gren hee OG compose the

i Yomh CD Lereai . m a peammettical promession

Y ) Yoo ¥ the =mall area DEed be the lewt mven
[l mreme. o the e and DI mill be mve~sch as

DE ant Zerel 'edl:«ﬂa; CD Therefore the decre-

1 cn

: cf(j) whrh (be lem @ Boo.n)t.(—;D—_ “ﬂlbesl-os:‘—m—‘or
—-(TUEQ tha Lo GLD’('}C% Therefore the time ABED umformls 1n-

cres ., by the L& cn of the mren 1n erval, ED% st follows that 1 de-

ub
¢ —» heceloaty Fo the decrement of the velouty

the drereme t of e —
"”'RTIN'O{QDB'"theqcnghbe:m‘mb(;ﬂuuﬁu “
fr 1 op Y wd lhel;tmLssm therefare -1 ; & the veloaits

b
the decrements og botb betn~ s.aforous. And 1f the quantity GD mversely
Prov o) to o be sumented by the mven quantits CG the sum CD

lh;\lun ADED uraf rmly wereaang wall inerease in a grometrical progre—
Cor 1 Thrref e § having the pomts \ and G piven the tume be :;‘ri

rented by the b Jerbol ¢ area ABED the veloaits may be represented by R
the reaiprocal of GD o
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Cor 1 And by taking G\ to GD as the reciprocal of the veloaity at the
beginning to the rectprocal of the veloeity at the end of any time ABED the
pomnt G will be found And that point being found the velocity may be found
from any other time given

ProrostTION 12 THEOREM O

The same things being supposed I say that of the spaces described are taken v
arithmetical progression the velocities augmented by a cerlatn gieen quantuty will
be 1n geometrical progression

In the asymptote CD let there be given the pont B and erecting the
perpendicular RS mecting the hyperbolamn § y
let the space described be represented by the
hyperbolic area RSED and the velooty will
be as the length GD which together with the
given hne CG composes a Jength CD deeresing

v w  wewemerement kDdeof thespace © G A bd R
1sgiven the short line Dd which 1s the decrement of GD will be reciprocally
as D and therefore dircctly as CD that is s the sum of the same GD and
the given length CG But the decrenent of the veloctty n a time mversely
proportional thereto m which the given interval of space Ddell1s desenbed
15 29 the resistance and the time conjomtly that1  directly as the sum of two
quantities whercof oneisastheveloaty the other as the square of the velocity
and inver<ely asthe veloeity andtherefore §ro #1 v~

1
( u ¥ utepresented by the length CD tha n od had
will he v

C
byt
spac

Ve - vy

Coxn. 1t Whenee since (by Prop 11) the velocity 1s given from the guen
time and (by this Proposition) the space is mven from the given velocty the
space will be given from the given time and conversely

ProrostTiov 13 Turor: v 10

Supposing that o body attracted downwards by an umform granty ascends or
descends m a right ine and that the same 1s resisted partly wn the rato of us
celoctty and partly es the squarc of the ratw thereof I say that of right lines
parallel to the drameters of a eurcle and an hyperbola be drawn through the ends of
the conyugale drometers and the 1elocatics be as some segments of those parallels
drawn from a guen pownt the tames wnll be as the seclors of the arcas cut off by
right lines drown from the centre to the ends of the segmenis and contersely b
Case 1 Suppose st that the body 1s ascending and from the :i:crl\tre A
with any seoudiameter DB desenbe a quadrant BETT of s arrcle and througl
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d B of the serudiameteT DB draw the ndefimte
=t 7 ’ix‘feelx}l“’ paraliel to the seomdiameter DF In that hine

Jet there be gyen the powt 4 and take the segment

AP p:opcrhomﬁ to the veloaty And 1nce one part of

the resistance 15 83 the velocity and another part as the

quare of the veloaity let the whole reqst.nce be o8

AP+9BA AP Jon DA DP cutting the crclem B and

D T and let the gravity be xeprecemed by DA SO that

the gravity hall be to the reslstance 10 Pas DA to

APHOBA AP and the time of the who'e a.cent wllbea the ector EDT of

the aircle

For draw DIVQ cutting off the moment PQ of the veloaty AP and the
AT nenenn, to a ghen moment of tiree and

e of gravity

u Elements

)P" and the

ey en quantity

DT* Therefore thesrea Lo & to the rate of the
future ime by wbtraction of given ntervals DTV and 1> therefore propor
tronal to the ime of the whol ascent QED
C er2 Ifthe clonity i the ascent of the body be repre-ented by the length

AP as before and the re 1stance be made a3

7
ny AP andf the force of granity be p A £ P
nn
h v
whose conjugate semud amewt Lo~ d
DF ani which e DA E and DP DQu © Fo
%  wm fthewholeascent? allbeasthehy perbohc:ec(orTDE
- v 1lof ime
B -BD
= 1o DP?
—DF to

n_BD Therefore

DTV millbea. the

mformly 1m each of

nitt ref re  proport onat toth Tw  eamtennals ?’:‘n
(o ‘sr_? et AP be the veloaty 1o the de~cent of the body and AP™+2B 1N

e §rew t nce and BD —\B ihc force of gravity theao le DBA

vertex B there

duced Dt 1 abu F
duced 2 ot be as the \ hole

r & enmmtPQoftt

o et (hZant)c :‘vio: ty and the area DPQ proporticnal to 1t

e the re<t tance that
D~ AB —7BA \P—\1 atis s



186 MATHEMATICAL PRINCIPLES
or BD*~BF? And the area DTV 1s to the arca DPQ Y

as DT? to DP_and therefore as GT? or GD*~BD*to Nk G
BP and as GD? to BD? and by subtraction as BD? to E
BD —BP Thercfore since the area DPQ 1s as BD?~— ONFA—P

BP? the area DTV will be as the given quantity BD?

Therefore the area EDT imcreases umformly in theseveral

equal mtervals of time by the addition of as many given

mtervals DTV and therefore 1s proportional to the time

of the descent QED D
Cor If with the centre D and the sermdiameter DA

there be drawn through the vertex A an are Az similar to the are ET and

simlarly subtending the angle ADT the veloaity AP will be to the veloaty

which the body 1n the time EDT 1n a nonresisting space can lose i 1ts 2

cent or acquire mn 1ts descent as the area of the triangle DAP to the area of

the sector DA? and therefore 1s given from the time given For the veloaty

10 a nonresisting medum 1s proportional to the time and therefore to this

sector 1n a resisting medm 1t 15 as the tnangle and m both medms

where 1t 15 least 1t approaches to the ratio of equality as the sector and

tnangle do

ScroLrioy

One may demonstrate also that case in the ascent of the body where the
force of gravity 1sless than can be expressed by D A% or AB?+BD? and greater
than can be expressed by AB —DB  and must be expressed by AB? But I
hasten to other things

Prorosition 14 Turorex 11

The same things being supposed I say that the space described wn the ascent or
descent 18 as the difference of the arca by which the tume 13 expressed and of sorte

other arca which 1s ted or d: hed 1n an arihmetical progression ¥
the forces compounded of the resistance and the gravily be talen i a geomelrical
progresston

Take AC (in these three figures) proportional to the gravity and AL to the
resistance  but take them on the same side of the point A 1f the body 1s de-
scending otherwise on the contrary Freet Ab which make to DB as DB?to
4BA CA and to the rectangular asymptotes CK CH describe the hy perbota
®N and erecting LN perpendrcular to CK the area AYNK will be augmented
or dimiru hed 1n an anthmetical progression while the forces CI are takenn
a geometrical progression Is1y therefore that the distance of the body from
1ts greatest altitude 1s as the excess of the area AbNK above the area DI'T

Tor since AR 13 a8 the resistance that 15 as AP? 2B\ AP assume any
AP+2B4 AP then (by Lem 2 of

gven quantity Z and put Ak equal to
2PQ AP+2BA PQ
4

this book) the moment KL of Ak will be equal to

or 22 BP 1nd the moment KLON of the area ABNK will be equal to
Z

PQ BP LO , PQ BP BD*
g—g—z—‘"’ 74 CK AB
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be 23 AB +BD BET
the body ascends and the granty
bt’S::;s‘; ‘cxr}c‘lzwtllfm l!:ne 'AC which 15 proportional to the granity will be

AB4BD- o pP* or AP'H2BA AP-HABMHBD will be AK Z+AC Z or
L

x
Ch Z aud therefore the ares DTV will be to the area DPQ as DT or DB
toCh 2

Cast” If the body acends and the gravity be as \B —BD  the line AC
witbe 2B2BD. g DT il be to DP* as DF? or DB to BP'~BD or
AP*+9BA AP+AD'-BD thatis, to Al Z+AC Zor Ch Z And therefore
the area DTV wall be ta the area DPQ as DB to Ch Z

Case3 And by the same reaon ng 1f the body descend and therefore the
gravity 13 a3 BD —AB  and the line AC becomes equal to BD —AB
area DTV mll be to 1) ¢ area DPQ as DB to Ch Z ns above

Since therefore these areasare alnaysinthn ratio 1f for the area DTV by
wh ch the moment of the time always equal to itself 1s expressed there be
put any determinate rectanghe as BD m the area DPQ that1s 3BD PQ
w1 be to BD m as Ch Zto BD  And thence PQ BD® becomes equal to

BO m C‘l\ 1an the moment KLON of the area AP\ found before
bee HEBD m T ™ Tt mth e ares DET subtract its moment DT\ orBD m

Al
anltiere All reman L I\l‘? Thercfore the difference of the moments

the

that1s the moment of the dufference of the arca. 1s equal to APA}& and
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DBm) as the veloaty AP that
s the moment of the space which the body deseribes 1n 1ts ascent or descent
And therefore the difference of the areas and that space tncreasing or de-
ereastng by proportional moments and beginning together or vamshing to-
gether are proportional QED

therefore (because of the given quantity B

Cor If the length which arises by applying the area DET to the hine BD
be called M and another length V be taken 1n that ratio to the length M
which the hne DA has to the ine DI the space which a body 1n a re sting
medium describes m 1ts whole ascent or descent will be to the space which a
body 1n a nonresisting medium falling from rest can describe 1n the <ame

2
time as the difference of the aforesaid areas to BAB and thercfore 1s given

from the time given Tor the space 1n a nonre 1 ting medmum 1s as the square
Thisarea

of the time or as V? and because BD and AB are given as
DA?! BD M2
15 equal to the area W and the moment of Mism and therefore the

moment of this area 1s D VDgDAiM ™ But thit moment 1s to the moment of
Dm
the difference of the aforesmid areas DET and ABNK vz to éz{éu—— as

DA? BD M DA? hen
‘DT to VBD AP orasje-tnto DET to DAP and thercfore whel

the areas DET and DAP arc least m the ratio of equality Therefore the aret

B\l; v and the difference of the arcas DET and AbNL when all the o arcas
Fi
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Thercfore wince the
lea.t have equal moment  and are therefore equal
:::!ontm. and therefore also the <pave~ 1n both mediurn desenbed together
1n the bemumng of the descent or the end of the };)en{}ppmth to equahty
.4 therefore are then one to another a. the ares B and the duf rence of
the sress DET and AB\h _and moreover ance the pace in a Dorewting
i

A
medium 13 contmupally 4. BD

and the pace 1n & rew.ting medim
continuslly as the difference of the areas DET and ABNK 1t necessarily fol-
lows, that the spaces, 1 both mfdmm\, d>cnbed 1n any equal fimes, are one
1o another as that areq %‘— and the dufference of the areas DET anl

AWNB. QED

ScrourTy
The resw.tance of sphencal bodiex 1 flmd anse< partly from the tenaaty
= % A waf h omal m Anlthat

the flmd 15 untform or as the moment of the time and theradote wen Lo b
Do proceed to the motion of bodie, which are rext ted partly by an umtorm
foree or 1n the ratio of the moments of the time and parth as the quare of
the veloaits But 1t 1s -ufficient to have cleared the way tothis peculation in
Props. 8 and 9 foregoing and therr Corollane~ Yor in those Propesatiens, i
stead of the umform reatance made to an axcending body san.ng from ats
— - - eh ha nfrmorm t noe Tach anses from the te-
1y

3

ratio of the veloats and in part a the square of the <ame veloaits And I

things.
SECTION 1V
Tre CIRCTLAR MOTION OF RODIES IN RESISTING MEDITMS
Lewaty o
Lt PQR 8¢ @ sprral cu.ts

ng all the rad sSP SQ SR (e 1n 24
I_.r.t;'x;‘.xl ne PT truchsng the sprraline ypoy (P gndeu .me:ﬁﬁ %m;
ws PO QO perpendicular o the spiral and eeling in O and jon RO
:n:/’, Ll.r. x[ll.(‘\z ;:;dni: Pz-ud Qapproach and eo ade the angle PO 103l beco ¢
a.gle and e wWlima.c ray of the recta gl .
w_r ];‘-m_-y f @ gle TQ P> to PQ will be the
or from the nght arples OTQ OQR <ul tract the
equal angles S
254 there will remaun the equal anglw OP 0oQ~ 'nmr:;g a msl(ez :Sngx
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BEBM) as the veloaity AP thaty

as the moment of the space which the body deseribes 1n 1ts nscent or descent
And thercfore the difference of the arcas and that space 1ncreasing or de
creasing by proportional moments and begmning together or yamshing to-
gether are proportional QED

therefore (because of the given quantity

Cor If the length which anses by applying the area DLT to the line BD
be called M and another length V be taken m that ratio to the length M
which the line D\ has to the ine DI the space which a body tn a resisting
medium describes in its whole ascent or descent will be to the space whicha
body 1 a nonresisting medium falling from rest ean deseribe the same

2
time as the difference of the aforesaid areas to BQBV and therefore 1s given

from the time giver Tor the space 1n a nonreststing medium g us’the squarce
of the time or as V2 and because BD and AB are given as B This aret

DA? BD M: .
1s equal to the area —p AI; and the of Mism and therefore the

DA BD 2M m
moment of this area1s DE? AB

But thi’% moment 1s to the moment of
AP BD m

AB

the difference of the aforesaid arcas DIT and AWML iz to
PA—DBM to I4BD AP or nsg—l‘:: into DET to DAP and thercfore when
the areas DDT and DAP arc least n the ratio of equahty Therefore the arca

BD v and the difference of the arcas DET and ABNE when all these areas
AB
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Therefore since the
sre least have equal moments and are therefore equal

veloctties and therefore also the spaces ‘both mediums deseribed together
1n the begimmune of the deseent or the end of the ascent approach to equality

"!
and thercfore are then one to another as the area B and the difference of
the areas DET and ABNK and moreorer ince the space 1 a nonres hing
mediurn 1S continually as

and the space 10 8 resisting medum 15
continually as the difference of the areas DET and AbNE. 1t necewsanly fol
lows that the epaces 1 both medums de~cnbed 1n any equal tumes are one

to another as that area BIiBY‘ and the difference of the arcas DE1 and
ABNR

QED
Senorron
The resistance of phencal bodies 1n fluid  ances partly from the tenacity
- = £ mth dnityof themedium And that
of the flid 1s asT<ad ns
anses from the fenacity of

e and therefore we mught
now proceed to the motion of bodies which are res: ted partly by an umform

force or 1n the ratio of the moments of the ime and partly as the squarc of

the veloaity Butitis sufficient to have cleared the way to ttis speculation 1n

Props 8 and 9 fore oing and their Corollanes 1 or 1n those Propositions 1n

stead of the umform rexistance made to an a cending body ansing from its
u

=~ wes e wh hances from the te-

SECTION 1V
THE CIRCULAR MOTION OF BODIES I\ RESISTING MEDITMS

Lexona 3

Let PQR be a spiral cutting all the radu 8P 8Q SR <&,

¢ tn equal angles D;
?e (r;ghl tine PT touching the #ps altn any point P and cutting the mgx:ls S(Sal‘ﬁ
sz QO perpendicular to the spiral and meeling tn O and join SO
Zai o a:{g Il:\e p'z;n:}; P gnd Qapproach and cornerde the angle PSO will beeome
a

s - ull mate ratio f the rectangle TQ 2P (o PQ will be the

For from the nght angles OPQ OQR subtra
et the equal angl
and there will remarn the equal angles OPS QQS Tl:ier:f::ag:s msrfl? “S 1‘351
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passes through the ponts OSP will pass also through the pomnt Q Tet the
pomts P and Q comaide and this circle will touch the spiral in the place of
comneidence PQ and will therefore cut the mght hne OP perpendicularly
Therefore OP will become a diameter of this cirele and the angle OSP bemng
n a <cmucircle becomes a right one QED
Draw QD SE perpendicular to OP and
the ultimate ratios of the hnes will be ag
follows
TQ PD=TSor PS PL=2P0 2P§
and PD PQ=PQ 2PO
multiplying together corresponding terms P
of equal ratios
TQ PQ=PQ 2PS
Whence PQ becomes equal to TQ 2PS
QED

Prorosttion 15 Turorry 12

If the density of @ medium 1n cach place thercof be inversely as the distance of the
places from an vmmorable centre and the centripelal force be as the square of the
density I say that a body may retolie tn a sprral which cuts all the radn drawn
Jfrom that centre wn a guen angle
Suppose everything to be as 1n the foregoing Lemma and produce SQ to V
so that 8V may be equal to SP In any time let a body 1n a resisting medium
desenibe the least arc PQ and in double the time the least arc PR and the
decerements of those arcs ansing from the resistance or thewr differences from
the ares which would be desenbed 1n 2 non
resisting medium 1n the sume times will be
to cach other as the squares of the times
which they are generated therefore the
decrement of the arc PQ 1s the fourth part
of the decrement of the are PR Whenceal 0
if the arca QSr be taken equal to the arer
PSQ the decrement of the arc PQ will be
equal to half theshort line Rr and therefore
the force of resistance and the centnpetal
force are to each other as the short linc
14Rr and TQ which they gencrate in the same time Becau e the centripetal
force with which the body 1s urged i P 1s mmver<ely as SP and (by Lem 10
Book 1) the short ine 1Q which 1s generated by that force 151n 4 ratio com
pounded of the ratio of this force and the squared ratio of the time in w hf!d)tulw
arc PQ1s desenibed (forin this case [ ncglcctLthc:‘clilsqt:'z’ncc as bclnl;);}u;lllr:]zs{
the time1s
s de cnbed

that 1s nversely as the square root of SP

1Q 1
T o rg Vel or\—/b_ll h which th QR 13 de enbed 18
like reasoming the velocity with whie e arc 18 de enl
An(:’sl:j' aasl tchc square oot of SQ Now those arcs PQ and QR arc as the
1(;10\ cnbxfw velocities to cach other that s as the square root of the ratio of
4
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& < d because of the equal angles sPQ SQr

RotSP ouan&? 1/(’5‘1’ ?-) l‘\:P()1stothearv:QmsSQtoSP Tale the
- o the arc

fing the

ince the

1sas the

11l be as

ﬁm—g—PButPQwas(oRrsstmn e £y ot comes a8
'PQ'M\EPQqI or &3 6};/03,—, For the pownts P and Q comeiding SP and 8Q
comaide a0 and the an le PVQ becomes 2 nght one and because of the
amilar tnan les PV Q PSO PQ becomes to 141QasOP to 1408 Thercfore

m?i’lxb as the re<1 tance that1 1 the ratio of the density of the medium
10 P and the cquared ratic of the veloaty conyointly Subtract the quared
ratio of the veloaty pamelv theratio Sl-—P and there will remain the denaty of

themedum P &3 Gg’SQ_P Let the <piral be pven and because of the pven
ratioof 0510 OP the density of the medm m P mllbe as Elf, Thereforen a
medium whose density 13 imversely as SP the ditance from the centre a body
il revolve i this <prral

QED
Cor. L. The veloaty 1 any place P 1s always the came wheremith 8 bods 10
a nonresting medum sath the ame centnipe!

tal force would revolie 1 a
arcle at the same ditance SP from the centre
Cox. 1L The denaty of the medium 1f the diztance SPbemven 15 S% but
|f that di_tance 1s not given 8%
any denaty of the medmm
Cor. m The force of the resitance i am place Pistothe centnpetal force
w the -ame place a3 140S to OP For those forces are toeach other as J4Rr and
AY 1
TQ orss SQPQ and "’f‘Q' that: as16%\Qand PQ or 3505 and OP The

<p ral therefore being gven there 15 given
the proportion of the re<iztance to the cen
tnpetal force and converselv from that
proportion [ en the piral s given
Cor 1 Therefore the body esnnot re-
volve 1n this piral except where the force
) of ret tancesless than half the centnpetal
force Let the reistance be m..de equal to
N hﬂl{ the centnpetal force 2nd the mral
wl c_m_nknde with the n.ht bne P> and 1n
&

03
oF 5B And thence a piral may be fitted to

L)
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passes through the points OSP will pass also through the pomnt Q Let the
pomts P and Q comade and this errcle will touch the <piral n the place of
camneidence PQ and will therefore cut the nght Ime OP perpendicularly
Therefore OP will become a diameter of this cirele and the angle OSP bemg
1 a semicirele becomes a night one QLD
Draw QD SI perpendicular to OP and
the ultunate ratios of the lines will be as
follows
TQ PD=TSorPS PLC=2P0 2PS
and PD PQ=PQ 2PO
multiplying together corresponding terms P
of equal ratios
TQ PQ=PQ 2PS
Whence PQ? becomes equal to TQ 2PS
QED

ProrositioN 15 THEOREM 12

If the density of a meduum wn each place thereof be nversely as the dustance of the
places from an ymmotrable centre and the centripetal force be as the sguare of the
density I say that a body may rerolie in a sprral which cuts all the radu drawn
Jrom that centre 1n @ gien angle

Suppose every thing to be a5 1n the foregoing Lemma and produce SQ to'V
so that SV may be equal to SP In any time let a body 1n a resisting medium
describe the least are PQ and 1n double the time the least arc PR and the
decrements of those arcs ansing from the resistance or their differences from
the ares which would be desenibed n a non
resisting medium 1n the ame times will be
to each other as the squares of the times 10
which they arc generated thercfore the
deerement, of the arc PQ 1s the fourth part
of the decrement of the are PR Whenceal o
if the arca QSr be taken equal to the arcd
PSQ the decrement of the arc PQ will be
equal to half theshort ine Rr and therefore
the force of resistance and the centnpetal
force are to each other as the hort lhine
15Rr and TQ which they generate in the same time Becau e the centripetal
force with which the body 1s urged 1n Pas inversely as SP? and (by Lem 10
Book 1) the short hine TQ which 1s generated by that force 151n a ratio com

Lemma) YPQ? 8P will be as the square of the time and therefore the time1s
as PQ +/SP and the veloaty of the body with which the are PQ1s de_enbed

that 1s mver<ely as the quare root of SP

1
1n that time as TQ ol or V)
And by a Like reasomng the velocity with which the arc QR 1s deseribed 1s
mversely as the quare root of SQ Now tho e ares PQ and QR are as the
de cnibmg velocitics to each other that 1s as the square root of the rtio of
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loa g

n
« maced meds
volutions
fes Ithis
continued

the eeveral
her andto
-sertbed we

m spirals of
that kand

Prorostrion 16 Trronky 13

paer of the same distance 1 eay wat the buay ’
oll the radu drawen from that centre tn a gicen a gle
The 15 demon. trated in the .ame manner as the fore,ong Proposition For
«f the centrpetal force tn P be muersely asanv pover SP of the ditance SP
whose 1ndex 13 n4-1 1t will be concluded
asshove that the time 1n which tf ¢ body
decenbes any are PQ wllbe2s PQ P8 7
and the rest.tance in P as @S ’51 oras
U=157) YQ - Seheref 1—34n) 03
an <

PP SQ . | B
th:\tb(b«mus’%)-gt a gien

quantity) miersely a_ SP**  Ard tlere-
f;’ﬁ tmcqe the veloaity s inversely wy SP 7 the denaty in P wmill be reespro-
s SP

Cae. 1. Tte remstance 15 to the ceatnpe.al foree o3 (1—Y%n) O3S to OP
Cor.m If th centnpetal forre beinversel 258 1-1 nwmllbe =0 2nd
;beé\:’r( e the resi-tanee wnd d natv of the mediam will be asthing, 221n Prop
1
Co. m If the cen nipetal force be mmverelva  nvp-ve of the radius SP

whise Ldexisgreaterthanth pumbe 3 the pomuv reqt w..ce w1l be et red
Loaregiie

Scnouroy
Th. Promestion 2.4 the formen wh hrels o to medioma of w1 deg
i: &T‘Itobtu:x&'eoodd prvLzozivtothe mo 1m of bolesth t are o
‘..:.l.h 12 tle g e denatv Ftr el mon oo 2 S the bodr Lhove
On\!zb“ri_n'xtobm"zted.lt’x"pov.._ﬂ!b-r&u‘_..re“wb'
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In 2 nonresisting medium ns the square root of the ratio of unity to the num
ber2 And the tunes of the descent w1ll be here inversely as the velocities and
therefore given

Cor v And because at equal distances from the centre the veloaity 1s the
same 1n the spiral PQR as 1t 15 1n the night hne SP and the length of the spiral
1s to the length of the right ine PS1n a given ratio namely m the ratio of OP
to OS the time of the descent in the spiral will be to the time of the descent i
the i ht hine SP 1n the same given ratio and therefore given

Cor v If from the centre S with any two given radn two eircles are de-
scribed and these circles remaiming the angle which the spiral makes with the
radrus PS be changed 1n any manner the number of revolutionswhich the body
can complete n the space between the circumferences of those circles going
round 1n the spiral from one urcumference to another will be as 5“5 or as the
tangent of the angle which the spiral mal es with the radius PS and the time of
the same rev olutions will be as % that s as the secant of the same angle or
mversely as the density of the medtum

Cor vir If a body 1n a medium whose density 1s mversely as the distances
of pl ces from the centie revolvesin any curve ALB about that centre and
cuts the first radius AS 1n the same angle 1n B as 1t did before n A and that
with a velocity that shall be to 1ts first velocity 10 A mversely as the square
root of the distances from the cen
tre (that 1s as AS to a mean pro-
portional between AS and BS)
that body will continue to de
seribe innumerable stmilar revolu
tions BFC CGD {¢ and by its
mtersections will divide the radius
AS mto parts AS BS CS DS
&c that are continually propor
tional But the times of the revo-
lutions will be dircetly as the per
mmeters of the orbits ATB BFC
CGD &c and mversely as the
velocities at the beginnings A B
Cof tho eorbits thatis as ASY
BS¥ CS¥ And the whole time
1n which the body will arnive at the centre will be to the time of the first rev
olution as the sum of all the continued proportionals AS*2 B§¥2 C5'2 gong
on ad wnfinstum 13 to the first term AS3? that1s asthe first term AS1s to the
difference of the two first ASY —BS*” oras 25AS1s toAB very nearly Whence
the whole time may be eastly found

Cor vi From hence also may be deduced near enough the motions of
bodies 1 mediums whose density 1s cither umform or observes any other as-
sgned law Trom the centre S withradu SA SB SC &¢ continually propor
tional de cnbe as many cireles and suppose the time of the revolutions be-
tween the perimeters of any two of those arcles 1n the medium whereof we
treated to be to the time of the res olutions betwcen the same in the medium
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bat the same part eannot be moved contrary wavs st the ame time Therefore
ro part of the flurd will be moved from 1ts place QED
Cax2 I<avnow that all the phencal parts of ths fnd are equally preed
cnevery saide Fo. let EF be a <pherical part of the fiwd if this be not pressed
equally on every side augment the lesser pressure till 1t be pressed equallv on
every side and 1ts parts (bv Case 1} will remaun i their places. But before the
1ncrease of the pressure they would remsin m their places (by Case 1) and by
the addition of a new pressure they will be moved by the defimtion of a flnd
from those places o the<e two concluzions contradict each other Therefore
1t was fab-e to sav that the sphere EF was not pressed equally on every 1de
QED
Cast 3 I<ay besdes, that different sphencal parts have equal prescures. For
th conticuous <phencsl parts press each other mutually and equally i the

ot vy ad

n
force

[
Case 4 Isav nov that all the part. of the fluid are everywhere pressed
equslly For amy two parts mav be touthed b sphenes) parts in anv pomts
whatever and there thev will equally press thoee pheniesl parts (by Case 3)
and are n reaction equall pressed by them (bv Law m) QETD
CuEa “mce therefore anv part GHI of the fwid 1- inclosed by the re<t of
th Pusd wsun & vessel and 15 equalle pressed on every side and alo it parts
equally pressone an ther and areat rest among themselves 1t1s mamfe-t that
all the parts of anv flud 2s GHI which 15 pressed equally oo everv ide do
press each other mutually and equally and are at rest among themselves.

€ £6 Therefore \f that fud bencluded m s vessel of 2 vielding wb:a;:
© thaty not npd, and be not equally pressed on everv ide the same will mve

the fld 23 c00n a5 t endeavors to recede from thy ressed
15 withstood by the resi_tance of the vessel on th: Pt st p

opposite <ide the pressure
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things bemng equal to be proportional to its density Hence 1n mediums whose
force of resistance 13 not as the density the density must be so much aue
mented or dimimshed that exther the excess of the resistance may be taken
away or the defect supplied

Prorosition 17 ProsLes 4

To find the centripelal force and the resisting
Sorce of the medwum by uhich a body the law
of the velocity bewng given shall rerolie in a
guen spiral

Let that spiral be PQR Trom the veloc
1ty with which the body goes over the very
small arc PQ the time will be given and
from the altitude TQ which 18 as the cen
tripetal force and the square of the time D s
that force will be given Then from the dif r/
ference RSr of the areas PSQ and QSR de /
scribed 1n equal intervals of time the retar r
dation of the body will be given and from
the retardation will be found the resisting
force and density of the medium

-]

)

Prorosirion 18 ProBLEM 5

The law of centripetal force being guen fo find the densily of the medvum in cach of
the places thereof by which a body may describe a guen sprral

Trom the centripetal force the velocity in each place must be found then
from the retardation of the velocity the density of the medium 1s found asin
the foregoing Proposition

But I have explaned the method of managing these Problems 1n the tenth
Proposition and second Lemma of this book and will no longer detain the
reader 1n these complicated mvestigations Ishall now add some thingsrelating
to the forces of progressive bodies and to the density and resistance of those
mediums 10 which the motions hitherto discussed and those akin to them are

performed
SECTION V

THE DENSITY AND COMPRESSION OF FLUIDS HYDROSTATICS
THE DEFINITION OF A TLUID
A FLUID IS ANY BODY WHOSLE PARTS YIELD TO ANY FORCF IMPRESSED ONIT AND
BY YIELDING ARE EASILY MOVED AMONG THEMSELVES

ProrositioN 19 THEOREM 1}
AlL the parts of an homogencous and unmoved flnd included wn any unmoted
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perpendmﬂa: or oblique oF whether the flnd continued upw ards from the

compressed surface mses perpendl(:uhﬂ) i a rectilinear direction ot creeps

obliquely through crooked cavities and canals whether those pa-<ages be reg

ul.r ot irregular wide or narro® That the pressure 18 pot altered by 20y of

{l ewe circumstances May be m(erre:‘l by applyin” the demonstration of this
A

A M Prop
by the
ym con
densation
Con 1v And therefore 1f another body of thesame peaific gratity 1 capable
of condensation be smmer<ed 10 this fimd 1t will acquire no motion by the
pressure of the \ncumbent neight 1t will neither de cend por a.cend NOT
chan ets firure T2t be phereal 1t il remain 50 notwith. tanding the pres-
2 Wremam square and that whetteritbe soft or flmd
- vnal part
fall ub-
avity 18
at on the
{ or from
ad orput
s uses of 1s
—~beat rest and retain

fomre ani thal Letals

than s fld contiguous
1ascend and attan 0
ect of gravity 18 able to

bala ce '

“Cow ,q‘ ‘Therefore bodies placed m fiwds have a twofold gravity the one
tnolute the other apparent common and comparative Absolute
- E

- 1

ther 1s

t of the

wored of

" ﬁp:x;\:d:‘hn:y\:z ::lne:éz\es they do not preponderate but umu‘.:sngut:::

m e nd remain i their proper places as 1f they were

mmo o -

monly

the a1

abo e the veght of the aur Hence al 0 commonly those things are called
)t lcharelesheavy snd b yeldine to the preponderating air mount
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will on every side be reduced to equalty 1n a moment of ttme without am
local motion and from thence the parts of the flurd (by Case 5) will press cach
other mutually and equally and be at rest among themselves QED

Cor Hence nerther will o motion of the parts of the fluid among themscles
be changed by a pressure communicated to the external surface ecept ofar
as either the figure of the surface may be somewhere altered or that all the
parts of the fluid by pressing one another more intensely or remissly may shde
with more or less difficulty among themselves

Prorosirion 20 Tueorex 15

If all the parts of a spherical fluad h at cqual dist Srom the centre
lying on a spherical concentric bottom gravulate towards the centre of the whole the
bottom unll sustarn the weight of a cylinder whose base s equal lo the surface of the
bottom and whose allstude 1s the same wnth that of the incumbent flnd

Let DHM be the surface of the bottom and AEI the upper surface of the
flmd Let the flnd be divided 1nto concentric orbs of equal thickness by the
mnumerable spherical surfaces BF. CGL and concerve the force of gravity
toact only 1n the upper surface of every arb and the actions to be equal on the
equal parts of the surfaces Therefore the upper surface AT 1s pre sed by the
single foree of 1ts own gravity by which all the parts of the upper orb and the
second surface BFE will (by Prop 19) according to its measure be equally
pressed The second surface BFK 1s pressed N
likewnse by the force of 1ts own gravity which BN
added to the former force makes the pressure VN
double The third surface CGL1s according to -~ >
1ts measure acted on by this pressure and the / \
force of 1ts own gravity bestdes which makes its 1
pressure triple And 1n lthe manner the fourth K‘ s ) !

1

suiface 1ecerves a quadruple pressure the fifth
surface 4 quintuple and so on Therefore the
pressure acting on every surface 1s not as the
solid quantity of the incumbent flnd but as the
number of the orbs reaching to the upper sur
face of the flnd and 1s equal to the gravity of the lowest orb multiphed by
the number of otbs that 1s to the gravity of a solid whose ultimate ratio to
the ey linder above mentioned (when the number of the orbs 19 mcrea ed and
therr thichness dimimshed ad wnfinstum so that the action of gravity from the
Jowest surface to the uppermost may become continued) 1s the ratio of equal
1ty Therefore the lowest surface sustams the werght of the ¢ylinder above
determined @ ED And by a like reasoning the Proposition will be evident
where the gravity of the flud decreases i any assigned ratio of the distance
rom the centre and also where the fluid 1s more rare above and denser below
QLD
Cor 1 Therefore the bottom 1s not pressed by the whole werght of the in
cumbent flwid but only sustains that part of 1t which 13 de enbed 1n the I rop-
osition the rest of the weight being sustained archwise by the pheneal figure
of the flnd
Cor 11 The quantity
from the centre whether

of the pressure 15 the same alway s at equal distances
the surface pressed be parallel to the honzon or
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asthe um of alt AH+BI+Ch+DL mn
Bt B 2 el ll BI-A Ch-+DL &c And BI
- Tt P den

+DL,

&c to the sum of all LLu i« these
cums are proportional to thewr differences AH Bf Ch
&c and therefore contmually proportional (by Lem
1 of this book) 8nd therefore the differences AH BI
- = Vinthe sums are alwo continually

et

s

be contmually propol e

and at the distances S3 SC SE continually propor
tional the denaties AH Ch, EM will be continuzlly
proportional And by the arce reasomng at amy dis-
tances 51 SD G contmualls proporhional the den
aties Al DL, GO wili be continuallv proportionsl Let now the pants A, B
C D E & comade <o that the proeres.ion of the <pecific gravifies from
the bottom A to the top of the fld mav be msde contiual and at anv di-
tance~ R4, SD SG cont aually proportionsl the densities AH DL, GO bemg
all alon continusliv proportional will <till remain continually proportional
QED

Cop Hence if the density of the flid in t vo places as A and E, be grven 1ts
denats n any other place § mav be obtained With the centre § and the
rectanmular asymptotes SQ SN, deseribe an hyperbola cutting the perpen
diculars AH EM QT in o ¢ and ¢ as alo the

perpendiculars H), MY TZ let fall upon the
asyroptate§X,ink m and ¢ Vake the area Y mtZ
to the mven area Ymh\ as the pven area ErQ
1o the grenarea Era) and the hine Z¢ produced
will cut off the hne QT proportional to the den

s

Z vy X

obtu an other order mn the <enes of conttnued
proportional the iy
F:j! QT beeawe of the proportion.d hvperbolie area. will obtan th?;.:e
o W notber senes of quantitie rontinually proportions}
Prorosmion * Taroress 1

1toedmsy [ yg d be propor’ o ol t th compression and s parts be



198 MATHEMATICAL PRINCIPLES

upwards But these are only comparatrvely ight and not trulyso beeause they
descend 1n o vacuum Thus 1n water bodies which by their greater or less
gravity descend or ascend are comparatively and apparently heavy or light
and their comparative and apparent gravity or levity 1s the excess or defect by
which their true gravity either exceeds the gravity of the water or 1s exceeded
by 1t But those tlhungs which nerther by preponderating descend nor by
yielding to the preponderating flmd nscend although by their true weight
they do mcrease the weight of the whole yet comparatively and as commonly
understood they do not gravitate i the water For these cases are alike
demonstrated

Cor vir These things which have been demonstrated concerning gravity
take place n any other centnpetal forces

Cor viir Thercfore if the medium 1n which any body moves be acted on
either by 1ts own grawvity or by any other centnipetal force and the body be
urged more powerfully by the same force the difference of the forees 1s that
very mottve foree which 1n the foregoing Proposition I have considered asa
centripetal force Butf the body be more ightly urged by that force the differ
ence of the forces becomes a centnfugal force and 1s to be considered as such

Cor 1x But since fluds by pressing the included bodies do not change therr
external figures 1t appears also (by Cor Prop 19) that they will not change
the situation of their internal parts 1n relation to one another and therefore if
ammals werc immersed therein and if all sensation did arise from the motton
of their parts the flud would nerther hurt the immersed bodies nor excite any
sensation unless so far as those bodies might be condensed by the compre~ston
And the case 18 the same of any system of bodies encompassed with a
compressing flud All the parts of the system will be agitated with the same
motions as 1f they were placed m a vacuum and would only retun ther com
parative gravity unless so far as the fluid may somewhat 1esist their motions
or be requistte to umte them by compression

ProrosiTiov 21 TreORr™ 16

Let the density of any flnd be proportional to the compression and s parts be
atiracted downuards by a centripetal force intersely proportional fo the distances
from the centre I say that of those distances be tahen continually proportional the
densutics of the flwd at the same distances will be also contnually proportional
~Int ATV denote the sphencal bottom of the fluid S the centre SA 8B SC
SD ST ST &c¢ distances continually proportional I rect the perpendiculars
AH BI CK DL EM FN &c which shall be as the densities of the medum
mtheplaccsA B C D E T and the speaific gravities in tho ¢ places will be
AH BI Ch
8535 BS €8
these gravities to be umformly continued from A to B from Bto C fram Cto
D &c the decrements in the points B C D &c_ being taken by steps And
these gravities multiplied by the altitudes AB BC CD (e will gne the
pressures AH BI Ch dc by which the bottom ATV 1s acted on (by Theor
15) Therefore the particle A sustains all the pressures AH BI CK DL fe¢
proceeding tn nfinitum and the particle B sustauns the pressurces of afl but the
first AII and the particle C all but the two first AHl BI andsoon and there-
fore the density AH of the first particle A 1s to the density BI of the second

4
= t
¢ or whichisall one as ADB BC CD Re Suppose firs
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T\ will be found at any height SF by talong the area thn to that gmven area
hay as the difference Aa—Ff to the difference Aa—~Bb

CcroLoy
—  of the particles of o
tre and the recipro-
54 84 SA),
cals of the quares of the distances b4 < wv

Y 53 58 5o
be tahen 1 an anthmetieal proeression the densiies AH BI Ch (e willben
ageame neal prorression Andaf the gravity be duminushed as the fourth poner

A
of the dr..ances and the reciprocals of the cubes of the di tances (ass—T iy
Sy be taken i anthmetical progresaon the densities AH BI CK &ec

f

anthmetical prorression the uel " o
Dr Halley hath found If the gravity be as the distance and the quaresof the
d t nees be i anthmetical progresuon the densities will be 1n weometneal
progression And ont finttun The<e things will be so when the density of

the flu d condensed by compression 13 as the foree of compre~sion or whichis
= thin whenthe pace poses.ed by the flud ssinservely as this force
hoaf b ompress-

1e ratto of

kS

{the compre< g force be as the mu purer vy «
e merely as the quare of the &1 tance the density

/3t pa s of the di tance Suppose the compres.ing
I the den.at;

d naty

will be mnversely as the
force to be as the square
y and the granty mversely asthe quare of the di tance then the
ibemn ersely as the dustance To run over al} the eases that might
be flered ould be tedious But a_ to our own air thus s certam from etpen

nn

1 at] ast asthe com

the
mereury 1n the barometer fne

Prorostrion 23 TReOREY 18
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AH BI CK
thereof 1 those places will be ns 55 S SC\* e Suppose these gravitie to

-~

be \szormb continued the firet £ A *
+h ~

«~ wb ou &e proportianal

AH BI CK

to tnose altitudes will BVeRT & W &c repre enbne V-

[ |
I
5 o U veentre d and the asumnfate @4 @~ 2
v -
) N
Y a
\d ¥
C \’ K
NIV 1
A e E
2 {m |7
\r‘,\.J 7 5
q\*ﬁ
s E; G 7

perpendiculars Iz Tu Kw let fall upon the asymptote Sz w4 ¢ L and the
differcnces of the denstties fw ww &e will be as — 51 S8 tc¢ And the rec

All th BI w
tangles tu th uw w &c orip ug &c as SA S8 e thatis asAa

Bb &e Tor by the nature of the hyperbole SA1sto Al or Stasth to Ac and
therefore \;IA[ 1sequal to Ae And by a hke reasoning BSIB"' 1s equal to b

L¢ But Ae Bb Cc &c are continunlly proportional and therefore propor
tional to therr differences \a—Bb Bb—~Cc &c therefore the rect inrle /o ug

&¢ are proportianal ta thn 1 ngles
tp-+uq or tp+ugtur “up-
posg e & 1ot % il
be pre {

2 propurttonsl to those differcnces
densities St Sr Sz thatis AH DI
QD

ie flmd as A and BI be ghen the

avea thtu answenng to therr difference f2 will be given and thence the den 1ty
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e
luds conmisting of particles Ol Ly s 1S may
xeasion to diseuss that question

SECTION VI

THE MOTION AND RESISTANCE OF PENDULOUS BODIES

Prorosrrion ¢ Tarorey 19

illahon are
The quantitses of matter tn pendulous bodies wchose centres of osci
eqlwg;ddxswﬂi § om the centre of suspension_are in @ ratto compounded of the
ral o § the weghts and the squared ratio of the times of the oscillations 1n @
acu m

A e wb h 4 eiven force can generate m a ghven matterm a
t

ocaillating desenbe equal ares and those ares are wvded v s
mnce the times 1n whuch the bodies desenbe each of the correspondent parts of
the arcs are as the times of the nhole oscillation. the velocities 1 the corres-
po 1 nt parts of the osc llat ons will be to each other directly as the motive

yu

s
are mver<ely as the times and therefore the times are directiy dny tie V¢ &
ties inversely as the squares of the times and therefore the quantities of mat

te reasthemot eforcesand the quaresof the times thatis, as the weights
od the squares of the times

QED
Con 1 Therefore if the times are equal the quantities of matter 1n each of
th bod es are as the wei ht

Cor. n 1f the weights are equal the quantities of matter will be as the
squares of the times

Cor. 11 If the quantities of matter are equal the wei hts will be ins ereely
a3 the squares of the tumes

Cor 1v & nee the squares of the times other things being equal are as the
{ ngths of the pendulum  therefore 1f both the times and the quantities of
matter are equal the wesghts wll be as the lea~ths of the pendulums
dl(‘o:; 3 Ahnd in general the quantity of matter 1n the pendulous body 13
lhr:cpc; ;:! ‘un: weightand the quare of the time and 1y ersely as the length of
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Breater cube ABCD take the square Dp A £
equal to the plane side db of the lesser cube LR
and by the Supposttion the pres o hoaem— B G
P - Y/ G -
}
« Y ulutd as the 1. 4
1N
1
t v Olv multiplying togethe
r » & vlusor the proportian ¢ - .
L oa

S
18 1m the pro
- Lhe number of the particles
«v0s the forces which all the
1 sueotding to the planes FGyy Jok upon all are as the forces
which each exerts on eich Therefore the forces which each exerts on each
according to the plane I'GH 1 the greater cube are to the forces which each
exerts on each according to the plane fgh 1n the le ser cube 2sabto AB that
13 1nversely as the distances of the particles from each other QFD
And conversely if the forees of the single particles are mversely as the
distances that 15 nversely as the sides of the cubes AR gp the sums of the

sums of the forces and the pressure of the squarc DP ¢, the pressure of
the side DB as qp 0 AB And multinl ne o corresponding terms

of tha n DP to the pressure of
N un 1 the one 1s to the
+ sonn the other as the density 1n the former to the density
1n the latter QI D
Scrovoy
B Ila ugal forces of the particles are inversely as
the centres the cubes of the compres. ing
f the densities If the centnfugal force be
1 tv erof tha 1 -
b Ul sl b th
poner L ¥ hna o2
are to be un

particles tha “
example of ¢l i arietive foree 1s termmated nearly

t
1 bodies of their own kind that are next them The force of the magnet 18
plate and 1s almost termumated at 3¢
for bodies farther off are not attracted by the magnet 5o much as by the iron
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tarded 1n E
th which the bods Dm a nonresisting medium 15 re
Th;‘(‘;‘]:‘fa‘:d the foree with which {he body d m the resting medmm 1S re-
* % faven (% and the e tance CO thats asOe

s are retarded are as the ares
1 — h « lnetes retardedin

ol
of the

nal to
the Whole 4lts 1 3, L QED
[y

= Th refore the smitest motionina reststing medium does not tall upon
- * whole are de-
20 13 Tef
ntfrom B toQ
Proro rrion °6 TrHroREM 71
Pendulousbodies that are rest ted an the ratio of the relocity hare their escillations
1n @ cyclowd 1sochronal

famh  centres of awpen.ton desenbe
he

e
the

¥y
e
aserem T ol lL¢ eou

- + hem ot th motion when the

ProrosiTion 27 Tueoreyw 22

1f pend lous bod es are resisted as the square | thewr velocuttes the dufferences
between th limes of the oscillat ons
1n a resisting medium ond the times
of the ovillations 1n a non esisting
medium of the same speaific grarily
will be proporhional to the arcs de-

serided 11 oscillaang nearly
For! t equal pendulums in a re-
sisting medium de<cnbe the un
equalarcs A B and the reistance
of the body 1n the are A will be to
the revistance of the body 1n the
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Cor vi But m n nonresisting medium the quantity of matter in the pen
dulous body 15 directly as the comparatrve weight and the square of the time
and mversely as the length of the pcndulum For the comparative weight 1s the
motive force of the body 1n any heavy medmum as was shown above and
therefore does the same thing in such a nonresisting medum as the absolute
weight does 1n a vacuum

Cor vir And hence appears a method both of comparing bodies one with
another as to the quantity of matter in each and of comparing the weights of
the same body 1n different places to know the vanation of its gravity And by
experiments made with the greatest accuracy I have always found the quan
tity of matter m bodies to be proportional to ther weight

Prorositioy 25 THEOREM 20

Pendulous bodies that are wn any medium resisted an the rato of the moments of
time and pendulous bodics that mote 1n a nonresisting medeum of the same specific
gravty perform thew o cllations wn a cyclowd wn the same time and desenbe
proportional parts of arcs together
Let ABbe anarc of a ¢y cloid which a body D by vibratingin a nonre 1 tm

medum shall describe 1n any time Biscct that are in C so that C may be the
lowest point thereof and the acceleratiye force with which the body 1s urgedn
any place D ord or & will be as the length of the are CD or Cd or CE Let
that force be expreseed by that same arc and since the resistance 1s 7s the
moment of the time and theiefore given let 1t be expre ed by the given part
CO of the cyclodal are and take the arc Od in the same ratio to the arc CD
that the arc OB has to the azc CB and the force with wluch the body m d1s
urged 1n o resisting medium being the excess of the foree Cd above there 1t

ance CO will be expressed by the are Od and wall therefore be to the force with
which the bedy D 1surged in 2 non

re wting medium 1 the place D
as the arc Od to the are CD and
therefore also 1n the place B as the
arc OB to the arc CB Therefore 1if
two bodies D d go from the place
B and are urged by the ¢ forces

since the forces at the beginming
are as the arcs CB and OB  the first
veloaitie and ares first de eribed
will be in the same ratio Let those E 3 D

eratio Therefore the forces bemg propor

man 1n the same ratio as at the beginning

mue desenbing together arcs in the me

ratio Therefore the foree and veloetties and the remaining ares CD Od will
be always as the whole ares CB OB and thercfore thowe remamming arc will
be described together Therefore the two bodic D and d will armve tog(;til'cz
P -~ at th
nce the

¢ enbe

nd Oc
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(doubln those are<) 2 the «hote evclodal are or twice the length :.;Y i:!be
e Auum 1 to the arc Aa

Proro 1mion ®9 PrOBLEM 6 o
as the square of the
Ssooon g that @ beds oscilla g 11 @ cyrnlaﬁ .‘:::;. ::jw equ
Hation C the lowest pomnt of the
equal to the lenrth of the pen
ance of the bodv m any place D
0 S P Q <othat (erecting the
' [ e centre O and the asvmptotes
ttn,, the perpendienlars ST PI
anng KF parallel (otsl_xre a::l'u(xl%
tote meeting the asymptote Un 1 3, and the perpendiculars ST an
unl g:Qd Fithe l%—perbolxc area PTEQ msv be to the hrperbobe area PIT> as
the are BC de~cnibed 1 the descent of the body 15 to the are Ca dN{i\xd m
the axcent and that the area JEF mav be to the area ILT 55 0Q to O3 Then

N
1
1

P R M

w th the perpendicular MY\ cut off the hvperbolic srea PINV[ sand let that
area be to the hyperbolic area PIEQ as the are CZ to the are BC desenbed mn
th decent. And if the perpendicular RG cut off the hvperbolie ares PIGR,
wh hehaltbe 1o the srea PIEQ ssany arc CD 1 to the are BC described in the
whole de~cent the rest.tance i anv pl c¢ D will be to the force of gravity as
the s 8 TEF—1GH 1sto the area PINI

For aince the forces anin from gravity with which the bodyas urged 1n the
phcsZ'B'_D eare.sthearesCZ CB CD Ca and those sres are 8, the aress

el S, YL n ol .

between the parall 1, RG rg and produce rgtoh <o that GHhg and RGormay
be th contemporaneow.

ment Gm‘a—(‘,—‘;2 IEF o

be to the decrement RGor ¢ Rr RG of the ares PIGR, .s HG-1EF 1510
PG and on W

and therefore 2. OR HG - % IEF 15 ta OP GRor OP PI that . (be-
exuse of the equsl quantiies OR HG OR HR-OR GP ORHEK-OPIR
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correspondent part of the are B as the square of the clocittes thatis as LA to
BB nearly If the resistance in the arc B nere to the resistance n the are L s
AB to AA the times 1n the ares A and B would be equal (by the last Propost
tion} Therefore the resistance AA tn the arc A or AB n the are B cau es the
excess of the time 1n the arc A above the time 1n & nonresisting medum and
the resistance BB causes the excess of the time 1n the arc B aboyve the timema
nonresisting medium But those excesses are as the efficient forces AB and BB
nearly that s asthe arcs A and B QED

Cor 1 Hence from the times of the oscillations 1n unequal arcs 1n o resistin
medium may be known the times of the oscillations 1n 2 nonresisting medium
of the same specific gravity For the difference of the times will be to the excess
of the time 1n the shorter are above the time 1n a nonresisting medim as the
difference of the ares 1s to the shorter arc

Cor 11 The shorter oscillations are more 1sochronal and very short ones are
performed nearly i the same tumes asn a nonreststing medium  But the times
of those which are performed 1n greater ares are a4 little greater because the
resistance in the descent of the body by which the timess prolonged 15 greater
1n proportion to the length deseribed 1n the descent than the resistance in the
subsequent ascent by which the time 1s contracted But the time of the oscil
lations both short and long seems to be prolonged tn some measure by the
motion of the medium Tor retarded bodics are resisted somew hat less in pro-
portion to the velocity and accelerated bodies somew hat more than those that
proceed umiformly forwards because the medium by the motion 1t has re-
cerved from the bodies gomng forwards the same way with them 1s more agt
tated m the former case and less mn the latter and so conspires more or less
with the bodies moved Therefore 1t resists the pendulums 1 their de cent
more and in their ascent less than in proportion to the veloaity and these two
causes concurring prolong the time

ProrosiTioN 28 THEOREM 23

If a pendulous body oscillating wn a eyclord be resisted n the ratio of the moments
of the time 1ls resistance wall be to the force of gravity as the excess of the arc de-
sertbed wn the whole descent abote the are described in the subsequent ascent 1s (o
tunce the length of the pendulum

Let BC represent the are described 1n the descent Ca the arc descnibed 1
the ascent and Aa the difference
of the arcs and things remumng
as they were constructed and de-
monstrated 1n Prop 2o the force
with which the oscillating body 15
urged m any place D will be to
the foree of resistance as the arc
CD to the arc CO whichs half of
that difference Aa Therefore the
force with which the o allating
bedy 15 urged at the beginming or E Y aarsar

hest pomt of the eyclod
z:ztl:’sgtlclsc f(r)’rcc of gravity will be to the resistance as the arc of the ey clod

between that highest point and the lowest pont C 1s to the are CO thats
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equal Hence the ares %—g 1EF—IGH 15 equal to the ared 7 by which the
rest tance s expressed and therefore s to the area PINM by which the gravity
13 expressed as the res) tance 18 to the gravity QED

Cor 1 Therefore the re 1 tance 1n the lowest place C1s to the force of

granity as the area OP {EF 15 to the area PINM

- IIFas

othing
Cor m Hence al o may be JUTTN ™Vng as

the quare root of the resistance and at the begummng of the motion beng
equal to the velotity of the body o ailatinen the same cycloid without any

Provostrion 30 THEOREM 21

=

porn dmlastal up

to the force of gravily &b L 4b
force therefore be expressed by that
length CD and the force of gravity

5 be the exponent of the resistance
From the centre G with the interval

pearsby Prop 5 B ok1 Let theref

these veb b d
‘():l ‘E::t:;\;‘hgll::“h de and let DF be the veloc ty + hach b a:q\mc l:x{ tI‘)“;)e
faling from T de«cn}?,e rihxitcn::%lmg}x\\;m An 1if from the centre C with the 113’
4 o mecting t! e nght
1 then M will be the place to whichit  ould thcr;xgce)hl;ae:rgc amnldbtli‘;:xmd
er




208 MaTHEMATICAL PRINCIPLES

PIHR and PIGR+IGH) as PIGR+IGH—8—I—(§ IEF 15 to OPIL Thereforeif

the area EO)B IECF—IGH be called Y and RGgr the decrement of the ares

PIGR be given the mcrement of the area Y will be as PIGR—1

Then 1f V represent the force avsing from the gravity proportional te the
are CD to be deseribed by which the body 1s acted upon m D and R be put
for the ressstance V—R will be the whole force with which the body 1s urged
m D Therefore the increment of the veloaity 1s as V—R and the interval of
time i which 1t 1s generated conjomntly But the velocity 1tself 1s dircetly as the
contemporaneous inerement of the space deseribed and inversely as the same
mterval of time Therefore since the resistance 15 by the supposition as the
square of the velocity the increment of the resistance will (by Lem 2) be as
the veloeity and the mcrement of the veloeity conjomtly that s as the mo-
ment of the space and V—R conjomntly and therefore if the moment of the
space be prven as V—R thatis if for the force V we put 1ts expression PIGR
and the reststance R be expressed by any other area Z as PIGR~2

Therefore the area PIGR umformly decreastng by the subtraction of gien
moments the area Y mcreases i proportion of PIGR—1 and the area Zm
proportion of PIGR—Z And therefore 1f the areas Y and Z begin together and
at the begmmng are equal these by the addition of equal moments will con
tinue to be equal and in Iike manner decreasing by equal moments will vamsh
together And conversely 1f they together begin and vamsh they will hase
equal moments and be always equal For if the resistance Z be augmented
then the veloeity together with the arc Ca deseribed 1n the ascent of the body
will be dimmished and the pomt m which all the motion together with the
resistance ceases coming nearer to the pomt C then the resistance vamishes
sooner than the area Y And the contrary will happen when the resistance 1»
dimrmished

Now the area Z bemns and ends whete the resistance 1s nothing that 1< at
the begmmng of the motion where the are CD 15 equal to the are CB and the
right line RG falls upon the nght ine Q. and at the end of the motion where
the are CD 15 equal to the arc Ca and RG falls upon the nght line ST And the

area Y or ((—))% IEF —1GH begins and ends alsg where the resistance 1s nothing
and therefore where g—g IEFand IGH are equal that s (by the construction)

where the nght line RG falls successively upon the nght hines QE and ST
Therefore those areas begin and vamish together and are therefore aln1ys
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O made to the
1to 33 Aa and therefore the resi tance 1n
ﬁﬁﬁ Ot:o;\e:s“f; 1(05 g‘ranh as 331a1s to the le;hgt‘h of &eup;x‘xdulumrm
] to be accurate enough for prac uses.
Ac:dull :h;;h:;g:bﬁ—l:“%sk\% falls 1z Wth the feure BKVTa lthe
ixnddle point ¥ that figure of greater towards the part BRY o VEa 1sless
fowards the contrary part andis therefore nearly equal toat.

Proro 110 31 THEOREM 20

the

ade toan osallat g body tn each of the proportional parts of

it "fﬂ"tw’:lr emanlsd or dymns hed tn @ grren ratto the difference belween
Ded tn the subsequent ascent wnll be

on of the pendulum by the res t
10le retardation and the retarding
1¢ «tance proportional thereto In the
foregmng Proposition the rectanle
under the nght hne 1B and the
difference Aa of the ares CB Ca was
equs! to the area BKTa And that
ares if the lensth aB remain. 1> aug
mented or dumim. hed n the ratio of
5 the ordinates Db, thatis mtheratio
of the resitance and 1» therefore as
the len~th aB and the resitance conjontly  And therefore the rectangle under

Az and 142B 15 as oD and the res: tance conjomtly and therefore 3a1s as
the re<itance

Any co

QED
Cor.1 Hence if the res1.tance be as the velooity the difference of the aresin

the same mecium will be a5 the whole arc desenbed and conversely

Cor. 11 1f the re-1 tance vanes as the quare of the veloety that difference
Wil ¥an as the square of the shole are and conver<ely

Cor 11 \nd generslly uf the resi.tance vanes as the third or any other
pone fthe eloats the difference mill vary as the same power of the whole
arc and conversely

Cor. v If the rev1_tance vanes partly as the first power of the velocity and
partly as the <quare of the <ame the diffierence will vary partly a3 the first
powe and part] as the square of the whole are and convercely <o that the
lan nd rat o of the re-i.tance will be the same for the velotitv as the law and
rat o f that difference for the length of the are

Cor v \nd therefore if a pendulum desenbe suecesaively unequal ares and
we can find th ratio of the increm ot or decrement of this difference for the
length of th re desenibed there will be had alo the rstio of the inerement or
decreme 1 f the res.tance for a greater or less veloaty

GExEP AL ScroLrTy
Fr m thee Proposttions we may find the resistan,
ce of mediums by pend
lums ewaallste.,, there n. I found the reer tance of the air by the (01‘1)5:,:,
:Lx‘v;xnnr:‘c::(: (}?s;xmdcd S ‘;ooden elobe or ball weighung § 2 ounces troy.
nd 0 inches by a fine thread on s firm hool,
dit nee between the hook and the centre of oscillation of th:::bbs:\\":”l(\l‘}‘z
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resistance ascend and df the veloaity 1t would acquire 1n d Hence also if
Ty represent the moment of the velocity which the body D 1n deseribing the
least space Dd loses by the resistance of the medum and ON be tahen equal
to Cg then will N be the place to which the body if 1t met no further ress
tance would thenceforward aseend and MN will be the decrement of the
ascent ansing from the Joss of that veloeity Draw I'm perpendicular tod? 4
the decrement Fg of the veloeity DI~ - '
the increment fm of the same velocit

erating force DX to the generatmg § wu v u Lut simiar in
angles T'mf Thg TDC fmistoI'mn D7 sCDto DI and by multipheition
of ~ DF Also Fhis to Fgas DF toCF

L g terms Fh or MIN to Dd as DI
t the MN CM wall be equal to the
H «  wa U At the movable point M suppose alway s a rectangular

ordinate ereeted equal to the indetermmate CM which by a continual motion
1s multiplied by the whole length Aa and the trapezium desertbed by that
motion oritsequal the rectangle Aa 3aB will be equal to the sum of all the
MN CM and therefore to the sum of all the Dd DI that 1s to the area

BKVTa QED

Cor Hence from the law of resistance and the diff Ag of the ares
Ca CB may be denived the proportion of the resistance to the gravity
nearly

Tor 1f the resistance DI be uniform the figure BliTa will be a rectangle
under Baand DIv and henee the rectangle under 24Ba and Aa will be equal to
the rectangle under Be and DIt and DX will be equal to 3 Aa Therefore since
DI represents the resistance and the length of the pendulum represents the
gravity the resistance will be to the gravity » /4~
pendul ™ ~

igis
Forif
seribe s uy prace U would be as the ordimate DT
of the eircle deseribed on the dinmeter AB Therefore stnce Ba 1n the resisting
medium and BA 1n the nonresisting one are deserbed nearly n the r\m’e

twoes and therefore the veloctties 1n each of the nn - ‘(f
he

the

4 « uamtter Ba V1 ¢ the figure
Bht to Nh-- proportional
1t 0 sndan

OV wilibe

o 4 apy to 1ts equal the rectangle e BO

Therefore A BO1s to OV BO as the area of this ellipse to OV BO thatis A8
1510 OV as the area of the semtcirele 1s ta ) » square of the radius oraslto?
of the pendulum as the resistance

o te =t
Al

e 1esistance iy vanes as the square of the slne Ye figure
its axis

There-

.~ wwa W stqul to the rectangle 34Ba OV and

v
I T ~lhe 1=
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{he centre of suspension and the

18 to the length of the pendulum between i
“ mthe <econd case represents

191 mehes Therefore 1nce’V 10 the S00C Ry o werght L

qe Ath as 0011 481sto

+ the thread described 1 the Gth case was
fore <mnec the radius was 1;1 ‘;nches x\ndf
he duuin be . the pont of su.pension and the centre o
the length of the P Lo th are which the centre of the globe desenbed was
A by reason
~enbed
[ o om

) s
t

equal to the verced sime O LU3L &1L Liu e ¢u O
{hat arc 624 as the same are to tice the lenth of the pendulum 20> and
78 n hea Therefore the veloaity of the pendulum 15 the

eenhi hisin the squared al v

wnad n

- + reard WL LLE ADUY wm o w

)

| to 37655 S nee the weight of 3 globe

with a veloaty umformiy continued
—-

of 1ts motion. '

1 a0 ]mumed the osmllations in which the
mot n In the followng table the upper pumbers denote the length of the are
de<enbed 1n the firet descent expressed in nches and parts of aninch the
auddle numbers denote the length of the arc desenbed m the last ascent and

pendulum lost 34 part of its

Farat drscent 4 8 18 3 64
Last excent 1% 3 6 1 14 48
. d)\ 1 vecillations 374 ~2 B} 8BY 4y MY
terward. £u.pended a leaden globe of 2inches

2 n drameter ey ”
ounces troy by the rame thread so that between the centre of \heg:;:\i gny|‘1
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feet I marked on the thread a pont 10 feet and 1 inch distant from the centre
of suspension and even with that pomt I placed a ruler divided intomnches by
the help of which I observed the lengths of the arcs described by the pendulum
Then I numbered the oseillations in which the globe would lose ¥4 part of ats
motion If the pendulum was drawn aside from the perpendicular to the dis
tance of 2 1nches and then let go so that in ats whole descent 1t desenbed an

o ~of 21nches and m the first whole oseillation compounded of the descent
~ a1fta g

inches If 1n the first descent 1t desertbed an arc ot 8 1o 92 ot t
V' n taofitsmotionn 69 35Y 18} 924 oscillations respectnely Therefore
-1 1

1 tqcent
1

Divide those differences by the number of
mean oseillation 1n which an are of 334

senibed the difference of the ares deseribed in the descent and sub equent as
centwillbe Y5 Vs Vi ¥4 % 2V parts of aninch respectively Butthee
- v square of the arcs descnbed
rthanin that ratio and there-
sistance of the globe whenit
velocity nearly and whenit

moves slonly 1n a somewhat greater ratw
Now let V represent the greatest veloeity 1 any oscillation and let 4 B
and C be given quantities and let us suppose the difference of the arcs to be
AV+BV#24.CV? Since the greatest velocities are n the eyeloid as 1 the ares
desenbed 1 oseillating and 1n the errcle as 17 the chords of those ares and
- nttae oloid than in the errcle mn the ratio
the circle are greater than mn the
15 plamn that the differcnces of the
arcs (Wil AL 1 o nare of the time conjointly) are
nearly the same mn both eurves for in the ey elod tho e differcnees must be on
the one hand augmented with the resistance 1n abont the squared ratio of the
arc to the chord beeause of the veloaity augmented 1n the simple ratio of the
same and on the other hand dimimished with the square of the time 1n the
same squared ratio Therefore to reduce these observations to the ¢y clod we

AN

ma | flerences of the arcs as were observed m the cn‘cl:: and
hat 1

ti4
=1\
+618

C=
Ty
) the

re 1stance of the globem 111 wu “ where
+h velocity 18V 15 to 1ts weight as length
- M~ n t+hanimbersiounu L 1stance
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Tz Mortiox OF Bonres
poox «  ofthe globen one
ce 04475 1f the
¥ the pendulum
the oscillation
dirainushed as
ot that raic that the dufference 0 4475 of m»: ar?;l deseribed
the sauare root of that ratio 50 - dfference 0 410 O he ave described
1
1

% v elv Lhereforewetests o

< m e

greater than may arse {from the resi tance of the wieau 1 uw 3
of the re stances whch are when the globes are equal as the squares of
the veloaities are also when the velocities are equal as the squares of the
d ameters of the globes

Hut the greatest of the globes 1 used 1n these experniments was not perfectly
spheneal  nd therefore m this ealculation T have for brevity s sake neglected
eom httle miceties bemng not very sobeitous for an accurate caleulus in an
e penment th t 1 as not very accurate So that I could wish that these ex
peniment 1 ere tnied agam with other globes of a larger size more in number
and m re accurately formed since the demonstration of a vacuum depends
there n If the globes be taken in a geometncal proportion whose diameters

P T, - -

the foll

ng tnals 1 procured & ooden vessel 4 feet long 1 foot broad and
1footh gh Thisvessel beinguncovered I filled with spnng water and having
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the pomt of suspension there was an interval of 101 feet and I counted the
oscillations in which a given part of the motion was lost The first of the follow
g tables exibits the number of oscillations 1n which 4 part of the whole
motion was lost the second the number of oseillations 1n which there waslost
24 part of the same

Farst descent 1 2 4 8 16 3 o
Last ascent % A 314 7 1 28 56
No of osallations 226 278 193 140 %Y 53 30
Furst descent 1 2 4 8 16 2" 64
Last ascent 4 1% 3 6 12 24 48

No of oscillations 510 518 4°0 318 204 121«

Selecting 1n the first table the 3d 5th and 7th observations and expressing
the greatest velocities m these observations particularly by the numbers 1 4
16 respectrvely and generally by the quantity V asabove there will come out
m the 3d observation t¥z=A--B+C 1n the 5th ob ervation wr =4 1+8B
+16C 1n the 7th observation 35 =16A+64B-+256C These equations reduced
give A=0 001414 B=0 000297 C=0 000879 And thence the resistance of the
globe moving with the velocity V will be to 1ts weight 2614 ounces in the same
ratio as 0 0009V -0 000208V*/2--0 000659V to 121 inches the length of the
pendulum And if we regard that part only of the resistance which 15 as the
square of the veloaity 1t will be to the weight of the globe as 0 000659V to 121
mches But thus part of the resistance 1n the first experiment was to the weight
of the wooden globe of 57%/%» ounces as 0 002217V 2 to 121 hence the resistance
of the wooden globe 1s to the resistance of the leaden one (their velocitics bemng
equal) as 5724 mto 0 002217 to 2614 mto 0 000659 that 1s as 714 toLl The
dameters of -
to each other
of these equa
But we have not yet considered the resistance of the thread which was cer
tamnly very considerable and ought to be subtracted from the resistance of the
pendulums here found I could not determne this accurately but I found 1t
greater than 14 part of the whole resistance of the lesser pendulum hence I
gathered that the resistances of the globes when the resistance of the thread1s
subtracted are nearly in the squared ratio of their diameters Tor the ratio of
71/ =14 to 1—14 or 10} to 1 1s not very diffcrent from the squared ratio of
the diameters 111375 to 1

Since the resistance of the thread 1s of less moment 1n greater globes I tried
the experiment also w1th a globe whose diameter was 1834 mches The length
of the pendulum between the point of suspension and the centre of oscillation
was 12215 inches and between the point of suspenston and the hnot in the
thread 109} inches The arc described by the knot at the first descent of the
pendulum was 32 inches The arc deseribed by the same hnot 1n the last ascent
after five oseillations was 28 mches The sum of the ares or the whole arc de-
seribed 1n one mean oscillation was 60 mches the difference of the ares 4
inches The Yo part of this or the difference between the descent and ascent 1
one mean oscillation 13 24 of an inch Then as the radius 10915 1s to the radius

1221/ so1s the whole are of 60 1nches desenibed by the hnot 1n one mean o ¢l



Boox 11 Tue Moo oF Bopres 217
the same velouts ms sbout So0 to 1 that1s, as the denaty of water s to the
deﬁmmi?;gwe ou bt alo tohave taken mn that part of the mx.tanc}a
of the pendulum 10 the water which was as the quare of the velonty but
foumd (which will perhaps seem tran~e) that the re 1.tance n the water was
augmented 1n more than a quared ratio of the veloaity In searching af m(; thet
cawse 1thon htuponthy that the vessel was too murrow for the magmitude o
the pendulous globe and by 1ts narrowness ob~tructed the motion of the water
a1t yrelded to the exeallating globe For when I immer<ed s pendulous globe
- = wq onewnchonly the ressstance wi augmented ueax}\" as tht;

- wael hes o

her

ar
als

made biv this contn -ance resulted as nosu o o

Arcdraeribed  F o descent 16 8 4 - 1 14 Iy

A £ drserided 3 Jost nseent 1 6 3 134 3, 3 3

Irference of re  pr porhonal lo

ot lost

e 1 %L K K%

3s 6 1 14 3 B 624

In comparng the res: tances of the mediums with each other 1 alo caused
ron pendulurns to osailate in qucksilier The length of the tron wire was
sbout 3 fect and the diameter of the pendulous globe about 14 of an inch To
the wire ju.t above the quickslver there was fixed another leaden globe of &
igness sufficient to continue the motion of the pendulum for <ome time Then
axessel that would hold about 3 pounds of quickalver was filled by turnswith
qu Lsd er and common water so thst by making the pendulum o-cillate
succesniely 1n these tno different fluds, T might find the proportion of therr
rext.tances and the resistance of the qucksilver praved to be to the rest_tance
of water as about 33 or 14 ta 1 that 1s as the dercaty of quick_ilver to the
denity of water When I made use of a pendulous globe something ipger as
of one whose diameter was sbout 1 or 24 of an inch the resistance of the
quich. ) er proved to be to the reststance of the water as about 12 or 10tol

But the former experiment L more toberehied on. becauseinthe latter the \ essel
[N

A rber f oxillosons

—— —a

® mm warm ol more than ram water and water more than

tof
! quo(m wt chare sen.ibly fud enough 2510 air 10 alt ;})&nﬁ;h?r::ef ‘;‘x:
pt of wine of turpentine and salts 1n o1l eleared of 1ts feces by du. tillation
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the pomt of suspension to a certam pomt marked 1 the thread bewng 196
anches and to the centre of oscillation 13434 inches

The arc descrided in the]

Jirst descent by o pownt] 64 32 16 § 4 2 1 % U
morked n the thread,

uas inches

Thearcdesenbedanthel 48 24 12 6 3 1% ¥ ¥ %
last ascent was 1nches
The difference of lhe|
arcs proportienal lo thel
mobion lost was snches

w 8 4 2 1 ¥ ¥ Y %

The number of the oscil o Wy 3 7 1Y 19% 184
lations wn water
The number of the oscl | Sol4 287 535

lations 11 gar

In the experiments of the 4th column there were equal motions lost 1 585
osctilations made 1 the arr and 124 1 water The osallation =
indeed a httle swfter than those in +-

water werene

bee /4
oscl juantity of motion would be
lost v 1tsivtance 18 mereased and the sov » f*

diminushed in the same squared ratio T e -
velocities there were equal motions In
mthe nater on?
restst wnee m vv un ot the whole resist
ances n the Lo umn

Now let AV-+C\ 2 represent the difference of the arcs described m the de-
scent and subsequent ascent by the globe moving 1 air with the greatest vel
octty V and since the greatest velocity 131n the case of the 1 > ythe

greatest veloaty 1 the case of t o 3 nee
of the aree » 15t
columna Lt ceases 1 and 8 for the sed

octties « sou tar the dufferences of the ares and A+C will be

=851 and 8\+G4C=4280 or \4-8C=535 and then by seducing these
equations there will come out 7C=44934 and C=64% and A=21¢ and
therefore the rcsistance which 1s as %4 AV +34CV? wall hane— 4
4824V Therefore 1n the case of +

the whole ™

13%0h+ v
m water

ug el 10

v wating 1 the vater had been s

1 o auce would have been still greater so that the rew tance of
the pendulum oscrllating 1n the water that rs that part whichis proportional to
the square of the velocity and which only needs to be constdered m awift
hodies 18 to the rest £ ncc of the same whole pendulum o edlating in mr with
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Bas™ 77tol and by subtraction agun AtoBaso925to1 Therefore the
Teastanre of the empty bax wn its mternal parts will be above 5000 times les.
than the resistance on 1ts external <urface Ths res.oning depends upon the
suppostion that the greater reststance of the full box anes not from any other
latent esuse but only from the action of some <ubtile fud vpon the meluded
metal

Thus experunent 1> related by memory the paper bemn,, Jost 1n whieh T had
desenbed 1t <o that T have been obliged to omit ome fractional part which
are Jipped out of mv memory and I have no lewsure totry 1t again. The fir<t
tme 1 made 1t the hook, being weah the full box was retarded soon  Th

SECTION VII

THE MOTION OF FLCIDS AND THE RESISTANCE MADE TO PPOJECTED BODIES

Prorostrion 37 THEOREM 26
Suppose firo similar syslems of bodses consizhn
g of an equal number o 4
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resolved mto drops I doubt not that the rule already !aid down may be acen
rateenough especially if the experiments be made with Iarger pendulous bodies
and more swiftly moved

Lastly since 1t 1s the opimon of some that there 1s a certain ethereal medium
extremely rare and subtile which freely pervades the pores of all bodies and
from such a medium so pervading the pores of bodies some resistance must
neceds anse 1n order to try whether the resistance which we evpenence m
bodies m motion be made upon theirr outward surfaces only or whether ther
internal parts meet with any considerable resistance upon their surfaces I
thought of the following expermment I suspended a round deal box by = thread
11 feet long on a steel hook by means of a nng of the same metal so asto
make a pendulum of the aforesaid length The hook had a sharp hollow cdre on
1ts upper part so that the upper arc of the ring pressing on the edge might
move the more freely and the thread was fastened to the lower arc of thenn,
The pendulum being thus prepared I drew 1t aside from the perpendicular to
the distance of about 6 feet and that m a plane perpendicular to the edge of
the hook lest the ning while the pendulum oscillated <hould <hide to and fro
on the edge of the hook for the point of suspenston 1n which the ring touches
the hook ought to remain immovable I therefore accurately noted the place
to which the pendulum was brought and letting 1t go 1 marked three other
places to which 1t returned at the end of the 1st 2d and 3d oseillation This
I often repeated that I might find those places as accurately as pos 1ble Then
1 filled the box with lead and other heavy metals that were near at hand But
first I weighed the box when empty and that part of the thread that went
round 1t and half the remaming part extended between the hook and the sus
pended box for the thread so extended always acts upon the pendulum when
drawn aside from the perpendicular with half 1ts weight Lo this weight I
added the weight of the air contuned 1n the box And this whole weight was
about Y43 of the weight of the box when filled with the metals Then because
the box when full of the metals by extending the thread with its weight 10
creased the length of the pendulum I shortened the thread so as to mahe the
length of the pendulum when oscillating the same as before Then drawing
aside the pendulum to the place first marhed and letting 1t go 1 rechoned
about 77 oscillations before the box returned to the sccond mark and as many
afterwards before 1t came to the third mark and as many after that before it
came to the fourth mark From this I conclude that the whole resistance of the
box when full had not a greater proportion to the resistance of the box when
empty than 78to 77 Forif their resistances were equal the box when full by
reason of 1ts mertta which was 78 times greater than the mertia of the same
when empty ought to have continued its oscillating motion so much the longer
and therefore to have returned to those marks at the end of 78 oscillations But
1t returned to them at the end of 77 oscillations

et therefore A represent the resistance of the box uponits external surface
and B the resistance of the empty box on 1ts internal surface and if the resist
ances to the internal parts of bodies equally swift be ag the matter or the
number of particles that are resisted then 788 will be the resistance made to
the iternal parts of the box when full and therefore thf whole rc 1stance
A-+B of the empty box will be to the whole resistance A+78B of the full bot
2s 77 to 78 and by subtraction A+B to77B as77 to 1 and thence \+Bto
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rest tances of the equal and equally swift bodies T and G m these medms wall
co tn lly approach to equality so that their difference will at last become
Jestl n nygven Therefore since the resistances of the bodies D and F are
t chotler as the reaistances of the bod es E and G those will also 1n hke
ma n 1 pproach to the ratio of equality Therefore the bodies D and F when
ttym e wthsery great swiftness meet vath resistances very nearly equal

an{ th refore mince the res tance of the body Tisina quared ratio of the
sedoaty the ree tance of the body D will be nearly 1n the same ratio
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1f they respected centres places alihe among the particles and those whole
forces will be to each other as the several forces which compose them that1s
mversely as the diameters of the correspondent particles and directly as the
squares of the velocities and therefore will cause correspondent particles to
contmue to describe hke figures These things will be so (by Cor 1 and vt
Prop 4 Book 1) if those centres are at rest but if they are moved yet by
reason of the simihitude of the translations their situations among the particles
of the system will remam simular so that the changes mtroduced mto the
figures descnibed by the partrcles wall staill be sumilar So that the motions of
correspondent and symilar particles will continue simlar tall their first meeting
with each other and thence will arise stmlar collisions and sumlar reflections
which will again beget similar motions of the particles among themselves (by
what was just now shown) till they mutually fall upon one another agun and
50 on ad nfinttum QED

Cor 1 Hence 1if any two bodies which are stmilar and in like situations to
the correspondent particles of the systems begin to move amongst them in hike
manner and 1 proportional times and their magmtudes and densties be to
each ather as the magmitudes and densties of the corresponding particles the ¢
bodies will continue to be moved 1n like manner and in proportional times for
the case of the greater parts of both systems and of the particles 1s the very
same

Cor 11 Andif all the similar and similarly situated parts of both systems be
at rest among themselves and two of them which are greater than the rest
and mutually correspondent 1 both systems begin to move in hnes alihe
posted with any stmilar motion whatsoever they will excrte stmlar motions
m the rest of the parts of the systems and will continue to move among thowe
parts m Iihe manner and 1 proportional times and will therefore deseribe
spaces proporttonal to their diameters

ProrosrTioN 33 THEOREM 27

The same things being supposed I say that the greater parls of the systems are
resisted 1n a ratio compounded of the squared rato of thewr relocrties and the
squarcd ralio of therr diamelers and the ssmple ratio of the density of the parts of
the systems
Tor the resistance anses partly from the centrpetal or centnfugal forees with
which the particles of the system act on each other partly from the collistons
" i

parts that1s (by the supposition) directly as the squares of the velocities and
mversely as the distances of the corresponding particles and directly as the
quantities of matter n the correspondent parts and thercfore smce the dis-
tances of the particles 1n one system are to the correspondent distances of the
particles 1n the other as the dmeter of one particle or part n the former
system to the diameter of the correspondent particle or part 1n the other and
since the quantities of matter are as the densities of the parts and the cubes of
the diameters the resistances are to each other as the squares of the velocities
and the squares of the diameters and the densities of the parts of the systems

qep The resistances of the latter sort are as the number of correspondent
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Cor 1mr Hence the reststance of a body moving very swiftly 1n an elaste
flud 15 almost, the same as of the parts of the flud were destitute of theyr
centrifugal forees apg did not fly from each other provided only that the
clastieity of the flud anise from the centrifugal forees of the particles and the
velocity be so B8reat as not to alloy, the particles time enough to act

Cor 1v Since the resistances of smilar and on W .
dwm whose d + » -
1

trom each other will

whether the particles

~v alUsmaller or fewer and greater and

tlute 1mpress on that matter an cqual Quantity of motion and in return
(by the third Law of Motion) suffor n an

ana~

5V PULs orof parts ever so subtile For
v lesistance of Projectiles movine » 1 t
™ L N §

1 b U bat foree arnse from some other
Cu st as trom the oxpansion of the particles after the manner of wool or the
boughs of trees Or any other cause by which the na ¢t 1a re hindered from
moving freely amane 1 he les_er fludity
of the medium

Prorosrrion 34 THEOREN 28

Ifinaror o a
from eac
equal tel e W eyunder the resistance of the globe
will be bug half as great qs that of the eylinder

Tor ince the action of the mediym upon the body 15 the same (by Cor v of
the Laws) whether the body move In 4 quiescent medium or whether the
particles of the medium impinge with the same veloctty upon the qurescent
body letus consider the body as if 1¢ Were quiescent and seq with what force

lum
G

' FA~ wswiet fall the
—hr
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Eq“é; Dxfnt h'Ie‘;eE\:c‘sszancz of the globe other things bemng equal vares 4s Lue
f the diameter
Eq“Cio": on" ’I?he :stnnce of the globe other things being equal variesas the
f the medinm
dmCitB’ : Thee’:;sx_tancc of the globe vanes jomtly as the quare of the veloc
1ty 2s the square of the diameter and as the den.aty of the medum cd
Cor ¥1 The motion of the globe and its resistance may be thus represent
Let AB be the tme 1n v huch the globe may by 1its resistance umformly con
A~ wt lemotion Erect AD Bq_perpcnd.lcuhr to é_.,B M,\%}C\lg‘
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A1l thee things appear by Cor Tand 11 1rop o DU &

Cor. 11 Hence 1f the globe 1 the time T by the resistance R umformly
cont nued t lo-cits hole motion M the same globe 1n the time {m a rest ting
medwm  herein the resistance R decrea.es as the square of the velooity will
lowe out of 1ts motion M the part ’%l:t the part % remamng and will
deseribe & pace which 13 to the pace de<enbed 1 the .ame time { with the

umfortn motion M as the lomanthm of the number I# multipbed by the

number 307585097694 1s to the number % because the hyperbolie areca BCFE
s to the rectangle BCGE in that proporton

ScroLoy
Iha  edubited i this Propo-ition the res tance and retardation of <phen
calp jectiles 1n mediums that are not continued and shown that thisrest ¢

- el Aa

thisf ree b re the globe and partucl
Vo of oy e Lo s particles of the medium are mfinitely hard and

dimint hed one-half But in continued medims
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former solid provided that bath move forwards in the direction of therr axs
AB and that the extremity B of each go foremost This Proposition I concene
may be of use m the bulding of ships

If the figure DNT'G be such o curve thatif from any pomt thercof ns N
the perpendicular NV be let fall on the avas AB and from the given pont G
there be drawn the night line GR parallel to a nght hne touching the figuren
N and cutting the axis produced in R MN becomes to GR as GR*to4BR ('B*
the solid deseribed by the revolution of this figure aboutats axas AB movinein
the before mentioned rare medium from A towards B will be less resisted than
any other errcular sohd whatsoever deseribed of the same length and breadth

Prorosirion 35 Prosreu 7

If a rare medium consist of tery small quicscent particles of equal magnitudes and
frecly daisposed af equal distances from onc another to find the resistance of a globe
moving uniformly foruards n this medium

Case 1 Let a cylinder deseibed with the same diameter and altitude be
concewved to go forwards with the same velocity in the direction of its axs

1

but half the resistance of the cylinder and since the globe 1s to the cyhnder as
2 t03 and since the cyhinder by faling perpendicularly on the particles and
reflecting them with the utmost force communicates to them a velocity double
toits own 1t follows that the cylinder m moving fornards uniformly half the
length of 1ts axis will communicate & motion to the particles which 1s to the
whole motion of the ¢y linder as the density of the medium to the density of the
cylinder and that the globe 1n the time 1t describes one length of 1ts dimeter
1n moving umformly forwards will communtcate the same motion to the pir
ticles and 1n the time that 1t describes two-thirds of 1ts diameter will com
municate a motion to the particles which 1s to the whole motion of the globe as
the density of the medium to the density of the globe And thercfore the globe
meets with a resistance which s to the foree by which its whole motion may be
either taken away or generated 1n the time in which 1t describes two-thirds of
1ts diameter moving umformly forwards 03 the density of the medim s to the
density of the globe

Cask 2 Let us suppose that the particles of the medium nerdent on the
globe or cylinder are not reflected and then the cy hinder falling perpendicularly
on the particles will communicate 1ts own 1mple veloeity to them and there-
fore meets o resistance but half so great as in the former case and the globe
also meets with a resistance but half so great

Case 3 Let us suppose the particles of the medium to fly back from the
globe with a force whuch 13 netther the greatest nor jet none at all but withs
certain mean foree then the resistance of the globe will be n the same mean
ratio between the resistance an the first case and the resistance in the uccom:

QF

Cor 1 Hencef the globe and the particles are infimtely hard and destitute
of all elastic force and therefore of all foree of reflection the re. 1stance of the
globe will be to the force by which 1ts whole motion muy be destroyed of
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o 100 85 through a funnel Then if the water pas. very near fo the 1 only
ﬁthout touchui‘,h 3t or whih 1 the same thine 1f by reason of the perfect
emoothness of the urface of the tce the water though touchimg 1t ghdes over
2t wath the utmost freedom and mthout the lea.t resistance the water will run
through the hole EF with the same velooity asbefore and the whole weight of
{he column of water ABNFEM will be talen up as before 1n forang out the
water and the bottom of the vessel will custain the weight of the 1ce surround
1 b tcolumn.

’ ~ i« 1ntowater but the effiux of the water

e as before It will not be less because

de~cend 1t will nat be greater because

the 1te nOW become Wa1e) Luns ~cend without hindenng the de<cent of

other water equal to its onn de~cent The same force oucht always to generate
the same velocity 1n the effluent water

But the hole at the bottom of the ves-e] by reason of the cbhigue motions of
the particles of the effluent water mu_t be a little greater than before For now
1he particles of the water do not all of them pass throu h the hole perpen~
dieularly but fowine down on all parts from the <des of the vessel and
comvergin,, towards the hole pass through 1t wath oblique motion. and
tending downwnards they meet 1n & stream wheee dismeter 13 3 hittle smaller
below the hole than at the holeteelf 1t diameter bewng to the diameter of the
bole 85 5 to G or as 514 ta 614 ery nearhv 1f T measured those diameters
nghthy ¥ procured a then flat plate having a bole perced 1z the muddle the
diameter of the circulsr hole bews,, five eighth parts of an inch And that the

tream  { rannin -ater mught not be accelerated in falhing and by that aceel
~ b platenot to the bottom but to the side of
A

1 BUEUN w

- e h

2B O wm

a ascy
zs oi‘a vessel L equal to the
ad velomty swould
© am tme through another ctreutar boi  noce diameteristo th:“ r}uxsu*u‘metlgx2

this loeity a bes 3 body o other i about the ratio of /2 to 1
d «to
1 1 e ght of the zagzuny towa{etcglgh:iqeg By folog frey through the
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as water, hot o1l and quicksilver the globe as 1t passes through them does not
immediately strike aganst all the particles of the fluid that generate the resist
ance made to 1t but presses only the particles that lie next to1t which press
the particles beyond which press other particles and so on and 1 these
mediums the resistance 1s dimimshed one other half A globe tn these extremely
flud mediums meets with a resistance that s to the force by which its whole
motion may be destroy ed or generated 1n the time wherein 1t can desenbe with
that motion uniformly continued eight third parts of 1ts diameter as the den
sity of the medium 15 to the density of the globe Ths I shall endeasor to show
1 what follows
ProposiTioN 36 ProsLexm 8

To find the motton of waler running out of a cylindrical vessel through a hole made
at the botiom

Let ACDB be a cyhndrical vessel AB the mouth of 1t CD the bottom
parallel to the honzon LT a circular hole mn the middle of the bottom G the
centre of the hole and GH the axis of the ¢y linder perpendicular to the honzon
And suppo ¢ 2 cylinder of 1ce APQB to be of the same breadth with the cavity
of the vessel and to have the same avs and to de- Q
scend continually with an umform motion and that F}
1ts parts as soon as they touch the surface AB dis
solve into water and flow down by their weight nto

the ve se! and 1n their fall compose the cataract or K ..._l..___—,ll-
column of water ABNFEM passing through the hole A H B
EF and filing up the same exactly Let the umform

velocity of the descending 1ce and of the contiguous M N

water 1n the circle AB be that which the water would
acquire by falling through the space IH and let IH
and HG Le 1n the same nght lne and through the
pomnt I let there be drawn the nght hne KL parallel
to the horizon and meeting the 1ce on both the sides
thereof 1n ks and L Lhen the veloeity of the water runmng out at the hole LF
will be the same that 1t would acquire by falling from I through the space 1G
Therefore by Galleo s Theorems IG wall be to IH as the square of thevelocity
of the water that runs out at the hole to the veloaty of the water m the arcle
AB that 1s as the square of the ratio of the aircle AB to the eircle OF tho ¢
circles being iy ersely as the velocities of the water which in the same time and
mequal quantities passes through each of them and completely fills them both

Te are now considening the velocity with which the water tends to the plane of
the horizon But the motion parallel to the same by which the parts of the
falling water approach to each other 1s not here taken notice of stnce 1t 18
neither produced by gravity nor at all changes the motton perpendicular to
the horizon which the gravity produces Ve suppose mndeed that the parts of
the water coherc a hittle that by their cohe 1on they may tn faling approach
to each other with motions parallel to the honzon 1n order to form one <ingle
cataract and to prevent their being divided into everal but the motion par

allel to the horizon ansing from this cohesion does not come under our pre-cat

10n

col(l}S:(i;ﬂit Concerve now the whole cavity 1n the ve sel which surrounds the
falling water ABNFEM to be full of 1ce so that the water may pass through

[ EGF
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~ W distance of 40 nches the

stall 1ssue forth with the
gupward ascend with
~ = water n the

1ce of the air

dd acquire m

nres ped

T
passes nto & canal and spli, w a
the upper part of the eanal And 1t may not only be mferred from ra.vn o
but 1s mansfest also from the 1 ell hno v expersments ju t mentioned that the
veloasty with which the 1 ater runs out tl every <ame that 1s asagoed in this
Proposttion
Case 5 The veloaity of the effluent waters the <ame whether the figure of
the hole be circnlar or square or triangular or of any other figure whatever
equal to the arcular for the velouty of the effluent + ater does not depend
upon the firure of the hole but anses from such depth of the hale as 1t may
have belos the plane WL
C s£ 6 If e lov er pact of the vessel ABDC be immersed nto tagnant
water and tt e her ht of the stagnant sater above the bottom of the vewsel be
GR the veloaity with wluch the nater that 1s i the
~nn~  tth hole EF mto the tarnant
i
of

of
the stagnant nater will be ustamed incquu ( m

by the nwaight of the tagnant nater and therefore
does not a all aceelerate the motion of the de cend
mg -ater i the vessel Thus case will al o become
evd at from expenment meaunng the times i
vhicl the  ater wall run out

- hoar
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Therefore 1n what follows let the diameter of the strenm be repre ented by
that les.er hole which we shall call LF And imagme another plane VW above
the hole ET" and paralle] to the plane thereof to be placed at a distance equal
to the diameter of the same hole and to be pierced through with a greater hole
ST of such & magmtude that a stream which wall
exactly fill the lower hole UI' may pass through it ™ *—’—"—“LD
the diameter of this hole will therefore be to thed1 4 H
ameter of the lower hole nearly as 25 to 21 By this
means the water will run perpendicularly out at the M N
loner hole and the quantity of the water running
out will be according to the magnitude of this last v s\ h «
hole very nearly the same as that which the solution
of the Problem requires The space included between c FGF D
the two planes and the falling stream may be con
sidered as the bottom of the ves el But to make the solution more simple and
mathematieal 1t 1s better to take the lower plane alone for the bottom of the
vessel and to suppose that the water which flowed through the yce as throush
a funnel and ran out of the vessel through the hole I'T made n the lower
plane preserves its motion continually and that the ice continucs at re t
Therefore 1n what follows let ST be the diameter of a circular hole de cribed
from the centre Z and let the stream run out of the vessel through that hole
when the water in the vessel s all flid And let EF be the diameter of the hole
which the stream 1n falling through ecxactly fills up whether the water runs
out of the vessel by that upper hole ST or flows through the middle of theieen
the vessel as through a funnel And let the diameter of the upper hole ST be to
the diameter of the lower LT as about 25 to 21 and let the perpendiculir dis-
tance between the planes of the loles be equal to the diameter of the le er
hole EF Then the veloaity of the water donnuards mn running out of the
e sl through the hole ST will be in that hole the same that a body may ac-
n o by falling freelv from half the height IZ and the veloaity of both t‘hf

Case 2 If the hole I'T be not in the middle ot the bouom oL L v b
1n some other part thereof the witer wall still run out with the stme velouty
as before 1f the magmtude of the hole be the same For though a heavy body

- ~~1a ¢hne than
1t the same

rough ahole

1n the stde of the vessel 1orf the hole be small so thay tne mtu al between
the surfaces AB and hL may vamsh as to sene and the stream of water
honzontally 1ssuing out may form a parabolie figure from the latus rectum of
{huis parabola one m2y see that the veloaity of the effuent water 1s that which
a bady may acquire by falling the height 1G or IIG of the stagnant waterin the
~hit of the stagnant

ole above 1 plane

pringing out from

Iy 37mnche  from

1thout re<istance
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< =4~ -nose this cat
tolhearaint

fes pcrh?ps
x of the e tu PR anmpg of 1its

}:l? x::yﬁ::n‘zdea :Ec::cave figure And as the concealed water AMEC BNFD
lao round the cataract is comexinits internal urfaces ME BNF towards
~~ PHQ Wil be conves towards the cataraet
1 cone whose base 1s that htt}’e cx:c!e

e

tain. seem. to be less than the weight of tno-Ulus Ol a yunw r
whowe base 15 that Lttle cirele znd it alitude HG For thungs tanding as
ho s @ rneced tmamne the half of a pheroid descnbed who-e base 1s that

na

the

tion

becomes narrower Therefore since that an e 1s less than a nght one this

column 1n the lower parts thereof will e waithin the hemy. pherord In the upper
parts alo 1t will be acute or pointed because to male it otherwice the hor

12ontal motion of the water must be at the vertex infinitely more swmit thanits

motion towards the honzon And the less this eircle PQ 1> the more acute will

the vertex of this column be and the eircle being dimini hed 11 snfintum the

- - ™

- POR R A

alutude GH Now the Iittle carele w.tains a foree of water equal to the weight
of this column the we ,ht of the ambient water bemn, employed in cowcing its
efflux out at the hole

Cor. Ix The wesght of water which the hittle eirele PQ <ustain. whenit s
very small 15 very pearly equal to the weight of a cylnder of water whose base
L that httle ewrcle and its altitude 14GH for this weight 1s an anthmetical
tmean between the neight of the cone and the hem pheroid sbove mentioned.
Butf that little exrcle be not very <small but on the contrary mereased till 1t be
equal to the hole EF 1t will sutan the we ght of all the water Iving perpen-

dicularly above1t thaty the wer ht of a cvlinder of water whose base 15 that
hnle arele anl s altitude GH
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cylinder whose base 1s the aircle EF and 1its altitude 2IG thatis to a evlinder
whose base 15 the eircle AB and whose altitude 1s 210 Tor the circle ET1s to
the aircle AB as the square root of the ratio of the altitude IH to the altitude
IG thatis i the ssmple ratio of the mean proportional IO to the altitude IG
Morcover 1n the tune that a drop falling from I can describe the altitude IH
the water that runs out will have become equal to a ¢y linder whose b.c1s the
arcle AB and 1ts altitude 2IH and in the time that 2 drop falling from I
through H to G deseribes HG the dufference of the altitudes the effluent water
that 1s the water contamed within the sohd ABNTEM wll be equat to the
difference of the cylinders that 1s to a cylinder whose ba e 15 AB andts
altitude 2HO And therefore all the vater contaned n the vessel ABDC s to
the whole falling water contained 1n the said sohd ABNTEM as HG 1s to 2HO
that1s as HO4-0OG to 2HO or TH+JO to 2IH But the weight of all the water
1 the sol:rd ABNTEM 1s employed in forcing out the water and therefore the
weight of all the water 1n the vessel 1s to that part of the weight that 1sem
ploy ed 1 foreing out the water as IH-+10 1s to 2EH and therefore as the sum
of the circles ET" and AB 1s to twice the circle EF

Cor v And hence the weight of a1l the water in the vessel ABDCis to the
other part of the weight which 1s sustained by the bottom of the vessel as the
sum of the circles AB and LF 1s to the difference of the same eircles

Cor v And that part of the weight which the bottom of the ves.cl <u tuns
1s to the other part of the weight employed 1n forcing out the water as the
difference of the eircles AB and LI 1s to twice the les er circle EF, or as the
area of the bottom to twice the hole

Cor vi That part of the weight wluch presses upon the bottom 1s to the
whole weight of the water perpendicularly incumbent thereon as the aircle AB
1 to the sum of the circles AB and ET or as the arcle AD 1s to the exeess of
twice the crcle AB above the area of the bottom Tor that part of the werght
which pre es upon the bottom 1s to the weight of the whole waterin theve el
as the difference of the errcles AB and LI 15 to the sum of the same errcles (by
Cor 1) and the weight of the whole water 1n the vessel 1s to the weight of the
whole water perpendicularly incumbent on the bottom as the circle AB1s to
the difference of the circles AB and ET" Therefore multiplying together corre
ponding terms of the two proportions that part of the weight which prosses
upon the bottom1s to the w eight of the whole nater perpendicutarly wcumbent
thereon as the circle AB to the sum of the circles AB and ET' or the exce> of
twice the aircle AB above the bottom

Cor vi1 If n the middle of the hole ET there be placed the httle circle rQ

de cnbed about the centre G and parallel to the n 1 L

honizon the neight of water which that little eircle H_——’—
sustains 1s greater than the weight of a third part A N ,B
of a cylinder of water who ¢ base 1s that httle aircle \ / A

and 1ts height GH Tor let ABNI'EM be the eat A |

aract or column of falhng water whose ax 15 GII BK N

as above and let all the water whose flurdity 1 i
not requustte for the ready and quick de cent of the I
water be supposed to be congealed as well round I
about the cataract as above the hittle aircle \nd l }
Jet PHQ be the column of water congealed above ¢ & ¥
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PQ and 1ts altitude GH that 1 greater than a third part of a eylinder des-
cnbed with the same base and altitude N\ow that little aircle su tuns the
neiht of this column that 1s 2 weight greater than the w eight of the cone
or a third part of the cvLinder

Cor v The weight of nater which 1l e cirele PQ when very small s
tams seerns 2o be less than the weight of t o-thirds of a cyhinder of water
whose base 15 that ittle eirele and 1ts alutude HC Tor tlings standing as
above suppored tmagne the half of a pheroid deserbed whose base 15 that
hittle circle and 1ts sermaxs or altitude HHG Thus figure will be equal to tno-
thirds of that eylinder and + 1\l comprehend witlin 1t the column of congealed
\?{er PHQ the weight of which 1s su tained by that httle errele For though

- N

bt b narroner Aberefore since that an le s levs than a nght one this
columnmthelow ro rt th rm £ 11 o

parts al o1t
1zontal moty
motion towa

the vertex o Lwustoumnve and the arcle beng dimin hed a £ = 1

u Mgt tue sutams a foree of water equal to the wesght
of this column the v eight of the ambient « at "g
oy ooy the s ut 1 ater being employ ed yn eau g ats

Cor x The we ht of wate —
very small 1svery nearly equa
15 that little ourcle and 1ts alt
mean between the we ghtsof t

lttle ele and s alutude Gry © © 4RI O WRter whose baseas that
A

“ Y very mearly
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¢y linder whose base isthe eircle Ll ant ¢ 1 o

whose base 1s the circle AB and wh

the eircle AB ag the square root of t “owoowamtrd
IG thatis in the stmple ratio of the ma -

AT

“ g a4 Uy hom ]
through H ¥ iU luediterence of the Altitudes the effluent water
that1s the water contamed withip th, sohd ABNTEN] will be caunl tn th
difference of the cylinders th + ~ 5

waight of all the water n the ves el 15 to that part of the weight that 15 em
ployed in foreing out the w ateras IH+70 g ¢, 2IH and therefore as the sum
of ! -

wele B
! water m the vessel ABDC s to the
ot} v tue weight which 15 sustamed by the bottom of the vessel as the

¥

sum of the crreles AB and LF 15 to the difference of the same circles

Cor v And that part of the werght which the bottom of the ves.el sustams
1s to the other part of the weight employed 1n foreing out the water as the
difference of the crcles AB and LT 15 to twice the lescer crrele EF or as the
area of the bottom to twice the hole

Cor vr That part of the weight whieh Dbresses upon the bottom 1s to the
whole weight of the w ater berpendicularly icumbent *hareon as the eircle \B
15tothe m~f 2 - AB s to the exce s of

twice th at part of the wei ht
which p le watern the vesel
asthed the same crrcles (by
Cor 1v) v Ue wnole water in the vessel 15 to the weight of the

b
whole water perpendicularly incumbent on the bottom as the cirele AB 1s to
the difference of the circles AB and LT Therefore multiplying together corre

ponding terms of the two provortion ¢ . '

~ w1 orine exeess of
1 1> 20ove the bottom

Cor +11 If in the middle of the hole CF there be placed the lttle circle 1 Q
de cnibed about the centre G and parqlle] to the 1
horizon the weight of water which that little arcle K——_ e

aract or column of falling water who e avasis GH »
as above and let all the water who ¢ flardity s
not requsite for the ready and quich de cent of the i

water be suppo ed to be congealed as well round él
i

and 1ts height GH Tor Jet ABNTLM be the cat
)

about the cataract as above the httle circle Ang
let PHQ be the column of water congealed aboy¢ c T
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upon the as-
s of Motion)
e weight of 2
~ - w WIG asFF*
le wilt be to the
31 deenling the
T WLy wa

w req
t

e

g

er

+ o ouom ch
and with

times its
length Buttbe restanceol ety w velooty 10

¢ o direct on of 1t length 1 the same mith the ress tance of the little airele (by

Lem 4) andis therefore nearly equal tothe forcebn  Inchitsmotion may be
generated vhale 1t desenbes four times it length

I the lenoth of the ¢y hinder be augmented or diminLhed 1ts motion and

whe {31 times 1ts length will be augmented or

N

Lem 4) that res tance wilf abso fen 2 e s

1f the density of the eyhinder be augmented or dumunihed 1t motion and
th force by whichit motion mav be generated or destroyed in the <ame time
wil be augmented or dimins hed 19 the same ratio Therefore the rest tance of
any evlinder  hatwoever lbe tothe force by hachts whole motion mav be
gen ated or de troyed inthe imedunn whichit moves four timesits length
as the den. ty of the medium 1s to the den.ity of the cyhnder nearly

QED
~hecome contintied 1t mu.t be continued snd
¢ propa

moved

emotion

of the body 13 pent in generating 3 mots nin the part ot e luu and this
creates the resstance But the prescure an. n, from the compresaon of the
flud be te ersoforable of 1t be proparated 1 an instant generates no

stronger on the hunder parts of the bods moved than on 1ts fore part. and
therefore eannot lessen the rest tance described 1n this Propoation Andaf its
propagation be infimitely swafter than the motion of the body pressed 1t will
D t be <tronger on the fore parts than on the hunder parts. But that action mll
l: oxux:ﬁ‘:x::;l) switer and propagated in an instant if the fuid be continued and

Cor. 1 The resi:tances made to cyhinders gomg umformly forwards in the
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Lewaa 4

If a cylinder motes »
made ther tn = =
therefore
and mom
dicular to

For *
crrcle v

Prorosrrion 37 Trronres 29

If a eylinder mores uniformly forwards 1n ~ »
Jiwd itk 2
{ransvers 1 vuon may be destroyed or
generated t e tt moves four fimes 115 length as the densily of the me
duum 15 o the densily of the cylder nearly

Forlet the vessel ABDC touch the surface of stagnant water with its battam
CD and let the water run out of this vessel into the stagnant water through
the eylindne canal DFTS perpendicular to the hon 1 L
zon and let the Iittle aircle PQ be placed parallel to A= —F= 48
the honzen anywhere in the muddle of the canal t
and produce CA to kv so that \Ju may be to Clu s
the square of the ratio which the exeess of the onfice
of the canal LT above the httle airele 1Q bearsto
the cirele AB Then 1t 1s manifest (by Case o Case 6
and Cor 1 Prop 36) that the velocity of the nater
passing through the annular space between the hittle
circle and the sides of the vessel will be the very
same as that which the water would acguire by fall
mg and n ts fall desenbing the altitude ILC or IC

And (by Cor x Prop 36) if the breadth of the ve <« be mfimte so that the
short line HI may vamsh and the altitudes IG Y G become equal the foree of
the water that flows down and presses upon the circle will be to the weight of &
gyhinder whose base 15 that Wttle cirele and the altstude 271C as I F 3 to
LF?—VPQ? very nearly Tor the force of the water flowing downwards um
formly through the whole eanal wall be the same upon the hittle errele PQ 10
whatsoever part of the ¢wnal it be placed

Let now the onfices of the canal EF ST be clo ed and let the httle ewele
ascend 1n the flurd compressed on every side an 11
watert +V %
crrele

o veveroesty of the descending
+ 2 ut wity wehat passes by the hittle eirele 1 is ascent as the difference of
the circles EF and PQ 13 to the arcle BF or as I'T3—PQ? to F I Lot that
relative veloesty be equal to the veloesity with which it was shown above that
the water would pass through the annular space of the arcle were to reman
unmoved thatis tothe veloaity which the nater would acquire by falling and
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upon the as-
3 of Votion)
toefa
=
“ he
lvse;:c:t‘; whlxdx }he water acquures by fatung Mu w ke

alttude IG as EF'—PQrasto EF?
nt findum and the ratios between
Letthe bmdt'lvng tb:‘a::lw‘:;n g‘:ﬁ& Eif—‘ﬁPQ will become at fat
1 now be the
i de<enbing
thealth U U ue of acylinder
2V 1 circle anditsaltitodebaliuea t ua o from shick
~ el and with
tunes its
- velocity 10
by
be

1nd

lor
imum hed 1n the ame ratio and thereivte Lu ¢ 0

inerensed o dimin. hed. may be destroved or generated will continue the ame
because the tume t> tnereased or dimuz hed 1 the same proportion and there-

fore that force remain. t 1l equal to the resi-tance of the cylnder because (by
Lem. 4) that resytance will also remain the ame

If the density of the evhnder be sugmented or dimunt hed 1ts motion and
th forceby whichit motion may be generated or destroyed 1n the <ame time
will be augmented or dimim_hed in the <sme ratio Therefore the resi tance of
anv oy hinder what~oever will be to the force by which its who! motion mav be
generated or destroyed, in the tume dunn,, which 1t mos es four times its length,
as the denaty of the medium 15 to the denatv of the eviinder nearly QED

~mmepd ahee m continued 1t must be continved and

ops

ved

>tion

- - ™t oot wne uwe apd ths

compression of the

nstant generates no

m tion i the parts of 3 contioued flwd, produces no change at a1l of motion
1k rein and therefore perther augments nor lessens the reistance Thisis cer

tan, that the action of the flyd ansing from the compreson cannot be

stronger on the hinder parts of the body moted than on sts fore part. and
rt andncembhoed noh Deann Adft

nonelsue.

Cox. 1 The resistances, made to eyhnders pong unsformly forwards in the
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direction of their lengths through continued mfinite mediums are i a ratio
compounded of the square of the ratio of the veloctties and the square of t
ratio of the diameters and the ratio of t1a ¥ =

Cor p 7# % v
der go forw N uugtt «n tneluded quiescent
medium 1t . o utwmle comnading with the axis of the canal s resistance

h, 1 .1 will be to the faree by which tts whole motion m the
Al T n B time 10 which 1t deseribes four t ma i
] far=

t
t v —1y and the ratio of the
density of the medium to the density of the ¢yhnder
Cor m The same thing supposed aond that &
length L 1s to four times the length of the cylinder
1n 2 ratto compounded of the ratio LT"—34PQ to
LI? and the square of the ratio of LT~ PQ? to LT*
the resistance of the cylinder will be ta the force by
which 1ts whale motion 1 the time dunng which it
describes the length L may be destroyed or generated as the density of the
medium 1s to the density of the cylinder

ScroLros

In this Proposition we have investigated that resistance alone wiich ant es
from the magmtude of the transverse scction of the cylinder neglecting that
part of the same which may anse from the obliquity of the motions Foras m
Case 1 of Prop 36 the obhquity of the motions with which the parts of the
water in the vessel converged on every side to the hole LT hindered the efflux
of the water through the hole s0 1o this Proposition the obhqmty of the
motions with which the parts of the water pressed by the antecedent ex
tremty of the cylinder yeld to the pressure and dierge on all sides retards
their passage through the places that he round that antecedent extremity
tonards the nder parts of the ¢y hnder and couses the flmd to be moved toa
greater distance vwhich increases the resistance and that mn the same ratio

almost 3n which 1t dsmimshed the efff v ¢ + t of the vessel thatis
1 tha ~ 1 of that Proposttion
we S om o 1
nt
1

u
and b

i e
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ut v wth which 1t moves 2 HC to* AB Let CF and DF
ﬁﬁo-l.:h:e;g&c are decribed with the ams CD and 8 latus rectum
fo. tames the former and b the revolation of the fmure about the ax:s EF let
he-e be generated a ~old whose mddle part ABDC11. the evlinder we are here
cpealin of and whose extreme part ABE

H——G nd CDF contamn the part of the fuid at rest

A wn
[

'l

have the s..mme ratio to the force mith nhich the wholemotionar e ¢ uruer
mav b destroved or geners ed 1 the tame that 1t 1 de~eribing the lensth AC
with thst motion unformly continued as the denatv of the flud ha to the
dow. tv of the eviinder meariv And (bv Cor vir Prop 36) the re-ctance ot
betoth force mtherstioof 2to3 at the leatt

Lnnno

Hac Zer asphere c dasp.aod of equal breed s be ploced « coeesindgin
trerddleof o o indneec al e Pa cesmeycor adevhttecnisef the
core. thesebod eswill e 1 g b der the passene of Loe weuer rror ¢ e canal

For the spacesIvin_, between the ade< of the caral and the evlinder sphere
rd spherued, throuzh which the wate pa e are equal and the water wmill
pass equally throwh equal smaces.

Thr 15 tree upon the supnoation that all the water sbove the evlinder
sphere o <phernid, whose fudity 1. not necessary to make the passace of the
water the quickest poscble 1 concealed as wa explaned aboven Co vm

Prop 36
Lonn 6
The seme puppanhionremict 3 ., the fore por oned bod es eve equall y eefed on by
L weer foy o~ throu & the eemel
Thus 3ppean by Ler. o and the third Law For the water and the
Lpoa esch othe  mutually and equally i bodieact
Leso ™
Ift veerbrc. vt thecone, e A thes bo? ¢x more vk

erual reloca'y ernd
oppan.e direcions thro h th
gl 1ons thro he conel e remicg ces will be e ol g 7
Thu. a;
azsons memppf-::‘ ‘i_:m thela:* Lemmms for the relstive mo.zon_ remam the same
ScroLrta

The cose 1 the same for all
"‘hlhvm»o[themjkgn“:Mdmms whose aves co.nnde
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andretard the flux of the water through the canal are at rest among themeelves
being fixed like water by frost and adhering to the force and hinder parts of
the bodies 1n the manner esplaned in the Schohum of the last Proposition for
i what follows we consider the very least reswstance that round bodies de
scribed with the greatest given transwerse sections can possibly meet with
Bodies swimming upon fluds when they move straght fornards cause the
fluid to aseend at their fore parts and subside at their hinder parts espeailly

uus it Luey are obtuse behind and before condense the flmd a hitle more at
therr fore parts and relax the same at their hinder parts and therefore meet
al»o with a httle more resistance than if they were acute at the head and tal
But in these Lemmas and Propositions we are not treating of elastic but pon
clastie fluids not of bodies floating on the surface of the flud but deeply
immersed therer= =1 ' - %
known wemay
and 1 the surfa

ProrosiTion 38 THEOREM 30

If a globe movc uniformly foruads 1n a compressed nfinile and nonelastc fand
s resistance s to the force by whch 1ts whole motion may be destroyed or generated
n the time that 1t describes cight third parts of its diameter as the denstly of the
Jflurd 18 lo the density of the globe rery nearly

For the globe 15 to 1ts circumsenbed eylinder as 2 to 3 and therefore the
force which can destroy all the motion of the eyhnder while the came ¢ inder
15 deseribing the length of four of 1ts diameters will destroy all the motion of
the globe while the globe 1s deseribing two-thirds of this length that s oght
thurd parts of 1ts own diameter Now the resistance of the cylinder 18 to this
force very nearly as the density of the fluid 15 to the density of the eylinder or
globe (by Prop 37) and the resistance of the globe 15 equal to the resistance of
the cylinder (by Lems 5 6 7) QED

Cor 1 The resistances of globes in infimte compre sed medums are 1 &
ratio compounded of the squared ratto of the veloctty and the squared ratio of
the diameter and the ratio of the density of the mediums

Cor 11 The greatest veloctty with which a globe can descend by its com
parative weight through a resisting flnd 15 the same as that which 1t may
acquire by fatling with the ame weight and without any resistance and mnits
fall describing a space that 1s to four third parts of 1ts diameter as the den 1ty
of the globe 15 ta the density of the flud For the globe i the time of 1ts fall
moving with the veloaty acquired in faling will desenbe a space that will be
to eight third parts of 1ts diameter as the density of the globe 1s to the denaty
of the flud and the foree of its weight which generates this motion will be to
the force that can generate the same motion 1n the time that the globe de-

enibes eight third parts of 1ts diameter with the same veloaity as the den.ty

of the flurd 1s to the density of the globe and therefore (by this Proposition)
the force of weight will be equal to the force of resistance and thereforc cannot
accelerate the globe

Cor 1t If there
the beginmng of the motion an

be given both the density of the globe and 1ts veloeity at
d the den 1ty of the compressed quieseent fluid
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¢ both the veloaty of the

" 1 b moves there s S‘Tncgzr?lxgdtl;? 1t (by Cor vir Prop 35
.ed quiescent flurd of the same density
1t can de~cribe the length of tnoofits

Proro frion 39 Tnronex 31 )

ScaoLiry

t
In thela.t tv o Propositions we suppose (a8 :\iu ﬁonf before ':n::'r:; 5‘)111‘1.1-

Prorostrion 40 11opLry 9

To find by exper nent the rest tance of a globe 1 0 ing through a perfectly flurd
¢ pressed med um -

—_—t -

which the globe meets with when descending with that veloaty will be equal
touttsweight B and the resstance 1t meets with 1n any other veloeity will be to
the erght B as the square of the ratio of that velocity to the greatest veloeity
H by Cor 1 Prop 33

This s 13 the reststance that anses from the mactivity of the matter of the
— - - — Z

SO 404481 ¢ andlet Lbe the loganthm of th number

~— and



altitude deseribed nearly These things appear by Prop 9 Book 11 and s
Corollaries and are trye upon this @t nnn ) that the globe meets with no

other » . Invctivity of matter how if gt
really ~ the decccnt\ullbcslo“cr and
from ¢ * v Wt retardation )l be known the amount of thyy new
resistance

That the veloerty and descent of o body falling 1n g flg might more ently
be known 1 have composed the following table the first column of which

he
Thelm |, Yo Inla b RV L ottt | deser
hag the f1°3d Oreatest m ¢ '
N Tk
0001G 999993/, 0000001 F
001G 999967 00001
01G 996699 000998341
02G 1973, 532 003973611
03G 20131261 00886815F
04G 37994896 015500708
05G 46211716 024022900
06G 3704957 034027061
07G 60436778 045454058
08G 66403677 05815071 F
09G 7162978, 07196609
1G 76150416 086756170
2G 9640278 2 60000,50
3G 99500475 46186,0F
4G 99932930 6 6143,65F
5G 99990970 86137964
6G 99998771 10 61371798
G 99999834 12 61370731
8G 99999950 14 61370501
9G 99999997 16 61370,71
10G 99909999V5 18 61370,61

pn et g

denotes the times of descent the second hows the yeloert »
boom on t

falling the greatest veloaty

described by falling 1n the etir
In the time G with the greate 7 W Lt tourth gives the spaces de-
scribed with the greatest v cloeity in the same times The numbersin the fourth

column are G and by subtracting the number 13862014 ¢ 60017021 are

found the numbersin #1~ 1 1

by thespace F
to all these cor
m a2 vacuum w
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Scrouttyt s T orocured
s
waed tnnvestimate the revr tances of flnds from expenmen ‘msp9 oeuree
r and having
uj 1 ted the times
wau up e -
E;wt;‘: s:fe%‘fof the<e globes the height !ilhrough which tlb:‘)) (:\'ml;dls b:‘z‘g.
conta:
11 inches. A ohd cubic foot of Engh. ms‘;t:um B e it
ter and s <olid inch contains ™}/ ounces troy weig
Wgwe Ehn: :‘n';‘:g:b: of water of one inch 1n diameter contains 137 G40 grains u;
ar or 1378 grams 1n a vacuum 3nd any other globe wll be as the excess of
t 1n 2 vacuum above 1ts neiht 1 water _
“SE‘:’g 1 A globe whose neight was 1061, grans m ar and 7 grams 1n
srater decribed the whole het ht of 112 inches 1n 4 <econds And upon z
peatin the expenment the lobe pent a~ain the yerv same time of 4 =econ:

it = he m w153 eruns and the exces of this
{ence the dram-
will be asthat
so1. the denuity of the water to

excess to the werght of the globen 3 yacuum <o of the water ¢

\

the pace 1.3%°?04t F or 30F 6 inche~ and there will remamn a <pace of
113 0569 1nches which the globe faling throu h  ater 1n a venn wide vessel
will desenbe 1n 4 seconds But this space by reason of the narrowness of the
wooden vessel before mentioned ought tobed: hedinamt pounded
of the square root of the ratio of the onfice of the vewel to the exce~ of this
onfice sbove half 2 great eircle of the globe and of the simple ratio of the same.
onfice to 1ts excess above a great ewrcle of the globe thati maratioof 1 to
09914 This done we have a space of 11708 inches  hich a globe faling
throu h the water 1n thas wooden vessel 1n 4 seconds of time ou ht nearly to
de-cnbe by this theory but 1t described 11.. inches b the expenment

Exper. 2 Three equal globes whoe weights were <everally "G14 grawns 1n
ar and 5/ gramns i water were let fall succesavely ang everv one fell
lhr;m,,h the water 12 15 <econds of time deserbing, 10 1ts fall a herght of 112
nches

Ry e LRSI

o bm - -

/

U MT il ue seeuns without testtance L. 803 inches, and the time G



may neglect the ferm 4 605170186LT and %F—l 3862943611F will be the
altitude described nearly These things appear by Prop 9 Book 11 and its
Corollaries and are trye upon this supnn + . )
otherre +

really

from ¢ ¥ £4UWH the amount of ths pey
reststa

That the veloity ang descent of 5 body falling 1n a g might more ea.ils
be known 1 have composeq the following table the first column of which

1 L 3
Telms | o A i P itting | desclly drenth the| o o
thogp g nike fisd oreate tm ¢ g n tacu m

0001G 99999, 0 0000017 0002F | 0 o0000iF
001G 999967 000010 000011
01G 9966799 000998347 00IF
0°G 19737532 00397361 004F
03G 29131261 008868155 0 09k
04G 37994806 0 15500701 0 16F
05G 46211716 021022905 0%F
06G 537019,7 03402 g1 036F
07G 60436778 045454051 049F
08G 66403677 05815071 F 064F
09G 71679787 0 7196600F 08IF

1G 76159416 08675617F i

2G 96402758 2 6u00055F 4F

3G 9950547, 4 61862~0F 9F

4G 99939930 6 6143-G5F 16

5G 99990920 8 6137964F 25F

6G 99995"71 1061371790 36r

7G 99999834 12 61370731 491

8G 99999980 14 6137050F 64F

9G 99999997 16 6137070 §IF

10G 99999999, 18613 0o6F
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. #h weicht of the globe n a vacuum 13

and el ey
wche
TH

- i

Nth the theory tohare fallen 1n the time of %9 oeallations nearly

By the theory they ought to have lanen m ety o v e e
nea 1y

-4 2 7% erans 1
31 32

B\ the theorv they ought tohave fallen 1n the time ot 23 osiuauions nearly

centre  that 1de el chanced to be the heavier descending hirst and pro-
ducin an o ¢ lating motion No1 by latia,, thus the globe

a greater motion to the nater than1f 1t de cended vathout any oscillations
and by this commumecation loses part of 1ts own motion with which 1t should
de ce d and therefo e a3 th s osaillation 1s greater or less 1t wiil be more or

[LER NN

nearitssurface and 1let fall the globe in such » manner that asnearas posst
ble the heavier nde might be lo est at the begmning of the descent By this
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~ PR b Ve taty laetvit s capableof

/ desenbe

onds the

space 115 678 nches Subtract the space 13562944k or 1 vus tuches and
there remans the space 114 069 inches which therefore the falling globe ought
tod erbe 1n the same time 1f the vessel were very wide But because our

mches 1he ailerent Is v o (VA9

Exper 3 Three equal globes whose weights were severally 121 grans in
air and 1 gram m water were successnvely let fall, and they fell through the
water 1n the times 46 scconds 47 scconds wnd 50 seconds desenibing n height
of 112 inches

By the theory the<e globes ought to have fallen 1n about 40 sccond  Now
whether their falling more slonly were occasioned from the consderation that
1n slow motions the resistance ansing from the force of mactivity does really
bear a less proportion to the resistance ansing from other cau es or whether
1t 15 to be attributed to hittle bubbles that mught chance to stick to the globes
or to the rarefaction of the wax by the warmth of the weather or of the hand
that let them fall or lastly whether 1t proceeded from some mnsensible errors
1 waighing the globes in the water I am not certun Therefore the weight of
the globe in water should be of several giams that the expenment may be
certamn and to be depended on

Lxrer 4 I began the foregoing Experiments to investigate the resistance
of fluds before I was acquarmnted with the theory luid down 1 the Propoe.
tions immediately preceding Afternards 1n order to exammne the theory after
1t was discovered I procured a wooden vessel whose breadth on thean de was
824 mches and 1ts depth 1534 feet Then I made four globes of way with fead
meluded each of which weighed 13914 grams in air and 734 gramns 1in water
Tho o Tlot fall measurng the times of their falling 1n the water witha [':cn

- a

warmth rarcfies the wax and by raretying it atminisnes t JRS

1 the water and wax when rarefied 1s not mstantly reduced by cold to its
former density Before they were et fall they were totally immersed under
water lest by the weight of any part of them that mght chance to be abore
the water ther descent should be aceelerated 1n 1ts beginmng Then when
after ther immersion they were perfectly at rest they were let go with the
~~ 140 from the hand that Jct

of 471/ 48 50 and 51

' 1es But the weather wos

hed and therefore I n'l-_

Heated the expenment another day and tnen e globes fell i the times o
4"3&:9% 50 frfd 53 and at a third tnal in the times of 49 50 ol and 53
oscillations And by makung the experiment several times over [ found ﬂmli
the globes fell mostly n the times of 4914 and 50 o<eillations When they f('f
slower I suspect them to have been retarded by stnhing agunst the mdes o

the ves el
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ooden
{31l they de<cribed a height of 270 Engl.h feet. A we
:_iball: \\::d;n g;‘drcddupoxiimn hunges on ene «ide and the other side of the
{sble was <upported by a wooden pim. The two g\obcsfly\ng upon \hr::ﬁ;
3 by means of an rron wire
Zea1 € N torether by pulhin~ out the pin by me A O o e e
urnmg round
upon e il tlhcs:lgﬁ“l;
tant with the <ame pull of the ron wire that took out tue pu & pen:
osallatine to seconds was let g0 and began fo cseillate The dizmeters and
weights of the globes and their tumes of falling are exhibited 1n the accom
panyn,, table

The lobes £Ird sevh mereury. Thaglohe full fa
w Duameers | Tm Waoits l Duamders ‘ T
grons 1 seconds gramns 1nches seconds
23 08 4 510 1 814
o3 08 4= 64 59 8
8§66 0s 4 5% 51 M
4 0 43 5 50 8ty
808 0 4 153 50 815
8t 0 4+ 611 5 Fy

But the t mes obeerned must be corrected for the globes of mercury (by
Galileo s theo'y) 10 4 seconds of time will desenbe 20 Englih feet and 220
feetin onl 3 seconds 42 third. g that the wooden table when the pin was
talen out did not turn upon 1ts hunges <o quichly as1t ought to have done
and the Jowzess of that resolution hindered the descent of the globes at the
begmun  For the globes 1ay about the middle of the table and indeed were
rathe nearer to the ams upon which 3t turned than to the pia. And hence the

Y

second of time describe 19334 inches
“ﬂ]“-dm d?:enbﬁ 185902 inches and wth
eccribe the space F or 14
:x‘n-hes w the time of 5 thurds and 58 fourths and acquire the ;:até:e:ei?cé
5 1835 capable of descending with in the ar Wath this veloaty the globe 1n
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means the oscillations beeame much less than before and the times i whieh
the globes fell were not so unequal as n the followng Cyperiments

Ixrer 8 Tour globes weighing 139 grains in mir and 637 1 water wereled
fall several times and fell mostly 1n the time of 51 oscillations never i more
than 52 or i fewer than 50 descnbing a height of 182 inches

By the theary they ought to fall in about the time of 52 osaillations

Dxrer 9 Four globes weighing 2734 grams m sir and 1403 1n water
being several times let fall fell mn never fewer than 12 and never more than
13 osaillations describing a height of 182 inches

These globes by the theory ought to have fillen 1n the time of 1134 osailla
tions nearly

Lxeer 10 Four globes werghing 384 grams 1n awr and 1191 1 water
being let fall several fimes fell in the times of 1734 18 1814 and 19 osailla
tions describing a height of 1813 inches And when they fell in the time of 19
oscillations I sometimes heard them hit against the sides of the vessel before
they reached the bottom

By the theory they ought to have fallen 1 the time of 1554 oscillations
nearl,

E‘:B;sk 11 Three equal globes weighing 48 gramsinair and 394 mwater,
being soveral tames let fall fell in the times of 4315 41 44} 45 and 460 alla
tions and mostly wn 44 and 45 describing a height of 182}/ inches nearly

By the theory they ought to have fallen 1n the time of 464 oscillations
near],

E‘:{‘En 12 Three equal globes wesghing 141 grams sn air and 434 1 water
being let fall several times fell in the times of 61 62 63 64 and 65 oscillation.
describing o space of 182 inches

And by the theory they ought to have fallen n 6415 oserllations nearly

Y'rom these Experiments 1t 1s manifest that when the giobes fell slowly as
1n the second fourth fifth eighth cleventh and twelfth Dxperiments the
times of falling are rightly exhubited by the theory but when the globes fell
more swiftly asin the sixth mnth and tenth Ciperiments the resistance was
somewhat greater than the square of the veloaty Tor the globes in falling
oscllate o httle and this osaillation 1 those globes that are ight and fall
slowly soon ceases by the weahness of the motson but in greater and heavier
globes the motion being strong 1t continues longer and 1s not to be eheehed
by the ambient water ti}} after several oseillations Besides the more switly
the globes move the less are they pressed by the fluid at thewr hinder parts
and 1f the velocity be continually merea ed they will at last lewve an empty
space behind them unless the compresston of the flurd bein sed at the same
time For = - Props 37 and
33) as the sstance 1 the
samesQUS w U Lut because thisis not done the globes that move swif tl};
are not so much pressed at their hunder parts as the others and by the defect o
thrs pressure it comes to pass that their resistance 1s a hitle greater than the
square of therr velooity .

So that the theory agrees with the expeniments on ‘bodies falhng i wales
It remams that we examine the observations of bodies falhing 1n arr 0

Exper 13 T'rom the top of St Pauls Church in London 1 June hh
there were let fall together two glass globes one full of quicksiher the other



The globe fuled vk mercury Theglode f 11 fo
T
"o Damaers T Feghts Drameter i
s ches & conds grains tnches seconds
WBOS 08 4 510 51 814
<3 08 4— i) 57 1)
866 08 4 599 51 8
47 07 4+ 515 50 Bl
808 07 4 483 50 844
81 07 44+ 641 5 8

But the times obeeried must be corrected for the globes of mercury (by
Galleo s theory) 1n 4 seconds of time will de~enbe 20/ Engluh feet and >0
feet 1n only 3 <econd» 42 thards So that the wooden table when the pin was
le:en out dud not turn upon 1ts lunges o quickly as 1t ought to have dene

Ieason o1 e largeness of thetr diameters lay longer upon the revolving table
than the others Thus bewng done the times 1n which the six larger globes fell
will come forth 8 <econds 12 thirds 7 seconds 42 thirds ~ <econds 42 thirds
Tseconds 5 thurds 8 <econds 17 thurd and 7 <econds 42 thirds

Therefore the £ifth 1n order among the globes that were full of air beine &

/
/
£10B1 108 Wil 1n one <econd of time de~cnibe 193
ﬁl:}?‘:e and with the weight 483 grains wll describe 18090 n he %"‘n-?e:
-
inches

wyate



242 MAaTHEMATICAL PRINCIPLES

means the oseillations became much less than before and the times in whieh
the globes fell were not so unequal as i the following Cypenments

Exrer 8 Four globes weighing 139 grains in wur and 617 1n water werelet
fall several times and fell mostly n the time of 51 oseillations never m more
than 52 orn fewer than 50 descnibing a height of 182 inches

By the theory they ought to fall in about the time of 52 oscillations

Exrer 9 Tour globes neighing 273}4 grains 1 air and 1403£ 1n water
being several times let fall fell m never fower than 12 and never more than
13 oscillations describing a herght of 182 inches

These globes by the theory ought to have fallen 1n the time of 1124 oseilla
tions nearly

Exrer 10 Tour globes weighing 384 grains in air and 119 m water
being let fall several times fell 1n the times of 1734 18 181 and 19 osalla
tions describing a height of 1811 inches And when thej fell in the time of 19
oscillations I sometimes heard them hut against the sides of the vessel before
they reached the bottom

By the theory they ought to have fallen m the time of 1,54 osaillations
nearly

Lxrer 11 Three equal globes werghing 48 gramnsm air and 3 %4 m water
being several times let fall fell in the times of 4314 44 4417 45 and 46 oalla
tions and mostly in 44 and 45 describing a height of 18214 inches nearly

By the theory they ought to have fallen 1n the time of 46¥4 o aillations
nearly

ExrEr 12 Three equal globes weighing 141 graunsin air and 434 m water
being let fall several times fellin the times of 61 62 63 64 and 65 oscillations
descnibing o space of 182 inches

And by the theory they ought to have fallen 1 641 oscillations nearly

From these Lxperiments 1t 1s manifest that when the globes fell slowly as
1n the second fourth fifth eighth eleventh and twelfth Lxpeniments the
ttmes of fallng are nghtly exlubited by the theory but when the globes fell
more swiftly asin the sixth ninth and tenth Cxperiments the resistance was
somewhat greater than the square of the veloaty For the globes i falling
oscillate a httle and this osaillation 1n tho e globes that are light and fall
slowly soon cea.es by the weakness of the motion but m greater and heavier
globes the motion being strong 1t continues longer and 1s not to be cheehed
by the ambient water till after sexeral oscillations Besides the more smftly
the globes move the less are they pres ed by the flmd at their linder parts
and 1f the vcloaity be continually mereased they will at last leave an empty
space behind them unless the compression of the flwd be ereased at the rame
time Tor the compression of the fluid ought to be mcreased (by Props 32 and
33) as the square of the veloaity 1n order to maintain the re wtanee m r"lls

‘éo that the theory agrees with the expeniments on bodies falling 1n water
1t remains that we exammne the obsert ations of bodies falling 1n arr =

Exrer 13 From the top of St Pauls Church 1n London 1n June 1710

there were let fall together two glass globes one full of quicksilser the other
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™ 4 tha
)
times of then 14 Ly ond BNG 10 (s )
27 acom tumes by a whole second The sfc.a B A e Gt
nd thewr
1 wound
“ enments
1
The imea Th pac The difference
feory | beween the theory
Thowac f|  Th f1all ng from  which by the
M‘m dwamders thg‘:;ldl chtt ‘amkc;‘\”.. ':: the
gre ns nch s seco ds Ject  anches ft inches
18 5.8 19 7 -0 1
156 519 17 ke o4 + 0 0%
13714 53 18 kd 7 +0 7
94 56 > hatd 4 +5 4
90 5 5 213% 82 0 +10 o
1

tudes
Tn the Scholium «ubjomed to the sxth Section we howed by expenments
of pendulum. that the resistances of equal and equally swift globes moving
nair water and quechsilier are as the den.aties of the fliid. Ve here prove
the .ame more accurately by experiments of bodies faling 1n air and 1 ater

- rory

u pended mskes the whole reastance of a pendulum greater than the rew t
ance deduced from the expenments of faling bodies For by the expenments

nould loe anly s part of 1ts motion equal to 1w supposn the density of
water to be to the den.ty of aur as 860 to 1 Therefore the reswstances were

1 theee mediums vill be nghtly enou h exhubited by

¥ the expeniments of pen
dulums 28 w» 1 as by the expenments of falling bodies And from all \hlx: 1t
may be con luded that the resistance of bodies moving in any fluds whatso-
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8 seconds 12 thirds of time will descnibe 245 feet and 534 inches Subtract
13863 F or 20 feet and Y annch and there remam 225 feet 5 1nches This
space therefore the falling globe ought by the theory to deseribe 1n § ceconds
12 thirds But by the expenment 1t described a space of 220 feet The differ
ence 13 mappreciable

By like caleulations applied to the other globes full of air I composed the
following t\able

Th t mes
Th weght f The 11 ng f om fhe spoe ¢ wh b

thoglhs diam ter ? hz;;)g/ they o id desrmbe | The excensa

grains nches seconds  thirds Jeet  anches Jeet  anches
510 51 8 12 276 11 6 1
642 52 7 42 230 9 10 9
599 51 7 42 277 10 7 0
515 5 7 57 224 5 4 5
483 5 8 12 22 5 5 5
641 52 7 42 230 7 10 ‘

Exrer 14 In the year 1719 1n the month of July Dr Desaguliers made
some expertments of this kind again by forming hogs bladders into sphenical
orbs which was donc by means of a concave wooden sphere which the blad
ders being wetted o6 + now .
they were ¢
whendry
cupola of the same church namely from a height of 272 feet and at the same
moment of time there was let fall a leaden globe whose weight was about 2
pounds troy weight And 1n the meantime some persons standing mn the upper
part of the church where the globes were let fall observed the whole times of
faling and others standing on the ground observed the differences of the
times between the fall of the lenden w eight and the fall of the bladder The
times were measured by pendul 1l g to half. Is And one of
those that stood upon the ground had a machime vibrating four times 1n one
sccond and another had another machine accurately made with a pendulum
vibrating four times in a second also One of those also who stood at the top of

were 5o contrived that
Now the leaden globe
tion of this time to the
difference of time above spoken of was obtamed the whole time 1 which the
bladder was falling The times which the five bladders spent 1n falling after
the leaden globe had reached the ground were the first time 1434 second
1234 seconds 145scconds 1734 seconds and 1674 scconds and thesecond time
14}/ seconds 14}4 seconds 14 seconds 19 seconds and 16% econds Add to
these 4){ seconds the time 1n which the leaden globe was falling and the
whole times 1n which the five bladders fell were the first time 19 seconds 17
scconds 1874 scconds 22 econds and 2134 seconds and the sccond time
1834 seconds 18}/ econds 18}{ scconds 2314 seconds and 21 seconds The
times observed at the top of the church were the first time 1934 scconds 179
geconds 183£ scconds 2214 seconds and 2134 seconds and the sccond time




9
=1

Boox I Tre \orion or Bobies

SECTION VIII

‘THE MOTION PROFAGATED TRROUGH FLUIDS
Proro 1m10N 41 TREOREM 37
A p ¢ wre s not propagated throvgh a fand sn reetilinear directions except where
the partacles of the flud he tn @ right line

1f the particles @ b ¢ d ¢ hen a nght Line the prescure may be indeed
- AN 1N LN w«l ewn 1 1

ticles A and X Ivin beyond them but the particles
that upport them are al-o pressed by them and
those particles cannot su tawn that prescure with
out bemg upported by and presing upon those
particles that Le still farther as ! and m and <oon
tn infinttum Therefore the pressure 1s soon as 1t 1s
propacted to particles that e out of nght Line
beens to deflect towards one hand and the other
and will be propacated obliquely s infinitum and after it hasbegun tobe pro-
pagated obliquelv if 1t reaches more di tant particles Iying out of the nght
hee 1t will deflect agun on each hand and this it will do as often as it bights
on particles that do not Le exactly 1n a n_ht hine QED
Cor If any part of a pressure propagated through a flud from a gnen
pomnt be mtercepted by any obstacle the remasming part which 1s not 1nter
cept(:i“ will deflect into the paces belund the obstacle Thrs mas be demon
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ever though of the most extreme flmdity are other things being equal asthe
densities of the fluids

These things being thus established we may now determine what part of
1ts motion any globe projected 1n any flud whatsoever wonld nearly Josena
gsuentime Let D be the drameter of the globe and Vits velocity at the begin
nng of 1ts motion and T the time in which a globe with the veloaity 1 can
describe 1n & vacuum o space that 13 to the space $4D as the density of the
globe to the density of the flnd and the globe projected m that flud will m
any other time ¢ lose the part ’If_it the part ]T}-r_t rematning and will desenbe
aspace which will be to that described 1n the same time 1 a vacuum with the

uniform velocity V as the loganthm of the number 3‘%—_! multiphed by the
number 2 302585093 1s to the number it
the remstance may be a hitle less because the figure of o globe 1s more adapted
to motion than the figure of a cylinder described with the same diameter In
swift motions the resistance may be a ittle greater because the elastrarty and
compression of the flurd do not increase as the square of the velocity But
these httle mceties I take no notice of

And though air water quicksilver and the like fluids by the diviien of

their parts tn enfinitum should be subtilized and become mediums mﬁmtc}(}{
A ol y

by Cor vir Prop 35 Inslow motions

¢ the sume s

here spohen of

- -~ 1o o dimimsh this

which the bodies moye

es through which the

globes of the planets and comets are continuaiy passing towards afl parts

with the utmost freedom and without the least sensible dimiution of their

motion must be utterly void of any corporeal fluid eseepting perhaps some
extremely rare vapors and the rays of hght

Projectiles exeite o motion 1 fluds as they pass through them and this

motion anses from the excess of the pressure of the fluid at the fore parts of

the projectile above the pressure of the same at the hinder parts and eannot

be loss 1n mediums nfimitely flud than 1t 1s 10 air water and quichsilver

proportion to the density of matter n each Now this excess of pressure does

~ nroportion to its quantity not only exate a motion m the flud but alo

- «~fr o the reqstance

ind cannot

belessin tt ther than

1tisinalr
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he

s et e B 120, e
114&e ©

txggs:iéh :Sg nfng;:b;capue the water 15 more d_e_grmhd 1o the hollows of the

these things
the dilated waves rfr shis &L rmne dc.QED That
&xn:dwb’;nynne mav fnd by malang the expenment m still water )
Coz® Let us<uppoee that & fg At &l mn repre-ent pubses succesavely
propsated from the pownt & through an elsctic medium Concerve the pulses
tobep d by succe~ave cond and raref: of the medium

so that the densest part of every pulse mav occupy & phencal <urface de-
hed by b s mt AR A - e

rel_xation of the denser parts towards the antecedent rare mtervsls and since
the pules wall relax themselves on each hand towards the qu excent parts of
the medrum KE, \O with very pear th same celenty therefore the pulses
wlét t themelracnn W Ane - - -~

the

«nd

by expenence alo 1n <ounds which are heard through a mountain interpoed
and, 1f they com 1nto a chamber throu_h the window dilste themselves into
all the parts of the room and are heard 1n every corner and not as reflected
{rom the opposte wall, but directly propagated from the window .s far as
our «ease ¢an jud-e

Case3 Let us cuppoce lactly that a mot on of any kind 1s propacated from
A throuch the hole BC Then <nre the camse of this propagation 1s that the
parts of the medsum that are rear the eentre A disturb and agitate those which
be farther from 1t and since the parts which are urged re fnd 2nd therefare
Tecede every way towsrds those spaces where they are less pressed they will
by consequence recede towards all the parts of the quiescent medium as well

1o the paris on each hand, 25 KL and \O 2s to those night before as PQ snd
by this means all the motion, £ <0on as 1

t has passed throuh the hole BC
will begin to dilate 1selfl end from thente as from its pnouple and centre
w1l be propagated directly every way

QED
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LS A the cono

en while
beyond
“ wtu wou Lusluil WILs L nest trustum jguh on the urface
Jg and that frustum urges a third frustum and <o tn snfintum 1t 15 mamtfe t
(by the third Law) that the first frustum defg 1s by the reaction of the second
frustum fgh: as much urged and pressed on the surface fy as 1t vrges and
presses that second frustum Thercfore the frustum degf 1s compre ed onboth
sides that 1s between the core Ade and the frustum fhig and therefore (by
Case 6 Prop 19) cannot pre erve 1ts figure unless 1t be compressed with the
same force on all sides Therefore with the same force with which 1t 1s pres.ed
on the surfaces de fg 1t will endeavor to break forth at the sides df ¢g and
there (being not 1n the least tenacious or hard but perfectly flwd) 1t will run
out expandingitself unless there be an ambient fiuid opposing that endewor
Therefore by the effort 1t makes to run out 1t will press the ambrent flud
at its wides df eg with the same force that 1t does the frustum fght and
therefore the pressure will be propagated as much from the sides df eg into
the spaces NO LL this way and that way as 1t 1s propagated from the
surface fg towards PQ QED

ProrosiTion 42 THEOREM 33

Al moton propagated through o fhad diterges from a reclilinear progress tnlo
the unmoted spaces

Case 1 Let a motion be propagated from the pont A through the hole BC

and 1f 1t be possible let 1t proceed 1n the conte space BCQP according to nght

lines diverging from the point A And let us first suppose this motion to be

7 e
oy T 0%
;
- — 7
3 % N 7, (3 (%
(j') P Y e e
= * Z
£ %, e 77 T, “«“ 5 =
2y T vy Tgu BB B P
= [
E g2
& 3

he
f waves in the surface of standing water andletde fg ki Al &c bet

?z:az ‘())fv{hc several waves divided from each other by as many intermediate
v a%eys or hollows Then because the water in the ridges of the wavesis lugher
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nt
1
y
P orostTION 41 lHEOREM ,
l
I
t P
tance
of the water an i1ng from 1ts aitit  u cfore

d whea the
B CD represent the mean height of the natern both legs ao:
:ater m th‘; leg KL ascends to the height LF the water will descend 1 the

k M
E|
cHp
Gl
& 7
P Q I N

feg MN to the height GH Let P be a pendulous body VP the thread V the
pont of suspension RPQS the cycloid which the pendulum de enbes Pats
lovest pomt PQ an arc equal to the height AE The force with which the
motion of the wateris pecelerated and retarded al 1y 13 the excess of the

* * » % other and therefore

Cor Prop 51 Book 1) toits nhole weight asits i tance PQ from the lowest
place P to the length PR of the ¢yclod Therefore the mohve forces of the
water and pendulum desenb ng the equal spaces AE PQ are as the werghts
to be moved and therefore if the water and pendulum are quiescent at first

these forces will move them i equal times and will cause them to g0 and
return together with a reciproeal motion QED
Cor 1 Therefore the of the waterin ding and descend
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ProrostTion 43 Trrorem 34

Etery tremulous body 1 an clastic medium propagates the moton of the pulses on
every sude strawghl forvards but in a nonelastic medrum excites a circular motion
Case 1 The parts of the tremulous body alternately going and returmng
do mn gomng urge and drive before them those parts of the medium that e
nearest and by that impulse compress and condense them and 1 returnm
suffer those compressed parts to recede again and expand themselves There-
fore the parts of the medium that lie nearest to the tremulous body move to
and fro by turns n like manner as the parts of the tremulous body 1tself do
and for the same cause that the parts of this body agitate these parts of the
medwm these parts being agitated by like tremors will 1n their turn agitate
others next to themselves and these others agitated in hke manner will ag
tate those that lie beyond them and so on e enfinstum And in the same man
ner as the first parts of the medium were condensed 1n gomg and relaved in
returming 0 will the other parts be condensed every time they go and expand
themselves every time they return And therefore they will not be all gomg and
all returming at the same nstant (for mn that case they would always mamtain
determined distances from each other and there could be no alternate conden
sation and rarefaction) but since 1n the places where they are condensed
they approach to and n the places where they are rarefied recede from cach
other therefore some of them wll be going while others are returning ard o
on wn wnfinttum The parts so gong and 1n thewr going condensed are pulses
by reason of the progressive motion with which they strike obstacles in their
way and therefore the sucecessive pulses produced by a tremulous body will
be propagated in rectilmear directions and that at nearly equal distances from
each other because of the equal intervals of time m which the body by its
everal tremors produces the several pulses And though the parts of the
tremulous body go and return in some certain and determimate direction et
the pulses propagated from thence through the medium will dilate themselves
towards the sides by the foregoing Proposition and will be propagated on all
sides from that tremulous body as from a common centre 11 surfaces nearly
spherical and concentnic as in waves enaited by shaling a finger in water
which proceed not only fornards and backwards agreeably to the motion of
the finger but spread themselves in the manner of concentric erreles all round
the finger and arc propagated on every side T'or the gravity of the water
supplics the place of elastic force
Case 2 If the medium be not elastic then because 1ts parts cannot be
condensed by the pre sure ansing from the vibrating parts of the tremulous
body the motion will be propagated in an mnstant towards the parts where the
medium yields most casily that is to the parts which the tremulous body
would otherwice leave vacuous behind 1t The ea.e 1s the same with that of &
body projected 1n any medium whatever A medium yielding to projectiles
does not recede n tnfinitum but with 2 cireular motion comes round to the
spaces which the body leaves behind it Therefore as often asa tremulous bods
tends to any part the meditm 3ielding to 1t comes round in a circle to the
¢ch the body leaves and as often as the body returns to the first
edium will be driven from the place 1t came round to and return
I place ind though the tremulous body be not firm and hard but

parts wht
place the m
to1ts ongint
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f a gnen magnitude swce 1t cannot
every way fleuble yet if 1t continue of
here mithout yrelding to1t omewnhere
impel the medium by 1ts tremfxs anywhere at yelding tort omenhere

ProrosiTion 44 THEOREN 35

If water ascend and descend alternalely n the erected legs KL, M of a canal or
pipe and a pendulum be constructed whose length between the potnt of suspension
and the cent e of oscillal on 1s equal 1o half the length of the wraler tn the canal I
say that the water will ascend and descend an the same limes tn which the pendu
lum oserllates

I measure the length of the water alon,, the axes of the canal and 1ts legs
and make 1t equal to the sum of those axes and take no notice of the resistance
of the water arLing from its attntion by the _tdes of the eanal Let therefore
AB CD represent the mean height, of the water 1n both legs and when the
water m the leg KL ascends to the height LF the water wall de<cend 1 the

v X M
E-¥F
A—B c-D
R 5 G—H
P Q L N
g M\ totheh MW Tp DPha o 4 L .

pomt of uspen.

lovest pomnt P

motion of the water 15 accelerated
W: ght of the water 1n one leg ab
. ey it

¢

and retarded alternately 1s the excess of the
ove the wei ht in the other and therefore

1

Luk 1) LW IS hole welght
Place P to the o et

tance PQ from the lowest
! es
aterund pendtn Ao o 2100 Therefor the motive forces of the
to be m(
these fo
Teturn t i
Cor.1 Therefore th b veas motion

QED
‘e reciprocations of the waterin ascending and descend
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1ng are &ll performed 1n equal times whether the motion be mere or less intense
or remiss

Cor 11 If the length of the whole water n the canal be of 614 feet of French
measure the water will descend 1n one second of time and will ascend n an
other sccond and so on by turns i nfinitum for a pendulum of 344 such fect
m length will oseillate 1n one second of time

Cor 111 Butif the length of the water be mncreased or dimmished the time
of the reciprocation will be increased or diminished as the square root of the
length

ProrosiTioN 45 THroreM 36

The velocity of wates aries as the square ool of the breadths
Thus follows from the construction of the following Proposition

Prorosiriov 46 Proprey 10

To find the rclocily of wares

Let a pendulum be constructed whose length between the pomnt of uspen
sion and the centre of osetllation 15 equal to the breadth of the waves andm
the time that the pendulum will perform one single oscillation the waves will
advance forwards nearly a space equal to their breadth

That which I call the breadth of waves 18 the transyerse measure lying be-
twecn the deepest part of the hollows or the tops of the ndges Let ABCDI'F
represent the surface of stagnant water ascending and descending in successie

waves andlet A C L &e be the tops of the waves andlet B D T Lc be
the ntermediate hollows Because the motion of the waves1s carried on by the
ve ascent and d of the water so that the parts thercof as A C
L &c¢ which are highest at one time become lowest immediately after and
because the motive force by which the highest parts descend and the lowest
ascend 1s the weight of the elevated water that alternate ascent and descent
will be analogous to the reciprocal motion of the water in the canal and wil
observe the same lans as to the times of ascent and descent and thercfore
(by Prop 44) 1f the distances between the highest places of the wates A C L
and the lowest B D T be equal to twice the length of any pendulum the
Inghest parts A C L wall become the lowest i the time of one osaillation and
1n the time of another oscillation will ascend again Therefore with the pas.age
of cach wave the time of two osaillations will oceur that 1s the wave will
describe 1ts breadth in the time that pendulum wall oseillate twice but a pen
dulum of four tunes that length and therefore equal to the breadth of the
wates will Just oscillate once in that time QE!
Cor 1 Therefore waves whose breadth 1s equal to 3%4s French feet will
advance through a space equal to their breadth in one sccond of time and
therefore 1n one minute \'1.111 go over & pace of 18334 feet and i an hour &
feet near
smé;cg:f,}‘m the \clOCYty of greater or less waves will be sugmented or
dimmshed s the square root of their breadth




Boox II Tax \forios or Booms 23

bings d or

4rue upon the supposition that the parts «of water ascen:
d:he:: :n a ﬁx;x::ht I‘mep;?n \n troth that ascent and descent 1s rather per
formedin a arcle snd therefove T mve the tune defined by thus Proposition as
cztfr appraximate.

Provo-ion 47 Trropex 37
13 are propa,a.ed trough o fad, the smeral paicles of the find gotng and
g&m wud e &xmie n‘%imez ::Sm; e el e 3 ceeelercaed or re arded
eecot ng o the b of Pe oxcilla ng lury
Ps ﬁa ®”C CD ;&c. represent equal di_t_nees of succesave pulse- ABC
~=n = lscs propagated from
nedium stuate in the
# f Gy equsl <paces of
extrerce horteess through whies it fru turn with a reciprocal
r2otion 1o each vib ¢ 7 sy diate p.aces of th TUROAR,
same pant. EF FG phvecal hort bnes o Linesr parts of the ‘L o' l
mediiz IvL.g between theee pown.. and cuccesively trancferred
1.0 the places ¢ ¢y «nd €f f7 Let there be drawn the nght
Lze P equal to the neht iine E¢ Busect the same 1n O and from
the ceatre O mith the radies OP descnbe th erc'e SIP: Let
the whole time of one mbratien, with 1ts proportional parts, be
P by the whoe f of this arcle and its
part. 1n <uch sort thst when anv time PH or PHSA 15 com~
peted.af there be let fall to PS the perpend.culr HL or 2 and
there be taken Ecequal to PL o Pl the phvaes) pant E mav
befound 1 A potnt. as E, moving according to thus law with gy )
& recsprocal motion, i 1t goin, from E through toe and re- ‘ <
turna, .zam through  to E, mll perform its several vibmtions Bfuis
with the same dezrees of acceleration and retardation with
those of an csaillatn,, pendulum. We are now to prove tha the
~eversl phvmeal potats of the mediam will be agitated wmith <uch £
ak.d of mo1on Let us uppose then th.ta
med.um hath <uch s motion exmted m 1t from

]

o

<
207 cause wh.tscever and connder what will e
{ollow from thence i
In the exrcumference PHok let theve be tslen cs(f
theequalares HI IK. o At # havine the same B 5 o N Wit
o to the whoe arcum.erence s the B

N

B

r Lo EF FG bave to BC the whole m 2 b

tervsl of the pulses Let fall the perpendiculars

IMEKNormbn thenbecsuszthepmmsﬂf G are cucces-

svel  ots ed with bk, moters, and petform therr entire w1

b~ s compoed of their goeg and retum while the pulse

L tran erred from B to C 1f PH or PHxh be the time elspeed

sml‘elhebe;’.’xmngof(hemohmuf{hepmntﬁ, then wll PT

;sz be the umeehpsedmmtbebegnnmgufthe mot on
1! ptxno({}‘ ard PK or PH~E the time elapeed mnce the

TR of the 6tion of the pant G and therelors Ee Fa [IU4L 00

repectivel equal to PL, PM P\ while the powts [ 1y i
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are going and to P! P Pp when the pomnts are returning Therefore ey o
LG+Gy—Ee will when the pomts are gomer be e 14a Ty

ther rat

for the radius of o circle whose circumference 15 equal to BC the mterval of
the pulses as OP s to V and multiplying together corresponding terms of the
Proportions we obtain LN to LEGasIMtoV the expan 1on of the part EG
or of the physical pomnt F in the place €7 15 to the mean evpansion of the
Same part 1o its first place EG as V—IM 15 to V 1n gong and as V+un s
to Vmitsreturn Hence the elastic force of the pomt I'in the place ey 15 tots

last; —— = d
mean elastie force 1n the place LG as V= > to y !0 1ts gomg and as

1 1
. = f
Vi s to ¥ 10 1ts return And by the same reasoning the elastie forees of
1 1

1
the physical pomts Cand Gin £oIng are as Y=hL and VLN to v and
the difference of the forces 1s to the mean elastic force of the medum as

HI ~KN 1 HL-RN 1

VV=V HL=V ANTHC RN ®10 { thatis as vy wstoy oras
HL-~ENistoV if we suppose (by reason of the very short extent of the v
brations) HI, and KN to be indefimtely Jess than the quantity V Thercefore
since the quantity V 15 gven the difference of the forces1s as HL—RN that
1s (because HL—KN 15 proportional to HR and OM to OI or OP and be
cause HK and OP gre grven) as OM that 18 1f Ff be bisected m Q asQs
And for the same reason the difference of the elastic forees of the phy ical
points € and v 1n the return of the physical short Iine ¢y 1585 Q¢ But that
difference (that1s the evce s of the elastic force of the pomnt e above the elastic
force of the pomt v) 1s the very force by which the mnters ening phy sieal short
hine ey of the medium 13 accelerated 1n going and retarded 1n returning and
therefore the aceelerative force of the physical sha t hpe €y 15 as 1ts distance
Foama t o ¥ Prop 38 Book 1) the
T part of the medium ey

s according to the lan

allthaln =« of

C
witl
m their progress For
place 1s at rest nerth
erther from the mmpul.v o e tremulous body or of the pul cs propagated
from that body s <oon therefore as the pulses cease to be propagated from
the tremulous body 1t will return to g state of rest and move no more



Boox 11 THE Morio\ or BovIes 255

ProrostTion 48 THEORES! 38

~mnounded of
root of the

n
ne medium s
corre-

recth

igly n

Ho evtt u w

::g:attehe ertor will not be sensible and theretore tus pi znay be
— ~ally eract Now the motive elastic forces are as the con

: generated 1n the same time 10 equal

3 corresponding parts of corre.pond

hrou h spaces proportional to their

esthatareasthose paces and there-
omng and returmin~ adv ance forwards

ays ucceeding nto the places of the

will by reason of the equality of the

with equal velooity

Cast 2 If the dh tances o1 wue p svs or their lengths are greater in one
medium than 1 another let us suppose that the corre~pondent parts de<cnbe
~n< ¢ neand returmng each tune proportional to the breadths of the
B T nd therefore 1l

t me of one going and returMp 1510 A F4L U OWpvus f
the matter and the quare root of the space and therefore s as the pace But
the pul:es ads ance & space equal to their breadths in the times of going once
and returing once thatis they go over <paces proportional to the times and
th ref re are equally swft

Case3 And therefore in mediums of equal density and elastic force all the
P bes are equally emift Nowf the denLity or the elastie foree of the medium

re augmented then because the motis e force 1s inereased 1n the ratio of the
elat force and themattertobemo edisinereased in the ratio of the density
th tmme which 1s necessary for producing the <ame motion as before will be
mereased as the quare root of the ratio of the denity and will be dimim hed

s

~a And th refore the velocity of
elat faoree

QLb
ﬁg‘;‘s; oposition will be made clearer from the con.truetion of the following
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ProrosiTioN 49 ProsLem 11

The density and elastic force of a medium bewng guen to find the velocity of the
pulses
Suppose the medium to be pressed by an incumbent weight after the man
ner of our air and Jet A be the height of an homogeneous medium whoe
weight 15 equal to the incumbent weight and whose density 1s the same with
the density of the compressed medium i which the pulses are propagated
Suppose a pendulum to be constructed whose length between
the pomnt of suspension and the centre of oseilintion 1s A and “[l)l ! ”"I
m the time 1n which that pendulum will perform one entire os I ““J
cillation composed of 1ts gomng and returming the pulse will be
propagated nght onwards through 2 space equal to the circum
ference of a circle described with the rads A
Tor letting those things stand which were constructed 1n
Prop 47 if any physical line as ET" describing the space PS m
each vibration be acted on 1n the extremities P and S of every
gong and return that 1t makes by an elastic foree that 15 equal
to1ts weight 1t wall perform 1ts several vibrations in the time 1n
which the same might osaillate mn a cycloid whose whole pen ‘ 11yl
meter1s equal to the length PS and that because equal forces will H!\ ” | cH‘ ! ‘li“"
1mpel equal corpuscles through equal spaces m the same or equal [Jilfill I‘im i
times Therefore since the times of the oscillations are as the
square root of the lengthsof the pendulums and the length of the ¢
pendulum 15 equal to half the arc of the whole cyclord the time !
of one vibration would be to the time of the os
cillation of a pendulum whose length s A as the s
square root of the length 14PS or PO to the
length A But the elastic force with which the
phy sical short ine EG 15 urged when 1t 1s found
1n 1ts extreme places P S was (in the demon H) b
stration of Prop 47) toits whole elastic force as xl il
HL—XN1s to V that s (since the point K now P
falls upon P) as HK to V and all that force
or which s the same thing the incumbent werght by which the
short hine EG 1s compressed 1s to the weight of the short line as
the altitude of the incumbent weight 1s to EG the length of the
short line and therefore taking the product of corresponding
terms the force with which the short Iinc TG 13 urged 1n the
places P’ and 8 1s to the weight of that short hine as HIx Aisto
V EG orasPO Aisto VV because HK was to LG as PO to ”m "
i
hlmh‘l

I

‘(v 4‘

LY

|

i

il

aQ
¢
G
i
B

| |

i
‘ﬂmhi

V Therefore since the tumes in which equal bodies are impelied ! 7”‘1}“‘}]
through equal spaces are inversely as the quareroot of theforces If( il I

the time of one vibration produced by the action of that elastic

force will be to the time of 2 vibration produced by the impulse of the weight

as the square root of the ratio of VV to PO A and therefore to the time of the
oscillation of a pendulum whose length 1s A as the square root of the ratioof VV

to PO A and as the quare root of the ratio of PO to A conjointly that s 1n
theentireratioof ¥ to A But 1n the time of one vibration composed of thegoing
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turning the pule will be propazated nght on
mg,h a p‘:;\c:‘etqli;:ﬂp::%:‘iu:‘md th %C Therefore the time 1n 1 lnch a pube
runs over the space BC 1s to the tume of one oscllation composed of \bi};:fmg
and returnng of the pendulum as ¥ 1sto A that s as BCis to the circumfer
ence of a curele whose radius 15 A. But the time 1n which the pulse will run over
the <pace BC 15 to the tune 1n which it will run over a length equal to that exr
cumferente 1 the same ratio and therefore i the hime of uthan eseiliation
the pulse will run over s length equst to that creumference QED

A en e v of the pulses 13 equal to that nhich heavy bodies sequire

£ W desenbing half

osing i tomorve

e veloaty 8cqUINEU US  w  wn will be equal to

:.‘l:;hw‘:ole :uutu)‘;e '&q and therefore 1n the tune of one oxeillation composed of

onegom and return will go avera pace equal to the eireumference of a crele

de~cribed with the radius A for the time of the {all1s to the time of escillation
as the radius of a etrcle to tts circumference

v

v+ 4 Arsdurectly as the elastic foree of t!éc

ProroarrioN 50 Prosrra 12

To find the distances of the puless
Let the number of the vibrations of the bod) by 1 hose tremor the pulses
are produced be found to any @ en time By that number divide the =pace

whe b 3 pubse can go over i the same time and the part found nill be the
breadth of one pube QEY

Scronry

The last Propositions respect the motions of b bt and <ounds for since Iight
1 propavated m n ht hines 1t 1s certam that 1t eannot con_ist 1 action alone

ma from tremulous bodies
Prop
ud 20d

drums
for quich and _hort tremors are les eallyexeiled BULILIS tual o hatanpy
sounds fallin upon strings i uison with the onorous bodies exaite tremors
10 those strings This s also confirmed from the eloesty of ounds for snce the
pecific gravities of ram water and quicksil er are to ope another as about 1 to
1324 and when the mercury in the barometer 15 at the height of 30 inches of
our measure the peesfic gravities of the air and of ramn water are fo one

radus29 25 feetist86 68 feet uerreumd
nches 1n lensth letes one oseudt erern - :\‘c;(“‘\éngc:::;e a!x‘:\“rl:x::‘ﬁ
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tre
1
1
wapuldlion we hgy o made no alloy ance for the crassttude of the

solid particles of the air by which the sound 15 Propagated 1nstantancously

ecause the weight of AIr 130 theweight of vateras § £0 870 and because <alts
are almost twige as dense as nater if the particles of air are supposed to be of
about the same density ng those of water orsalt and the ranty of the air anecy
from the ntervals of the Particles the diameter of gpe particle of arr will be to

in one second of tyme 1o
crassitude of
1088 feet 1 o
Moreover ¢, ¢ vapors floating in the ar bemng of another spring ani AW
+1

ent tone wll hardly if at o)) 5 1
the ~ -

1
will

root « Musphere consist of fon n ¢ of
true *oWul part of vanor  #h .

n )

v Mwreased m that ratio By this

T acsuuny wiy Pass through 1149 feet mn one second of fime
These things w be found trye nspring and autump 1 hen the arr 1s rarefied
by the gentle warmth of those seasons and by that means 1ts elastie force

the cold and ity elastic foree 15 somewhat remutted the motion of sounds will
be slower as the square root of the density and op the other hand « it

sec
mc

Lae veloerty of sounds being known the  — 1
also Tor A7 & !
pipe abou
string that Vlu 1 neretore there are near 100

pulsesina | aceor 1oy 1 ans feet which n sound TUns overn a second of time
and therefore one puise fills up a space of about 1024, Pans feet that 1s about
twice the length of the PIpe Trom thys 1t 1 probable that the breadghs of the
pulses mn all soundsmadein OPenpipes are equal to twicethelength of the prpes
Moreover from the Corollary of I rop, 47 appeans the reason why the sounds
immediately cease with the motion of the sonorous body ang why they are
heard no longer when we are ot a great distance from the sonorous bodies than
when we are very near them And besides from the foregomng prineiples 1t
plainly appears how 1t comes to pass that sounds are so mughtily inereased n
speaking trumpets for all reciprocal motion tends to be ncreased by the gen
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5 f the
¢ esch return. And 1n tubes hindenng th dilatation of
::x{nxﬁi t:eu:o:mn decavsmore lowlv and recurs more forebly and therefore
15 the more mcreased by the new motion umpressed at each return And these
are the pnncipal phenomena of sounds.

SECTION IX

‘TEE CIECTLAR MOTION OF FLUIDS
HYPOTHESIS

The rensiance en ng from (e want of [ bricaty an the parts of a furd 15 ohier
tangsber g eq al propo honal to the reloaily weith which the parts of the furd are
separe.ed from one @ oher

Prorostrion o1 Trrorey 39

Ifa sohd eyl ndrr infinstely long tnan un form and infimite fuzd rerolvesrith an
uniform motio  ebout en axis given wn postt on and the £ 1d be forced round by
only ths sme Ise of $e ey nder and every part of the Furd eontinues uniformly

t 1srown I scy tha. the pertod ¢ times of the paris of t+ fund are as ther
distences [ om the anis of e eyl nder
r

their tran Jations from each other and
2s the contiguovs <urfaces upon which
theumpres-tonsare made If theimpres-
<10n made upon any erb be greater or
Iess on 1ts concave than on its convex
ade the stron=er mmpres.ion wil pre-
vail and will erther aceelerste or retard
th motion of the orb ccording s 1t

s agrees with or 1s contrary to the mo-
ABCDE Q tonofthe<ame Therefore that every

2 orb msv contmue Lformly 1n 1ts mo-
Nl tion, the impre- 1on. made on both
01\ = sxdes mu.t be equat and therr directions

K contrary Therefore since the 1mpres-
Ro‘liL are }::s the contimuous <urfaces

and as their tran lations fro:
another m one
pr dxsunmc:s 1;‘;;‘4‘:’? will be inversely a3 the surfaces, that 1s inversely as
mo.ons abou

directly s the tr

134103 tommther ¢

erected the hines

of the in_mite ny
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of SA 8B SC SD SE &c and through the extremties of those perpendieu
lars there be supposed to pass an hyperbolic curve the sums of the differences
that 13 the whole angular motions wall be as the correspondent sums of the
Imes Ae Bb Cc Dd Ee that 1s (if to constitute a medium unformly flmd
the number of the orbs be ncreased and thewr breadth dimimshed i infimt
tum) as the hyperbolic areas AaQ BbQ CeQ DdQ EeQ &c analogous to
the sums and the times 1nversely proportional to the angular motions will be
also inversely proportional to those areas Therefore the periodic trme of any
particle as D 1s mversely as the area DdQ that s (as appears from the known
methods of quadratures of curves) directly as the distance SD QED

Cor 1 Hence the angular motions of the particles of the fluid are nversely as
their distances from the axisof the cylinder and theabsoluteelocitiesareequal

Cor 1 If a fluid be contained 1 a ey lindric vessel of an nfimte length and
contamn another cylinder within and both the cylnders revolve about one
common ax1s and the times of their revolutions be as their semidiameters and
every part of the fld continues 1n 1ts motion the periodic times of the several
parts will be as the distances from the axis of the eylinders

Cor 1 If there be added or taken away any common quantity of angular
motion from the cylinder and flurd moving in this manner yet because thisnew
motion will not alter the mutual attntion of the parts of the fuid the motion
of the parts among themselves will not be changed for the translations of the
parts from one another depend upon the attrition Any part will continue m
that motion which by the attrition made on both sides with contrary durec
tions 1s no more accelerated than 1t 1s retarded

Cor vi Therefore if there be taken away from this whole system of the
eylinders and the flwd all the angular motion of the outward cylinder we shall
have the motion of the fluid 1n a quiescent cylinder

Cor v Therefore if the fluid and outward cylinder are at rest and the
ward cvlnder revolve umformly there will be communicated a cireular motion
to the fld which will be propagated by degrees through the whole flmd and
will go on continually 1ncreasmg till such time as the several parts of the flud
acquire the motion determined 1n Cor 1v

Cor vi And because the fluid endeavors to propagate its motion stifl far
ther 1ts impulse will carry the outmost cylinder also about with 1t unless the
cyhinder be foreibly held back and accelerate 1ts motion till the persodic times
of both cylinders become equal with each other Butif the outward cylinder be
forerbly held fast 1t will mal e an effort to retard the motion of the fluid and
unless the mward eyhnder preserve that motion by means of some external
force impressed thereon 1t will make 1t cease by degrees

All these things will be found true by making the experiment in deep stand

ng nater ProrosiTion 52 THEOREM 40

1f @ solid sphere 1n an uniform and wnfimite flund rerolies about an azis gren 1w

position with an uniform motion and the flurd be forced round by only thes impulse

of the sphere and erery part of the flurd continues uniformly in ils molion 1 say

that the perodic ltges 0fh the parts of the flurd are as the squares of ther distances
tre of the sphere

j"’én «‘shnc lm‘Lct AfFL b?n sphere turmng uniformly about the axs 8 and let the

concentric circles BGM CHN DIO EWP &c¢ divide the flmd into snnumer
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w fhickness Suppose those orbstobe sohd and
+ % nntiguous orbs
nslations from
made

1 upon
her ac
of the
orb according a8 1L 1 with 8
conspirn,, OF contrary motion to that
of the orb Therefore that every orb
may continue umformly 18 its motion
1t 1 Decessary that the impre 1008
madeupon both ades of the orb 1 ould
be cqual and have contrary directions
Therefore since the 1mpres 10ns are 83
the contiguou surfaces and as ther
tmn.l:mona{romurcano(her thetrans-
Jations will be 1oy ercely as the surface.
that 15 1mversely a3 the quares of the

I
e

tran lations apphed tothe distdt ws or
direetly as the tran lations and inver<ely as the distances that1s by com
r 4 thene ratios 1onersely 88 the cubes of the distances Therefore 1f
& ©OATEA there be erected

o
DIO 18 inversely es the area DA that 15 0y tue p10 W o ows ?
(\::(lddnmuy asthe quare of the du tance SD Which was first to be demon

¢ 2 From the centre of the phere let there be drawn 8 great number of
*
T

e
Y
m
trary durections by the attntion f the -

@ of the intenor and exterior annull
emot 1 be communcated accordine to the law wh ch we demonstm‘::ie:
-— e nooof
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of SA SB SC SD SE &c and through the extremuties of those perpendien
lars there be supposed to pass an hyperbolic curve the sums of the differences
that 1s the whole angular motions will be as the correspondent sums of the
lines Ae Bb Cc Dd Ee thatis (if to constitute 2 medium umformly flud
the number of the orbs be mereased and their breadth diminished n 1nfins
tum) as the hyperbolic areas AaQ BbQ CcQ DdQ EeQ &c¢ analogous to
the sums and the times 1nversely proportional to the angular motions will be
also mversely proportional to those areas Therefore the periodic time of any
particle as D 1s1nversely as the area DdQ that 1s (as appears from the known
methods of quadratures of curves) directly as the distance SD QFD

Cor 1 Hence the angular motions of the particles of the flud are inver<ely as
therr distances from the axis of the eylinder and theabsolute veloeitiesareequal

Cor 1 If a fluid be contamed 1 a cylindric vescel of an mnfimte lcagth and
contatn another cylinder within and both the ¢ylinders revolve about one
common avis and the times of therr revolutions be as their semudiameters and
every part of the fluid continues 1n 1ts motion the periodic times of the several
parts will be as the distances from the avis of the ¢ylinders

Cor 11x If there be added or taken away any common quantity of angular
motion from the cylinder and fluid moving in this manner 3 et beeause this new
motion will not alter the mutual attrition of the parts of the flud the motion
of the parts among themselves will not be changed for the translations of the
parts from one another depend upon the attntion Any part will continue i
that motion which by the attrition made on both 1des with contrary diree
tions 18 no more aceclerated than 1t 1s retarded

Cor vr Therefore 1f there be taken away from this whole system of the
cylinders and the fluid all the angular motion of the outward eylinder we shall
have the motion of the fluid 1n a quiescent cyhinder

Con v Therefore if the flud and outward cylinder are at rest and then

acquire the motion determined 1in Cor v

Con vi And because the fluid endeavors to propagate 1ts motion still far
ther 1ts mmpul ¢ will earry the outmost ey linder also about with 1t unless the
cylinder be forcibly held back and accelerate its motton till the penodte times
of both ¢y linders become equal with each other But if the outward cy hinder be
forcibly held fast 1t will make an effort to retard the motion of the flmd and
unless the mward eylimder preserie that motion by means of some external
force mmpressed thereon 1t will make 1t cense by degrees

All these things will be found true by makimg the experiment ta deep stand

mg water Prorosrrion 52 THEOREM 40

If a solid sphere 1n an umiform and wnfinste fand rerolies about an aris gien 1n
poslion twith an uniform motion and the flurd be forced round by only this smpulse
~3 P v

3

e
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. W +h globe mav receive continually

EY

Cor v Ifanctherglobe Lo uw - force revolve comtats ¥
~o fenmts centre and in the meant.me E);o:h: e dnre wn X
new and <mall sortex will

t and in the meantime 1ts

degrees be proparated

or the same rea_on thst the

~af h nther

w

o

ne

¢h

verything be left to

globes will langur h

d the vortices at last

Cor vi. 1f <everal plobes 1 grien puues . wa  wtantly revolie with
determned velocities about axes gaven m posttion there would anse from them
as many vortices going on w wfinitum For upon the same account that any
one globe propagates its motion i 1 fimtum each globe apart will propazate
®w moton 1n tnfintf m also <o that every part of the infinite flud will be
amtated mith a motion resulting from the actions of all the glabes. Therefore
the vortices will not be confined by any certamn lmit  but by degrees run mto

£ h vt coconeach other the globes will be
Corollary

Ives unless

v impressed

upoa th globes to continue these motions  hould cease 1ne maiet {for therea
con asivned m Cor 1mand 1v) will graduall

stop and cease vortice~
nh neat cessel and by theun

th 1 motions without or d till thewr d

d time< are

because the mutua) attntion of the part of the flud 15 not changed b

mot n the motions of the parts amon,, themselves will not be chan:;mc(:l I‘nrttki:z
tran {at ons of the parts amon themselves depend upon this attntion. Any
part will continue 15 that mot on 1n whick its attnt on on one <ide retards 1t
Just s mu hoasits attnt n on the other snde accelerates 1t
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this faw, no such1s and therefore cannot be any obstacle to the motions con
tmwing according to that law If arnub ot equal distances from the centre
revolve etther more swifth n ™~ 3 than near the echptic
* therr mutual attntion
-~ )
t
going on according (
that s the periodt w ot as the squares of thar
distances from the centre of the globe Which was to be demonstrated m the
second place
Case 3 Let now every annulus be divided by transyerse seetions mto
numerable particles constituting a substan
and beea ~ 8
only ser
the sam
asperity o« vunt ot the e sechions or el
they wil  augc the same equally Therefore the prana ¢ an ~f
remamng the same tha - -
thatis ti
the crreul » v ulience ansing s greater at the
echiptic than at the poles there must be some cause operating to retan the
several particles m thewr aircles otherwise the matter thats at thee Inte U
aluays recede fram the centre » 7~ -
side of the vortes and from
continual errculation
Cor 1 Hence the angular motions of the parts of the fluid about the axs of
the globe are mversely as the squares of the distances from the centre of the
globe and the absolute 1 elocities are inversely as the sume squares apphed to
the distances from the aws
Con 1t If a globe revolve watt = - t
¢ « v atotavortex and that
1 vy ucgrees be propagated onwards in infinttum and this motion
will beneren ed continually 1n every part of the fnd 0l the penodical times
of the scveral parts become as the squares of the distances from the centre of
the globe
Con 11 Because themnwardpn t ~F F

]
L Wi same quantity of motion to

£
tue ¢« that lte still beyond them and by this nction preserve the quantity of
thetr motion contimunlly unchanged 3t »¥ -

o u a8 trin fermng the motton 14

recers ¢ trom the matter nearer the eentre to that matter winch hies nearer the
crrcumference

Cor 1v Therefore tn order to continue asortexin the same state of motion
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ben describe ares of

211 the more because of therr greater ewitness for they ¢
oce o recede from the centre 1583 much dimint.hed
oty sndthe tendeney 10 smented by the icrease of the

e marps e WIS wae 1
- amsmB LY
f thus Prop-
ozhion

1 have enden: ored 1n this Propeation to imvestigate the properties of vor
tices that 1 might find whether the celestial phenomens can be explamed by
& w  nisthsthatthe penodic times of the planet revol

- ~ tre

n
ot

ed
the vortices wust re-
1odsc tumes of the parts
of the vortex tobe asthe qUare OliUEULL 1o e e ~entre of motion and
{hus ratio cannot be dimum_hed and reduced to the 3/th power unless either
« «t vhe mare fimd the farther 1t 1s from the centre or the

ProrosiTion 03 Trrorey 41

- - w ke pe £ R oeame

F rif any <masll part of the vortex, whose particles or physieal points con
— b ommmaead ho -\ 1y

ntoaflnd this will move accordine to the sam:

4 e law as before exce;

1:1‘ es{n:;eclii, now become flud may be moved among themsely e‘s’t ioe‘gz;::ts
e mot on of the part cles among themselves as not at all concerming
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Cor 1% Therefore if the vessel be quieseent, and the motion of the globe be
given then -~ - = +® %
the axs of
sum of the )
be to the time of the resolution of the globe as the square of the serudiam
eter of the vessel to the square of the semudiameter of the globe and the
pertodic times of the parts of the fluid 1n respect of this plane will be as the
squares of their distances from the centre of the globe

Cor < Thercfore if the vessel move ahout the same axis with the globe or
with a given velocity about a different one the motion of the flurd will be mven
For 1f from the whole system we take away the angular motion of the ves.el
all the motions will remain the same among themselves as before by Cor vt
and those motions will be given by Cor 1x

Cor ~1 i the vessel and the flud are quiescent and the globe revolves with
an untform motron that motion will be propagated by degrees through the
whole flnd to the vessel and the vessel will be carried round by it unless
forcibly held back and the fluid and the vessel wall be continually accelcrated
till ther penodic times become equal to the pertodic times of the globe If the
vessel be either restrained by some force or revolve with any constant and
uniform maton the medium will come little by little to the state of motion
defined 1n Cor viir 1< < nor will 1t ever continue 1n any other state Butaf
then the forces by wihich the globe and vessel revolve with certain motions
should cease and the whole system be left to act according to the mechanieal
laws the vessel and globe by means of the interveming flnd wall act upon each
other and will continue to propagate their motions through the fliud to each
other till their penodic times become equal among themselves and the shole
system revolses together like one sohd body

ScnovLros

In all these reasomngs I suppose the flmd to consist of matter of umform
density and fndity I mean that the fluid 15 such that a globe placed any
where therein may propagate with the same motion of 1ts own at distances
from 1tself continually equal similar and equal motions in the flurd 1n the <ame
mterval of time The matter by its arcular motion endeavors to recede from
the axis of the vortex and therefore presses all the matter that lies beyond

the parts Ol LIL UL At 1 4 y U vy o b w
the flurdity will be less 1n that place beeause there are few er surfaces where the
parts can be separated from cach other In the e cases I suppose the defect of
the flindity to be supplied by the smoothness or softness of the parts or some
other condition  otherwise the matter v here 1t 1s less flusd will cohere more

and be more sluggish and therefore wall recetve the motion more slowly and
propagate 1t farther than agrecs with the ratio above as. igned If the ve~ el ]bc
not spheneal the particles will move 1n lines not eircular but answenng to llw
figure of the vessel and the penodic times will be nearly as the squares of the
mean distances from the centre In the parts between the centre and the ar

cumference the motions will be lower where the spaces are wide and swifter
where narrow pey ertheless the particles will not tend to the eircumference at
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1 the rmore beeavse of {hergrea e emitness firth:rthu:des;cij'e;an?‘o;

«

1 or.rTow spares. they e agun _coelerated and coeach particler. retanded
_od secelews ed by turns forever These thines wmil come to pascina nnd ve—
e] 107 the «tu.e of vortices 1n an 1afimite fud L known by Co. v10of thes Prop-
ostio.

I Esve endeavored ma the Proposition to investigate the properhes of vo~
tices, that Iznh find whether the celestial phenomens ean be explaned by
ther forthe phen_menon1s th. thst the penodie tunes of the pl.net. revolv
1w, sbe Jup er.rex thel/thpowe of thewr dictapres from Jupiter centre
_od the <ame rule ob aims also wmo..g the plane.s that revolve about the sun.

821 hese rules ¢b...n 1o with the grestest ecursey o far os has been vet
Eseoveed b astronomical ohservaticn. Therefore if those planets are camed
rod m vortices revolning abowt Jupter and the <un. the vortices mus® re-
volve sccodnz to thot Iaw But here we found th. penodic tues of the parts
of the vortex to be .. the square of the d.-tnces fram the ~entre of motion aod
e P20 €500t be dizn. hed and reduced to the 3/th power uzless erther

toe matter of the vortex be mo-e find the fartherat 1. from the centre or the
restance n e hoawem oF

the velonty
bragrene
creaees Bat
eod less €

wards the cencre And though, to the sake of demonctration, T proposed, at
the benr g of this Section, 2n Hrypothest. that the resstance 1s proportional
to the velonty pevertheless, 1t 1s 10 truth profable that the resstance s a
lesc ratio thas that o the veloaty which gran ed. the penod.c tumes of the
parts of the vortex will be 1n a greater retio than th square of the dustances
from 15 cenre I 25 come think, the vortices move more swmifthv pear the
centre then lowe to.certunlimit then .zun swifter pear the erreumference
w'u:_‘v pede. the)/thpowe nor anv o.ker certam and determunate pawer
€23 ¢! a0 1@ them. Let philusonbers then <ee how that phenamenon of the
//th porer can be accous ed for by vortices.

Prorosmion 53 Turozew 41
Borrs cored ¢ out sn @ torter and returmt g tn the 2
2 orht cre of the seme
ity bt vortem cnd cre rioved coood to the same
Le sore Lo e
Lxrr\:—‘.ea.fan’.onfyc-dd {t‘ﬂ'lvfﬂc.ai A e paris o]
07 L .ov emall part of the vortex, whose particles or physieal con-
.__:' 2 pven stusacs amo..g themselves bep:‘upposed ts be m&meg this
x:.": wilmove ocomdin, to the same law _sbelore simce no change 1s made
u;~ @3 densty 1mettis, or figure Ard.zam if s congealed o salid part of
m:xﬁ';xd‘b:}l{wthﬂelmmdemtv wi.h the re=* of the vortex, and be resalved
o eaccoting to the _ame law s before excep
;!‘!’zmdcs, zow beeome fnd, mav be moved amo.g themwlvt; iot-[:e:
mrefoce the rocn ¢, the particles umong th « motatall

4
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the progressive motion of the ©

o 8
solid 1f 1t be of t matter of the vorten will move wmith
the same motion as the parts thereof bemng relatively at rest 1n the matter that
surrounds 1t If 1t be more dense 1t wiil endeavor more than before to recede
from the centre and therefore overcoming that
being asit were Lemt -
from the cer

the same orl « 1wl approach
to the centre w Iee -~ d1n the <ame orbrt
unle ~ shown 1 that case

cpartsof th 1 1

1. sall « uuyinat earnesit

Cor 1 u vortex be of an umform density the same body may
revolve at any distance from the centre of the vortes

ScHoLivy

Hence 1t 1s manifest that the planets are not carned round 10 nm =~ 1
vortices for according to the Cone n = !
the sup = ~
drawn u ut umes But the partsofa
vartex o unve with such a motion Tor let AD BE CF repre ent

three orbuts deseribed about the sun 8 of which ta 1}
concentrie ta the sun '~
.
N ! s wiit move with an umform
1 L ueeoradly, to the lans of astronomy the body revolving 1a the
orbit BE will mote slower m its aphehan
B and swifter mnats perthelion & te
accord »~
ter of
mthe - u wndandCthanm
the wide space betneen D and T' that 1s
more swiftly w the aphclionthanmthe pen gl g p B JC
helton Now these two conclusions contradict
each other So at the beginmung of the sign
of Virge where the aphehion of Mars is at
present the distance between the orbits of
“fars and Venus 13 to the distance between
the same orbits at the begmmng of the sirm
PR

of Pisce - !
orhits ¢ wpmning of
Virgot o uw narroner the space 1s through which the
same quantity of matter passes in the same time of one revolution the greater

will be the velooity with nhich 1t pas.es through st Thercfore if the carth
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being relatively at rest 1n this celestial matter should be carned round by it
and revolve torether mith it about the sun the eloaity of the earth at the be-
moning of Prsces would be to1ts veloaty at the bepnming of Virgo in the ratio
of3102 Thereforeth un s spparent diurnal motion at the begmmng of Vir

£0 ouht to be above “0 munutes and at the beginming of Pi ces less than 48
mamnutes whereas, on the contrary that apparent motion of the un s really
greater at the bepnning of Pasces than at the beqnmng of Virgo 2s expenence
testifies and therefore the earth 15 smifter at the begmnng of Virgo than at
the bemnmng of Pisces so that the hvpothess of vortices 15 utterly irrecon

cilsble with astronomcal phenomens and rather serves to perplex than explan
the heavenly motions. How these motons ate performed 1n free spaces without

vortices msy be understood by the first booh. and I.hsll now more filly treat
of 1t 1z the followin,, book.






BOOK THREE
SYSTEM OF THE WORLD

(I MATHEMATICAL TREATMENT)

~—1crples of philosophy pnneiples
1y aswemat bwld our reason

f

18
that from the same principles 1 now vemson s o wa »f
h TWnid Lpon this subject 1 had indeed composed the thurd boo\’; ma
Ting
aaly
tich

the

had beep man years accu.fomed herelv e 10 plit o e putes

wh ch might be raised upon <uch account 1 chose ta reduce the ubstanc}:eé
JUQiy o]

the

vape

sund
with —uch as might coet too much time even to readers of gooa matuewatical

learnin,, 1t enough 1f one carefully reads the Defimtions the L..ws of Mo-
11 n and the first three <eet ns of the firct book He may then pas. on to this

bool and con ult such of the remauin,, Propo- tions of the first two books as
the reference- 1n this and Yus oceason . hall requure



RULES OF REASONING IN PHILOSOPHY

RULE I

W e are to admut no more causes of natural things than such as are both frue and
sufficient lo explain thewr appearances

To ths purpose the philosophers say that Nature does nothmg in vamn and
more 15 1 vain when less will serve for Nature 1s pleased with simpherty and
affects not the pomp of superfluous causes

RULL II

Therefore to the same natural effects we must as far as possible assign the same
causes

As to respiration m a man and in a beast the descent of stones i urope
and tn Amenea the light of our culinary fire and of the sun the reflectson of
light 1 the earth and o the planets

RULL 11T

The qualities of bodies which admit nesther infensification nor remssion of d¢
grees and which are found (o belong to all bodics within the reach of our expert
menls are lo be esleemed the unuersal qualities of all bodies whatsocrer

For since the qualities of bodies are onlv knn =~
tohold fn  »
as¢
not ut L sthe of dreams and vam
fict o wul onndevising nor are we to recede from the analogy of Nature
which 15 wont to be simple and always consonant to itself We no ot! v
Lnow the citenston of bodie th »1 !
Va2

« wvundance of bodies are hard we

. wy vaptnence and beeause the hardne s of the whole an es from the
hardness of the parts we therefore justly mfer the hardness of the unduded
particles not only of the bodies we feel but of all others That all bodres are
impenctrable we gather notfromre nn % t
wah - -
1
[4
T
bou 1 we hasve seen The extension hardn
and snertia of the whole result from the exten 1«
mobility and mertsa of the parts and henee we ¢u i e least partictes of
all bodies to be also all extended and hard and smpenetrable and mes $ie
and cndoned with thesr proper tonert '
ophy Morcover that the dinided L

AL DF Port ~
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separated from one another 15 matter of observation and 1n the particles that
1 m wd qre nble to distingur h yet les er p:u'l a3 )j

1
e conclude that the
and actually epa

nd astronomical oberva
rds the earth and that m

- = ¢ +h  uintity of matter wu ui tw y verally contata that the
-1 h

un we miLt 10 consequence of this rule umnuss y o

whatsoever are endowed with a pnneiple of mutual gravitation For the argu
wert from the appearances concludes with more force for the univer<al grav
atation of all bodes than for therr impenetrabiity of which among tho<e mn
the eelestial regions we have no experiments nor any manner of ob ervation
ot that 1 affirm gravity to be essential to bodies by their tis mmsita T mean

nothy g but thewr mertia Thist wunmutable Thetr
gravity 1s dunmished as
they recede from the earth ?

RULE IV
In expermental philosophy we are {o look upon proposit ons inferred by general

This ruk
bt y:);‘t‘hz ;\; must follow that the argumént of wnduction may not be e aded



PHENOMENA®

PHENOMENON I

That the circumjotial planets by radur draiwen to Jupiler s cenlre deseribe areas
proportional to the times of description and that thewr periodic times the fired
stars beang at rest are as the 3/th power of thewr distances from 1ls centre
This we know from astronomical observations Tor the orbits of the ¢
planets differ but insenxibly from circles coneentrie to Jupiter and ther
motions 1n those eircles are found to be umiform And all astronomers agree
that their periodic times are as the 3/th power of the sermdiameters of their
orbits and so 1t mamfestly appears from the following table
The periodic tunes of the satellites of Jupiter
14 I8k 27 34 34 13k 13m 42 74 3 42 36 16¢ 1G* 32= O
The distances of the salelhies from Jupiler s centre

1 2 3 4

From the obserialions of

Borelli 53¢ 855 14 242¢
Townly by the micrometer 5 52 878 BT 472 Semy
Cassim by the telescope 5 8 13 3 drameter of
Cassint by the echpse of the satel Jupaler
Dtes 523 9 4% 20/0
From the periodic tumes S 607 90017 14 388 7020

Mr Pound hath determined by} the help of excellent micrometers the diam
eters of Jupiter and the elongation of 1its satellites after the following manner
The greatest heliocentric elongation of the fourth satellite from Jupiters
centre was taken with a micrometer 1n 4 15-foot telescope and at the mean
distance of Jupiter from the earth was found about 8 16  The clongation of
the third satellite was taken with a micrometer in a telescope of 123 feet and
at the same distance of Jupiter from the carth was found 4 42 The greatest
elongations of the other satellites at the same distance of Jupiter from the
earth are found from the periodic times tobe 2 56 47 and 1 51 6

The diameter of Jupiter taken with the micrometer 1n a 123 foot telescope
several times and reduced to Jupiter s mean distance from the earth proved
always less than 40 never less than 38 gencrally 39 Tlus diameter in
shorter telescopes 18 40 or 41 for Jupster s ight 18 a httle dilated by the
unequal refrangibility of the rays and this dilatation bears a less ratio to the
diameter of Jupiter 1n the longer and more perfect telescopes than 1n tho-c
which are shorter and less perfect The times 1n which tno satelhites the first

ital ca fexcent in Latin
an
ns-

- - £ Ranl TTT mdu nl 1 vl rases
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2+ tturd vased over Jupiter sbody were ob:cn ed from the bemnuimng of

mnl tengress to the
t nsit of the first
¢ the earth came
a3 observed al.o

r Jupiter s body

& the earth came
nearly and then
ha

PHENOMENON 1T

The periodic tmes of the salellites of Saturn
1 21s 18 2 24 17h 41m 22 48 15 5= 12° 15¢ 22% 41= 14

(9% T 48= 00
The distances of the salelliles from Saturn s centre wn sermdiameters
of its ring
From observafions 1% 2% 35 8 24

From the periodic times 193 247 345 8 2335

The greatest elongstion of the fourth satellite from “aturn s centre 1s com
monly determined from the ob ervations to be eight of those wmdxmeters

1
S_ntum s tentre 10 sermdiameters of the ingare 21 269 375 87 and 2535

stopes the il

of the h bodies bear a greater propor
1 nto the dilatation of liht in the ettmmmeslur those bodies than mphor;(er

telescapes If then \\emectnﬂthes ous hight the diamete
not amount to more than 16 P ¢ cterof Satum il
PHENOMENON I
That the fire primary planets Mercury Venus Mars Juptler and Salurn
- ik thewr sereral orbllx encompass the su



PHENOMENA!

PHENOMENON 1

That the esrcumgortal planets by radu draun to Jupiler s centre describe arcas
proportional to the times of description and that therr periodic times the fired
stars being at rest are as the 3/th power of therr distances from its centre
This we hnow from astronomical observations For the orbits of thee
plancts differ but nsensibly from circles concentric to Jupter, and ther
motions m those circles are found to be umform And all astronomers agree
that their peniodic times are as the 37th power of the cmdrameters of their
orbits and so 1t manfestly appears from the following table
The pertodic tumes of the satellites of Jupiter
14 18% 27m 34 3¢ 13* 13n 42 74 3b 42m 36 1G4 1Gh 32m ¢
The distances of the satellites from Jupiler s centre

1 2 3 4
From the obseriations of
Borelh 53¢ Sy 14 I
Townly by the micrometer 552 8§78 1347 ™72 Semy
Cassim by the lelescope 5 8 13 3 diameter of
Cassint by the eclipse of the satel Jupler
lies 525 9 4% 5%
Fro n the periodic imes s607 9017 143 % 20

Mr Pound hath determmed by the help of excellent micrometers the diam
cters of Jupiter and the elongation of 1ts satellites after the following manner
The greatest hehocentne clongation of the fourth satellite from Jupters
centre nas tahen with a micrometer in a 15-foot tele cope and at the mean
distance of Jupiter from the earth was found about 8 16 The clongation of
the third satellite was tahen with a mierometer 1n a tele cope of 123 feet and
at the same distance of Jupiter from the earth was found 1 12 The greate
elongations of the other satellites at the ame distance of Jupiter from the
carth are found from the periodic timestobe 2 56 47 and 1 51 6

The diameter of Jupiter tahen with the micrometer m a 123 foot tele cope
several times and reduced to Jupiter s mean distance from the earth proved
always less than 40 never less than 38 generally 39 This drameter 1n
shorter tele copes 1 40 or 41 for Jupiter s Iight 1s a Little dilated by the
unequal refrangibility of the rys and this dilatation bears a less ratio to the
diameter of Jupiter 1n the longer and more perfect telescopes than in thosc
which are shorter and less perfeet The tumes n which tno aatellites the first

- - f Ranl TIT red wand 1l raseain ftal es ( xeent mhug

-
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For to the earth they appear sometumes direct =ometimes tationary nay
they sre always <een direct and
- he
an
equality ng
and d ble mJup 1 10 w us
satellites by the help of these eclipse< as we have sud the belzocenmc long
tfudes of that planet and sts d.tances from the <un are determned
PHENOVMENON VI
That the moo by a rad us drawn to the carth & centre deseribes an area propor
t_al o the time of de.sv:nplwn
- nnarent m tion of the moon, compared with its
n s a hitle dr turbed
imens, T neglect those
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same height on one side or other of the sun when horned they are below or

between us and the sun and thev are sometime  twhen dureclly under <cen libe

spots traversing the sun s dish That Mars surrounds the sun 1s as plun from

;ts full face when near its conjunction with the sun snd from the gibbous
2

-~ = it

PHEMNOMENON 1V

That the fized stars being al rest the periodic times of the fite primary planets and
(uwhether of the sun about the earth or) of the earth about the sun are as the Yilh
pouer of thewr mean dislances from the sun

This proportion first observed by Kepler 1s now received by all astron
omers for the periodic times are the same and the dimensions of the orbits
are the same whether the sun revolves about the earth or the earth about the
sun And as to the measures of the periodic times all astronomers are a
about them But for the dimensions of the orbits Iiepler and Boulhau abose
all athers have determined them from obsery ations with the greatest accuracy
and the mean distances corresponding to the perodic times differ but aneen
sibly from those which they have assigned and for the most part fall in be-
tween them a8 we may see from the following table

The periodic times wath respeet lo the fized slars of the plancls and earlh
retolving about the sun 1n days and decimal parts of a day
o [} Q
10759275 4332514 6869785 3652565 2246176 879602
The mean distances of ihe planets and of the earth from the sun

pid ]
According to Kepler 851000 519650 152350
Boulhau 954198 522520 152350
the penodic times 954 006 520 096 152 369

] 9 g
According to Lhepler 100000 72400 38500
Boulliau 100000 72398 3858

the penodic times 100000 72333 38710

As to Mercury and Venus there can be no doubt about their distances from
the sun for they are determined by the elongations of those planets from the
sun snd for the distances of the supertor plancts all dispute s cut off by
the echipees of the satellites of Jupiter Tor by those eclipses the po ition of the
shadow which Jupiter projects 18 determined from tins we hive the heho-
centnc longitude of Jupiter And from 1ts hehiocentnie and geocentnic longitudes
compared together we determimne its distance

PHINOMENON V

‘hen the primary planels by radu drawn {0 the earth describe areas sn no wise
;oporho:al Iothe times but the arcas which they deseribe by radus drawen fo the sun
are proportional fo the times of description
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il be mverelr as D- Th. wil vet more fully appesr from eompenag this
foe with the forre of gravity st done ;t}m neit Pr;:pcf?}?:‘mwn v
Cox If we augment the mean centnipetal faree v vk =
tomed 1™ %nto 1787/ and theninthe
mat. orb firct 1 the proportion of o
wo!ihemdmmetemﬂhemﬂhtothemm
?mxi‘:fthe moon od earth we _hall have the centripetal foree of ﬁ
rmoon .t the wurfsce of the earth suppoang this force 1 descending to tl
earth  carfsce conbicuslly to merease mversely as the square of the beight
Prorosrrioy 4. Tarorns 4
n
ot Bhr t00 les lorrcrds the ecrth @ .4 by the foree of grunty sseor anually
L::jm—l;’::m‘ﬂ neer ma 01 end rele «d tn s ol
The mean distance of the moon from the earth o the evzvmes m semu
Eame or< of the earth, 1 ceomding to Ptolemy and most astronomers of
accordicg to \ endelin and Huvgen. 60 to Conernen. &01£ to Street, 60/
and to Tycho o' But Tycho and ali that follow by tables of refraction,
aky_= the refrachiors of the <un agd moon (altogether aguest the nature of
Erbt) to exveed the refraction. of the fixed <tur< and thst bv four or 5:5

d_meters of th. earth. nesr to what others have asorned. Let us assume tue
Texn d.tance of G0 dometers m the svrvmes and suppase one revo'ution of
the moon. 1n respect of the fixed «tars, to be completed 1 274 ™» 43= as
a-tronome-s have determuned .nd the cireumference of the earth to amount
101232 9600 Pans feet &5 the French bave fou.nd by mensuration. 4nd now
1f we 1m.cne the moan, deprived of all mo.on to be let go <o 2s to descend
towards the earth with the impulse of sil that force by which (bv Cor Prop 3)
1 1sreturednt  otb 1t will 1o the <pece of one munute of time desenbe mits
121 1a)/4 Pans feet Thus we gather by a ealenle founded erther upon Prop

¥ Book 1 or {whuch comes to the same thin ) upon Cor 1x, Prop 4 of the
sxe book. For the versed e of that are which the moon, 1n the <pace of cne
mp teof tme would by its mesn mo on deseribe at the d_tance of 60 <eru-
sme ers of the earth. +. nearly 15V42 Pan_ feet or moe securately 15 feet,
lmeh and 1 lme /4 Wherefare =ince that foree m approachins to the exrth,
te-eases 1o the proportion of the mverse square of the ditance and, upon that
account at the surface of the earth. 1560 €0 times greater than at the moon, &
bodv 1n our reo... falling with that force ought mn the <pace of one munute of
tme to descmbe 0 €0 Yol Pans feet and 1n the space of ope <econd of
e todesenbe 1o/ of those feet 0 mare accurstely 1o feet, 1 tnch and 1
Exe / Ard with thus vers force we actually find that bodie< here upon earth

o really descend for a pendulum osallating <econds 1n the Ja
wilbe3 Pansfeet and S lies 14 enbas e o Fans

1nlength, 2> Mr Buvens has observed. And
the pace whoch a heavy bodv deseribes by fallng Y
PGt eser! v fallng 1n one <e~ond of time 15 to

pendulam as the square of the ratip of the rreumf
ofaerce toit. dimeter (as \Mr Huvgen he alo hown) an’lbthml'(:x:n;z
Pan_feet 1inch, 1 Enels. And therefore the foree by which the moon 35 ro-
toed g, oodx bems,aithewrvtuﬂmdthenﬂh,equﬂto*he{m
dg:xﬂtvwh:cbnobsr:remb—arybod.es(hex Ard therefore (by Rules1



PROPOSITIONS

ProrosiTion 1 THEOREM 1

That the forces by twhach the circumjorzal planets are continually drawn off from
rectlincar motions and retained wn their proper orbats tend to Jupiler s eentre
and are smiersely as the squares of the distances of the places of those planets from
that centre

The former part of this Proposition appears from Phen 1 and Prop 2or3
Book 1, the latter from Phen 1 and Cor v Prop 4 of the same book

The same thing we are to understand of the planets which encompass Saturn
by Phen 1r

Prorosiriov 2 THEOREM 2

That the forces by which the primary planels are continually draun off from
rectilinear motwns and retained in therr proper orbils lend to the sun and are
wnersely as the squares of the distances of the places of those plancts from the sun 8
cenire

The former part of the Proposition 1s mamfest from Phen v and Prop 2
Book 1 the latter from Phen 1v and Cor v1 Prop 4 of the same book But
this part of the Proposition 1s with great accuracy demonstrable from the
quie cence of the aphelion points for a very small aberration from the propor
tion tecording to the 1ny erse square of the distances would (by Cor 1 Prop 4o
Book 1) produce a motion of the apsides senaible enough 1n every single revo-
lution and mn many of them enormously great

I rorosrrion 3 Treorrv 3

That the force by which the moon 1s retained in 113 orlnl tends to the carth and 18
wnrerscly as the square of the distance of 1ts place from the earth s centre
The former part of the Propo 1tion 1s evident from Phen v1 and Prop 2or
3 Book 1 the latter from the very slow motion of the moon s apogee wlichin
every single revolution amounting but to3 3 forwards may be neglected For
(by Cor 1 Prop 45 Book 1) 1t appears that 1f the distance of the moon from
the earth s centre 1s to the sermdiameter of the earthas Dto 1 the force from
which suchamotionwill result 1smversely as D*sdx 1e 1nversely as the power
of D whose exponent 1s 2313 that 1s tosay 1n the proportion of the distance
somewhat greater than the nverse square but which comes v934 times nearer
to the proportion according to the square than to the cube But since this
1ncrea.c 15 due to the action of the sun (1s we shall afterwards show) 1t 1s here
to be neglected The action of the sun attracting the moon from the earth 13
nearly as the moon s distance from the earth and therefore (by what we have
- D an 4 Manl Y ¢a fiecentnipetal foree of the moon as2 to
«w And af we neglect soinconsiderable
which the moon 1s retained in1ts orb

276
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1
S: And since all attraction (LY 8 syloas wes

‘:ﬁ::;;:n ;’:\:xt:.rt:tnw:ri sll he_ own satellites, Saturn. tmvvs.xda hi theearth
towards the moon .ad the <un towsrds Il the pnmary planets b ath

Cor. 11 The foce of gramty which tends to anv one planet 1 inversely as the
<quare of the d-tance of places from that planet s centre "

Coz. 1 Al the planets do gravitate toward. one another by Cor yard 1.
snd be ce1tis that Juptter and Saturn when pear their comyunction, by therr
mutual attractions senibly dizturb each other s motion. <o the sun dizturbs
the motions of the moon and both cun and moon ditturb our <es s we hall
heveafter explun. —

The force which retauns the celestial bodies in their o:b:(s h.sbeen u herto

oy

nnnh

plaset. by Rule~1 2 and ¢

Proro~mmios 6 TrEOREM 6

Thetallbod esgram.a ¢ towards erery planet and that the wes his of bod eslowerds
anso ¢ plane’ ol equal dixa cesf om the oen're of the planet are proportioncl to
theqat ¢ of ma er which they sererally contain

It hasbeen now for a lon, time obeerved by o hers that all <orts of heary
bod.es (allovance bern~ made for the iequalitv of retardation which thev suf
fer from a <mall power of resi-tance 1 the ar) descend to the earth from equal
her s nequ.) times and that equality of tumes we msy dotinew h toa great
accuracy by the help of pendulums. I tned expeniment with gold siver lead
glas. sa.d common =alt wood, water and wheat. I provided two wooden
bozes round and equal I filled the one with wood and cuspended an equal

- ] h

— PR RS

ar And, plein, the one by the other I ob~erved them to plsv torethe, fo
w.rdsa.dbackward foralongtime with equal vibration . And therefore the
quan 1ty of matterin the gold (by Co  1and v1 Prop 23 Booa 1) w2s to the
2.t of matter 1n the wood 2_ the action of the motrve foree (0 r1s motriz)
upon all the g 14 to the action of the <ame upon all the wood that 1, o the
wezht of the one to the wei ht of the other and the ke happened in the other
bedies. B the-e expenimen s 1n bodues of the same eiht 1eou’d mamfestly
\‘-\\1‘ dicovered a d.fierence of matter less than the thousandth part of the
=k ' bad anv <uch been But without all doubt the nature of gramity to-

wre th planet 1sthe <ame s towards the earth For houald we ims,
our
terre<tnial bod.es talen to the o-bit of the moon, ard there torether if}ex the
mn;orx deprived of all mot on, to be ket €0 <o as to fall together towards the
h, 1t 15 certaun, from what we have demonstrated before that 1 equal
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and 2) the force by which the moon 1s retamned 1n 1ts orbit 1s that very same
force which we commonly call gravity for were gravty another force different
from that then bodies descending to the earth with the jomnt impulse of both
forces would fall with a double veloeity and in the space of one <econd of time
would describe 30%4 Pans fect altogether aganst expencnce

Ths ealenlus 1s founded on the hy pathests of the earth s standimg still for
1f both earth and moon move about the sun and at the same time about ther
common centre of gravity the distance of the centres of the moon and earth
from one another will be 6014 semidiameters of the earth as may be found by
a computation from Prop 60 Book 1

ScroLrom

The demonstration of this Proposition may be more diffusely explaned after
the following manner Suppose several moons to revolve about the carth asin
the system of Jupiter or Saturn the pertodic times of these moons (by the
argument of induction) would observe the same law which Lepler found to
obtain among the plancts and therefore therr centripetal forces would ben
versely as the squares of the distances from the centre of the earth by Prop 1
of this book Now 1f the lowest of these were very small and were so near the
earth as almost to touch the tops of the highest mountains the centripetal
force thercof retaimng it ts orbit would be nearly equal to the weights of
any terrestrial bodies that should be found upon the tops of those mountams
as may be known by the foregoing computation Therefore 1f the same little
moon should be deserted by 1ts centnifugal force that carnes 1t through its
orbit and be disabled from going onward therern 1t would descend to the
earth and that with the same veloaity with which heavy bodies actually fall
upon the tops of those very mountains because of the equahty of the forces
that oblige them both to descend And if the force by which that lowest moon
would descend were different from gravity and if that moon were to gravitate
tonards the earth as we find terrestrial bodies do upon the tops of mountams
1t would then descend with twice the veloaity as being impelled by both these
forces conspiring together Therefore stnce both these forces that s the grav
1ts of heavy bodics and the centripetal forees of the moons are directed to the
centre of the earth and are stlar and equal between them elves they will
(by Rules 1 and 2) have one and the same cause And thercfore the force which
retamns the moon 1n 1ts orhit 1s that very force which ne commonly call gravity
becau e otherwise this ittle moon at the top of & mountain must either be
without gravity or fall twice as swiftly as heavy bodies are wont to do

ProrosiTron 5 TREOREM §

That the eircumyoral planels gravtate lowards Jupiter the crreumsaturnal to-
wards Salurn the circumsolar towards the sun and by the forces of their grarty
are drawn off from rectilinear motions and retained sn currilinear orbuts

TFor the res olutions of the circumjovial plancts about Jupiter of the aircum
<aturnal about Saturn and of Mercury and Venu and the other errcum olnlf'

causes especially sinee it has been demonstrated tuat tug Juttt by ve
x:l:cgfthow revolutions depend tend to the centres of Jupiter of Saturn and
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be rused to the

k hould 1magne the terrestnal bodies with us to

:;?:‘:Ie th?:xoon to beg:here compared with its bodv 1f the werghts of such
—eea hew rhts of the external parts of the moon as the (l;uantm?

aunst what we have shown above
Cor 1 Hencethe weightsof bodiesdonot dependupon theirformsandtextures
for if the weights could be altered with the form thev would be greater or less
sccordig to the vanety of forms inequal matter altogether agun. t expenence
Cor. 1 Umversally all bodies about the earth gravitste towards the earth
A W we hisof all at equal dictances from the earth s centre are as the

tity of matter then because (according to Amsivile 1r~dl wuu o
there 13 no difference between that and other bodies but 1n mere form of matter
by & succes.sve chanre from form to form 1t miht be changed at last into a

—— oA

mght be changed contrary to what was proved in the preceding Corolary
Cor. m All <paces are not equally full forif all paces were equally full
_ s ~

quantity of matter i a gven space tan by any rarefaction be dimin_hed
what .hould hunder 8 diminution to wfuty?

Cor. 1+ If all the <old particles of all bodies are of the same density and
cgamnnn::d b; mbngled without pores then & void epace or vacuum must be
v bodies of the same density 1 mean those whose mnertias
Prcg;:rt on of thetr bulks v wrein the

® v The power of gravity 1s of a different nature from the power of
magnetim for the magnetie attraction 1s not as the matter uttmctfg. Q:;z:e
bodies are attracted more by the magnet others less most bodies not at all
The power of magnetism 1n one and the ame body may be wmncreased and

rude obecrvations,
. Proro rmon 7 Tarorex 7
hat there 13 a porer of graru fat, o
qw’-'lrn;alu:lnf o poer ofgr Wzmﬂ r:'mg all bod es proportional to the several
t alf the planets gravitate one towards another we hay
e proved be:
o3 well a3 that the force of gravity towards every one of th;n cousx;::&
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times they would descnibe equal spaces with the moon and of consequence are
to the moon 1n quantity of matter as their weights to 1ts weight Morcover
swnce the satellites of Jupter perform their revolutions 1n times which oberve
the 24th power of the proportion of their distances from Jupiter s centre their
accelerative gravities towards Jupiter will be 1nv ercely as the squares of thar
distances from Jupiter s centie thatis equal at equal distances And there-
fore these satelbtes 1f supposed to fall louards Jupuer from equal heights
would describe equal spaces 1n equal times 1n like manner as heavy bodies do
on our earth And by the ame argument 1if the circumsolar planets were
supposed to be let fall at equal distances from the sun they would n thar
descent towards the sun desenibe equal spaces 1n equal times But forces which
equally accelerate unequal bodies must be as those bodies thatisto ay the
weights of the planets louards the sun must be as their quantities of matter
Further that the weights of Jupiter and of s satellites towards the un are
proportional to the several quantities of their matter appears from the exceed
ngly regular motions of the satellites (by Cor 1 Prop 65 Book 1) Forif
some of those bodies were more strongly attracted to the sun m proportion to
therr quantity of matter than others the motions of the satelhites would be
disturbed by that inequality of attraction (by Cor 11 Prop 65 Book1) H at
equal distances from the sun any satellite i proportion to the quantity of its
matter did gravitate towards the sun with a force greater than Jupiter n
proportion to s according to any given proportion suppose of dto¢ then the
distance between the centres of the sun and of the satellite s orbit would be
always greater than the distance between the centres of the sun and of Jupiter
nearly as the square root of that proportion as by some computations I huve
found Andif the satellite did gravitate tow ards the sun with a force lessin the
proportion of e to d the distance of the centre of the satellite s orbnt from the
sun would be less than the distance of the centre of Jupiter from the sun as the
square root of the same proportion Therefore if 2t equal distances from the
sun the accelerative gravity of any satellite towards the sun were greater or
less than the acceleratne gravity of Jupiter towards the sun but by one T'ss
part of the whole gravity the distanee of the centre of the atelhite s orbit from
the sun would be greater of less than the distance of Jupiter from the sun by
one zgyw part of thewholedistance thatis by afifth part of thedistanceof the
utmost satellite from the centre of Jupiter an cccentnerty of the orbit which
would be very sensible But the orbits of the satellites are concentric to Juprter
and therefore the accelerative gravities of Jupiter and of all its satelhtes to-
wards the sun arc equal among themselves And by the same argument the
waeights of Saturn and of hus satellites towards the sun at cqual distances from
the sun are as their several quantities of matter and the weights of the moon
and of the earth towards the <un are esther none or accurately proportional to
the masses of matter which they contain But some werght they have by Cor
rand 1t Prop 5

But further the weights of all the parts of every planet towards any other
planet arc one to another as the matter in the several parts for if some parts
did gravitate more others less than for the quantity of their matter then the
whole planet according to the sort of parts with which 1t most abounds ould
gravitate more or le 3than m proportion to the quantity of matterin the whole
Nor 15 1t of any moment whether these parts are external or internal forif for
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3 o the terrestnal bodies with us to be rareed to (hf

Atate towards the erth
arths centre an as the

Descartes and otuers)

ut in mere form of matter

by & successive chan e from form to form 1t might be changed at fast into &

body of the same condition with those which gravitate most 1 proportion to

therr quantity of matter and on the otherhand theheaviest bodies aequining

11 e first form of that body mu1 ht by degrees quitelose their gravity Andthere-

fore the weights would depend upon the forms of bodies and with t] oee forms
might be changed contrary to what :'\s“pr:)\ ed 1n the preceding Corollary

1 noeos w re e ually full

quantity of matter m a given space can by any rarefaction be dimim hed

granted By bodies of the same density 1 mean those whose inertias are n the
proportion of their bulks
Cor v The power of gravity 13 of a cufferent nature from the power of
for the 18 not 89 the matter attracted Some
bodses are attracted more by the magnet others less most bodies not at sl
The power of magnetism 1n one and the same body may be icreased and
dimint hed and 13 sometimes far stron er for the quantity of matter thanthe
pover of gravity and in receding from the magnet decreases not as the square

but almost, os the cube of the distance as nearly as I could judge from some
rude observations

Prorosition 7 Turorem 7

That there 13 a powcer of gra nty pertamn ng to all bod €3 proportional fo the several
quant bies of malter whick they cont n

That all the plan ts gravitate one towards another we have proved before
83 well a3 that the force of gravity towards every onc of them considered
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apart 18 v ersely as the square of the distance of places from the centre of the
planet And thence (by Prop 69 Book 1 and ts Corollanes) it follows that the
gravity tending towards all the planets 1s proportional to the matter which
they contamn

Moreover since all the parts of any planet A gravitate towards any other
planet B and the gravity of every part 1s to the grawity of the whole as the
matter of the part to the matter of the whole and (by Las 111) to every action
corresponds an equl reaction therefore the planet B will on the other hand
gravitate towards all the parts of the planet A and its gravity towards any one
part will be to the gravity towards the whole as the matter of the part to the
matter of the whale QLD

Cor 1 Therefore the force of gravity towards any whole planet an<es from
and s compounded of the forces of gravity towards allits parts Magneticand
electne attractions afford us examples of this for all attraction towards the
whole anses from the attractions towards the several parts The thing may be
easily understood mn gravity 1f we con ider a greater planet as formed of a
number of lesser planets meeting together 1 one globe for hence 1t would
appear that the force of the whole must an ¢ from the forces of the component
parts 11t 1sobjected that according to thislaw all bodies with us must grav
state ope towards another whereas no such gravitation snywhere appears 1
answer that smce the gravnitation towards these bodies 1s to the gravita
tion towards the swhole carth as these bodies are to the whole earth the gray
1tation towards them must be far less than to fall under the observation of our
senses

Con 11 The foree of gravity tonards the eseral equal particles of any body
1810y ersely as the square of the distance of places from the particles asappears
from Cor 11 Prop 74 Book 1

ProrosiTioN 8 Trroresm 8

In tuo spheres gravitating each touards the other 1f the malter wn places on all sides
round about and egundistant from the centres 1s sumlar the wesght of either sphere
touards the other will be wneersely as the square of the distance betucen thewr centres

After I had found that the force of gravity towards a whele planet did anse
from and was compounded of the forces of gravity towards all its parts and
tonards every one part was in the imer<e proportion of the squares of the
distances from the part I was yet in doubt whether that proportion iy erscl}{

as the square of the distance did aceuratelv ball a3«

fn —

A

t pu witre the distances of the partieles are

unequal and therr situation di smilar But by the help of Props 7u and 76
Book 1 and their Carollaries I was at last satisfied of the truth of the Propos:
tion asit now hes before us

Con 1 Hence we may find and compare together the weights of bodies
towards different planets for the weights of bodies revolving in circles about
planets are (by Cor 11 Prop 4 Book 1) directly as the diameters of the cireles
and 1nversely as the squares of their penodic times and therr w eights at the
surfaces of the planets or at any other distances from their centres are (by
this Proposition) grester or less wversely as the square of the distances Thus
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Jving sbout the sun 11 7244 163 of
from the penodic times of \lenus re; c_ym'x ngbout ptes 16 16/ ofthe
theutmost exrcumyjoviat satellite revolving b
Ruygenan <atellite about Saturn 1n 15¢ 2"15; snd ufrt‘he NO?U‘:"&“:S:;

i 4 43w pared with the mean dictance of \ enusiro
- 1B o " of the outmost arcumjovial
sygentan eatellite from the
earth 10 33 by computa
wam the centres
Jupiter
- ¢
Saturn anain - rensegoraun e u o Tobtsare
weights of equal bodies towards
e drtanees 10000 99 "0:1; g\:gd
109 from their centres thatls 811 1 ¢ rfaces will be as10 000 94
and 432 respectively How much the weights of bodies are at the surface of the
moon will be hown heresfter
Con. 1 Hence Llewise we discover the quantity of matter i the several
planet  for therr quantities of matter are as the forces of gramity at equal
& tances from their centres that1 inthe sun Jupiter Saturn and the earth
851 yugr 3drr and Tyzyes respectively If the parallax of the sun be taken
greater orlesthan10 30 the quantity of matter 1n the esrth must beaug
ented or diminy hed as the cube of that proportion
Cor. mt Hepce slso we find the denuties of the planets for (by Prop 7°
Book 1) the wet_hts of equal and «imilar bodies towsrds imilar «pheres are at
the curfares of those pheres asthe diameters of the pheres and therefore the
denait es of disamlar spheres .re as those we ghts apphed to the drameters of
the pheres But the true di.meters of the cun Jup ter Saturn and the earth,
were one to another s 10000 997 91 and 109 and the wer hts towsards the
same 25 10000 913 579 and 43a respectively and therefore thewr denstties are
23100 941 £ and 300 The densty of the earth which comes out by this
computat on doe- not depend upon the parallax of the sun but 1s determined
by the parallax of the moon and therefore 1s hee truly defined. The sun there-
fore 153 little dener than Jupiter and Jupiter than Saturn and the earth four
times demser than the «un for the sup by its great heat 13 Leptin a <ort of
rarefied etste The moon 1 denser than the earth 2s hall appear afterwards.
—t eam 1 F

grenter densty s thev are rearer to the mum. So Jupster 15 more uense tuan
e A aw

wll ke wate boil. \or are we to doubt that

the matt, Mercury
aLpted to1t. brat and 1, therefore more de.se than the m;;:e:fof fmr esn;zs
&.e 12 deoser matter the operat ons of \ature require 3 stronger heat
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ProrosiTion 9 TrEOREM 9

That the force of gravity considered downwards from the surface of the plancts
decreases nearly wn the proportion of the distances from the centre of the plancls

If the matterof the planet were of an umform density this Proposition wou'd
be accurately true (by Prop 73 Book 1) Theerror therefore ean be no greater
than what may anse from the inequahty of the den ity

Prorosition 10 TrEOREM 10

That the motions of the planets in the hearens may subsist an exccedingly long ime

In the Scholium of Prop 40 Book 11 I have shown that a globe of water
frozen into1ce and moving freely in our air in the time that 1t would desenbe
the length of its sermdiameter would lo e by the resistance of the air 13y part
of 1ts motion and the same proportion holds nearly in all globes however
great and moved with whatever veloaity But that our globe of earth 1s of
greater density than 1t would be if the whole conaisted of water only I thus
make out If the whole conusted of water only whatever was of le s density
than water because of e ”
And upon this account
water waslessdense t
ng water falling back
condition of our earth
1f 1t was not for 1ts greater density would emerge from the seas and according
to 1ts degree of levity would be rmsed more or less above their surface the
water of the seas flowing backwards to the opposite ssde By the same argu
ment the spotsof the sun which float upon the lucid matter thereof are highter
than that matter and however the planets have been formed while they were
yet in flud masses all the heavier matter subsided to the centre Since there-
fore the common matter of our earth on the surface thereof 1s about twice a3
heavy as water and a httle loner in mines 1s found about three or four or
even five times heavier 1t 1s probable that the quantity of the whole matter of
the earth may be five or six times greater than if 1t consisted all of water
especally since I have before shown that the earth 1s about four times more
dense than Jupiter If therefore Jupiter is a hittle more dense than water 12
the space of thirty days 1n which that planet describes the length of 159 of 1ts
sermdiameters 1t would 1 a medium of the same density with our air lo ¢
almost a tenth part of its motion But since the resistance of mediums decreases
1 proportion to their weight or density o that water whichis 13Y4 times
Iighter than quichsilver resists less in that proportion and atr which 13 860
times lighter than water resists less in the same proportion therefore in the
heavens where the weight of the medium 1in which the planets move 18 1m
men ely dimmushed the resistance wall almost vamsh

1t 15 shown in the Schohum of Prop 22 Book 1 that at the height of 200
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the sir pump from under the recerver heavy bodies fall withm
:;‘en:t‘:\letymth perg‘ect fprecdom and without the least en 1ble rest tance
A4 o let fall tovether will de cend with equal

% fant they

And

the

mue

HYPOTHES!S 1

TRAT THE CENTRE OF THE STSTEM OF THE WORLD 1S IMMOVABLE
Thiss achnowledgzed by all nhnle some contend that the earth others that
the sun 15 fixed 1 that centre Let us see what may from hence follon
Prorosrrion 11 Treore 11
That the common centre of gravity of the earth the sun and alf the planets 18
1mmorable
For (by Cor 1+ of the Lays) that centre either1sat ve t or moves umformly

forrardsmanghtine butf that centre moved the contre of the world would
mote al0 aganst the Hypothews

Prorosriov 17 Tacoreyw 17
That the sun 15 apriated by 6 conhinual mohion bul nerer recedes Jar from the
common centre of grataty of all the planets

th sun s to the
from the

r greater

the common centre of gravity of Jupiter suu u, uy P ~aponta
- b = n By the same arument since the quantity

e

r

e

g

all

on

ne
1y

v atrest tn sup
1y be moved

3

and all the

Mmoo Rt
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1t would recede yet less if the body of the sun were denser and greater and
therefore less apt to be moved

Prorositioy 13 Tneorewm 13

The planets move in cllipses whach have thesr commen focus 1n the centre of the sun
and by radu drawn {o that centre they describe arcas proportional fo the times of

description
We have discoursed above on these mottons fram the Phenomena Now that
we hnow the principles on which they denen T ¢~ 1
41 A
t
t

s aescraption by Props 1and 11 and
Cor 1 Prop 13 Book 1 Buttheaction of 1 - )

- eal
It 1s true that the action of Jupiter upon Saturn 1s not ta be neglected for
the force of gravity towards Jumter 1s to the force of gravity towards the sun
(at equal distances Cor 11 Prop 8) as 1 to 1067 and therefore in the conjune
tion of Jupiter and Saturn because the distance of Saturn from Jupiter 13 to
the distance of Saturn from the sun almost 1 4 to 9 the gravity of Saturn
towards Jupiter will be to the gravity of Saturn towards the sun as 81 to
16 1067 or as 1 toabout 211 And hence anscs a perturbation of the orbit of
Saturn m every conjunction of this planet with Jupiter so senaible that as-
tronomers are puzzled with 1t As the planet 1 differently sttuated n the e
conjunctions 1its eccentneaty 18 somet m o

L o s it 0 Lreat a torce may be almost 2 oded
{except 1o the mean motion) by placing the Joner focus of 1ts orbit in the com
mon centre of gravity of Jupiter and the sun (according to Prop 67 Book 1)
and therefore that error when 1t 15 greatest scarcely exceed two minutes and
the greatest error in the mean motion searcely exceeds two mrnutes yearly But
in the conjunction of Jupiter and Gat » &~ of gravity of
the sun towards Sat towards the
sun are almostasl re the differ
ence of the forces of gravity of the = -
Saturp 18 to the foree of gravaty

as 1 to 2400 But the greatest poy

s proportional to this difference a1 u tucretore the perturbation of the orlit of
Jupiter1s much less than that of Saturn s The perturbations of the ather orbuts
are yet far less except that the orbit of the earth is sen by disturbed by the
moon ‘The common centre of gravity of the earth and moon moses n an ellip~e
about the sun 1 the focus thercof and by a radius drawn to the sun de enbes
areas pmporttonal to the times of deseniption But the carth i the meantime
by a menstrual motion 1s revolved about this common centre

« 1
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Proro mo~ 14 Trrores 34

od
hel! ruandnod(:ofﬂleorhlxoflhepland:mﬁ:
The apﬂfx:nvs ;:: immarable by Prop 11 Book 1 and svare the phnisd of
theorbit L Prop 1 of the <ame book. \nd Af the planes are fixed the n :
mest be <0 too It 15 true that <ome 1pequshties may anse from the mau
actions of the planets and comets 1z thewr revolutions but the-e will be so
emall that thev may be here passed by

Con.u;aThee!;‘xed zt'm's areimmovable ceemp they heep the same posttion to

Lons and nodes of the planets.

thi‘:x‘)‘be"mf\)nrl mnce these stars are htle to no ve‘nsx'ble parallax from the

¢ ~f % jrimmense
10n that the
¥ their con
trary sttractions destrov their mutuw acion vy 1

ScuoLryt

Since the planets near the <un (viz. Mercury Venus the earth and Mars)
are <o small that they can act with but ittle force upon one another therefore
their aphelions and nodes mu_t be fixed except o far as they are d.-turbed by
the actions of Jupiter and Saturn and other higher bodies And hence we may
find by the theory of gravitv that their aphelions move forwards a Lttle n

% 3/ % oance rof their <eversl ditances
pace of a hundred year<

tars, the aphelions of the

1 years be carned forwards

otiens are <o mconsider
able that we have ne lected them in this Proposition

Prorostrion 1o Proprew 1

To find the principal diameters of the orbits of the planete.
They are to be taken as the  §th power of the penodic tumes by Prop 1o
Book 1 and then tobe severally auzmented 1n the proportzon of the <um of the
masses of matter i the <un and each planet to the first of two mean propor

;gigi\;bemeen that um and the quantity of matter in the <un by Prop G0
L

Prorosniion 16 Prosrem 2

To find the eceentricat es and ephehons of the planels
This Problem 15 re-olved by Prop 18 Book 1

Peorosrtion 17 Treonrew 15

That the & urnal molons of the planels are untform and that the libration of the
n%n;ux! om ats diurnal mo ron

e Proposition 15 proved from the first Law of \otion and Cor
Prop 66 Book 1 Jupiter with respect to the fived tars revolves i 8* :Gx:x
Marsin®f 39= Venusmabout23 theearth m23% 56% the sunin2olyt
and the moon 12 ™~ 43= Thewe things appear by the Phenomena Thke
£potsin the suns body return to the same ateation on the suns &\, mith
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respect to the earth 1n 2714 days and therefore with respeet to the fived stars
the sun revolves in about 25}/ days But because the lunar day ansing from
1ts uniform rev olution about 1ts axis 15 menstrual fhatzs cqual fo the lime of sis
perrodic revolution wn ils orbut hence the same face of the moon will be always
nearly turned to the upper focus of 1ts orbit but as the situation of that focus
requires will deviate a little to one side and to the other from the earthin the
lower focus and this is the libration 1n longitude for the Libration 1n latitude
anses from the moon s latitude and the inchination of 1ts axis to the plane of
the echiptic This theory of the libration of the moon Mr N Mercator 1n his
Astronomy published at the beginning of the year 1676 expluned more fully
out of the letters I sent him The utmost satellite of Saturn scems to revolhe
about1ts axis with a motion ike this of the moon respecting Saturn continually
with the same face for in 1ts revolution round Saturn ag often as 1t comes to

#an éarm n b A ~

most satellte of Jupiter seems to revolve about its axis wath a hike motion
because 1 that part of 1ts body which 1s turned from Jupiter 1t has a spot
which aliays appears as1f it were 1n Jupiter s own body whenever the satellite
passes between Jupiter and our eye

ProrosiTion 18 THEOREM 16

That the azes of the planels are less than the di ters draien perpendacular to the
ares

The equal gravitation of the parts on all sides would give a spherieal figure
to the planets 1f 1t was not for thewr dwrnal revolution 1n & circle By that
arrcular motion 1t comes to pass that the parts receding from the aus endeayor
to ascend about the equator and therefore if the matter 1s in a fluid state by
1ts ascent tonards the equator 1t will enlarge the dizmeters there and by s
descent towards the poles 1t will shorten the aus So the diameter of Jupiter (by
the concurring obsery ations of astronomers) 1s found shorter between pole and
pole than from east to west And by the same argument 1f our earth was not
higher about the equator than at the poles the seas would substde about the
poles nnd nsing towards the equator would Iay all things there under nater

Prorostrion 19 Proprry 3

To find the proportion of the azis of a planet to the dramclers perpendicular thereto
Our countryman Mr Norwood measuning o distance of 905 751 feet of
London measure between London and York 1n 1635 and observing the differ
ence of latitudes to be 2 28 determuned the measure of one degree to be
367 196 feet of London measure thatis 57 300 Pans torses M Picard measur

ing an arc of one degree and 22 55 of the meridian between }‘mxcni m:d
I 1 ~n AT a

¢
! 1
1
nd the difference of the latitudes of Collioure and Dunkirk was 8 de-
torses & 31 11%% Hence an arc of one degree appears to be o7 061 Pans

and
o from these measures we conclude that the circumference of the

tor.es And
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earth1 123240600 andts sermdiameter 19 615 800 Pans feet upon thesup-
postion that the u{“h pote ﬂ')\hi:-:::} f{]\E\;h“;ez 1n a second of time deseribes 15
1 35 haes, The weight of the
air Let us suppose the weight

ht then that heavy body fall

Lines 1n one eecond of time .
u umformly revoliing in & arcle
Abody mer el’}nslﬂcl’(::l“ufﬂ”)‘;;:;; thecentre 1n one sccond of time de<enbes
00536501 feet or ™ 51064
cond 1n the Iatitude of Pans
ot anwng from the diurnal

% e tnf oalforcevith
10

hatis as

1by thewr

falling by

1l desenibe

1l foree of

-l

) L
would be to the force of gravity 1o the same place Q
to ardsa phere descnbed about the centre C with the radins PC or QC as
126 to 120 And by the same argument the force of gravity 1n the place A
tovard the pheroid generated by the rotation of the elipse APBQ about the
axg AB 15 to the force of gravity 1n the _ame place A towards the sphere de-
“cnibed about the centre C with the radws AC as 175 to 126 But the force of
£u ty i the pl ce \ towards the earth 1s a mean proportional bet een the
forces of gravity towards the pherod and this phere because the sphere by
oy P

Poth n 18 con erted mto the sud pheroid and the force of gravity in A\
either case 15 dimun hed nearly 1n the same proportion Thercfore the Sorce of
gramty i A to vards the sphere desenbed about the centre C wth the radius
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respect to the earth 1n 2714 days, and therefore with respect to the fived stars
the sun revolves in about 251 days But because the lunar day an g from
1ts uniform res olution about 1ts axas 15 menstrual thats equal fo the fime of v
periodic rerolution 1n its orbat hence the same face of the moon will be always
nearly turned to the upper focus of 1ts orbit but as the situation of that focus
requres will deviate a hittle to one mde and to the other from the earthmn the
lower focus and this 1s the libration m longitude for the libration in latitude
anses from the moon s latitude and the inchination of 1ts axis to the plane of
the eciptic This theory of the hbration of the moon Mr N Mereator 1n b
Astronomy published at the beginning of the year 1676 explained more fully
out of the Jetters I sent hum The utmost satellite of Saturn scems to revolie
about its axis with o motion Iike this of the moon respecting Saturn continually
with the same face for in 1ts revolution round Saturn as often as it comes to
the eastern part of 1ts orbit 1t 15 scarcely visible and generally quite disap-
pears thus s probably occasioned by some spotsin that part of its body which
15 then turned towards the earth as M Cassini has observed So also the ut
most satellite of Jupiter seems to revolve about 1ts axis with o lihe motion
beeause 1n that part of 1ts body which 1s turned from Jupiter it has s pot
which alv/ays appears as1f 1t were in Jupiter s own body whenever the satelite
passes between Jupiter and our eye

Prorositiov 18 TueoRrey 16

That the azes of the planets are less than the diameters drawn perpendicular {o the
azes

The equal gravitation of the parts on all sides would give a sphenca figure
to the planets 1f 1t was not for therr diurnal revolution m a arcle By that
crreular motion 1t comes to pass that the parts receding from the axis endeaor
to ascend about the equator and therefore 1f the matter 1910 a flurd state by
1ts ascent towards the equator 1t will enlarge the diameters there and by its
descent towards the polesit will shorten the aus So the diameter of Jupiter (hy
the concurnng obsery ations of astronomers) 1s found shorter between pole and
pole than from east to west And by the same argument 1f our earth was not
tigher about the equator than at the poles the scas would subside about the
poles and nsing towards the equator would lay all things there under water

ProrosrTioN 19 PropLev 3

To find the proportion of the ax1s of a planet to the diamcters perpendicular therelo

Our countryman Mr Norwood measuring 8 distance of 905 751 feet of
TLondon measure between London and York 1n 1635 and ob erving the differ
ence of latitudes to be 2 28 determined the measure of one degree to be
367 196 fect of London measure thatis 57 300 Panis toises M Picard measur
g an are of onc‘ degrec and 22 5o of the menidian between lmlcm BE(.],

PN

grees aud o

4
76
foises And from these measures we conclude that the errcumference of the
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f Jupiter from
tol aras11o9Y4 pearly Therefore the diameter o
E:J.L:oﬁ Q sstoit dameter from pole to pole nearly as 1014 to 9ty Therefore
2 't leser diameter lymg between the po\ﬁ

to esch oLt 25

- formls dense BuL B u w
1
_—
The time 1 Grea. st damater | Lesser diameer | The diameters t_ecen o
gy howrt Part Ports

Je~ iy 238 [} 13 40 1 5 Asl  toll
Merech 6 131 1 °0 133t 3,
Morek 9 7 131 1 08 1 2y to 112y
Apid 9 9 13 11 48 Ut 1314

o that the theory agrees mith the phenomena for the planets are more
hested by the un s ravs towards their equators and therefore area Little more
. ed b malex

«oned by the diurnal
r there than 1t does at
e) will appear by the
experurents of pendulums related unaer e louv u ,, Propostion
Prorosimion 20 Prosiem 4

To ﬁnftkm compare logether the weights of bodies tn the different reqions of
o e

Berause the wei hts of the unequal legs of the canal of water ACQ~cg are
equal and the wet hts of the parts proportionsl to the whole lep and alike

)

equsl bodies alile situsted in the lees of the canal
Their wes hbtsarem ercely a3 the legs, that 1. invereely

Q 2. the "\il'st.\nws of the bodies from the centre of the
e [ A e e

;E:ihl;:n all other places round the who'e urface of the earth are in er<el;
e lh: &:::e:c t:i lh: plim (‘;’om the centre and therefore on the h\'po!hmis
8 phero d, are gaven in proportion
From this anses the theorem that thy passiy,
e merease of we ght in e 701
equator to the poles b nearly as the vered sie of double the lamudz;2 tﬁ:
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AC 15 to the force of gravity 1n A towards the earth as 12615 to 12514 And
the force of gravity in the place Q towards the sphere described sbout the
centre C with the radus QC 1s to the force of gravity m the place A towards
the sphere described about the centre C with the radus AC 1n the proportion
of the diameters (by Prop 72 Book 1) thatis as 100 to 101 If therefore we
compound those three proportions 126 to 125 126 to 125 and 100 to 101
mto one the force of gravity 1n the place Q towards the earth wall be to the
force of gravity 1n the place A towards the earth as 126 126 100 to 125 12034
101 or as 501 to 500

Now since (by Cor 111 Prop 91 Book 1) the force of gravity i exther leg
of the canal ACca or QCeq 1s as the distance of the places from the centre of
the earth if those legs are concenved to be dinded by tran verse parallel and
equidistant surfaces 1nto parts proportional to the wholes the weghts of any
number of parts n the one leg ACca will be to the werghts of the same number
of parts in the other leg as their magmtudes and the accelerative forces of their
gravity conjointly thatis as 101 to 100 and 500 to 501 or as 505 to 501 And
therefore 1f the centnifugal force of every part in the leg ACca ansing from the
diurnal motion was to the weight of the same part as4 to 505 so that from the
weight of every part concerved to be divided into 505 parts the centrfugal
force rmght take off four of those parts the weights would reman equal i each
leg and therefore the flud would rest 1n an equlibrium But the centrifugal
force of every part 13 to the weight of the same part as 1 to 289 that 1s the
centnfugal force whichshould be sz parts of the weight 15 only =% part there-
of And therefore I<ay by the ruleof proportion thatif the centnfugalforee sz
malke the hexght of the water in the leg ACca to exceed the haight of the water
m the leg QCeqby 3w part of its whole height the centrifugal force =iy will make
the cxcess of theheight in the leg ACcaonly s part of the height of the waterin
the other leg QCcg and therefore the diameter of the earth at the equatoristo
1ts drameter from pole to pole as 230 to 229 And since the mean sermdiameter
of the earth according to Pieard s mensuration 1s 19 615 800 Pans feet or
3923 16 nules (rechoning 4000 feet to 2 mile) the earth will be higher at the
equator than at the poles by 85 472 fect or 1724 miles ind 1ts height at the
equator will be about 19 658 600 feet and at the poles 19 573 000 fect

1f the density and periodic time of the drurnal revolution remaming the
same the planet was greater or less than the earth the proportion of the ccn
trifugal foree to that of gravity and therefore nlso of the diameter betwcen the
poles to the dizmeter at the equator would hkewise remmn the same But il
the darnal motion was accelerated or retarded 1n any proportion the centrifu
gal force would be augmented or diminished nearly 1n the same proportion
squared and therefore the difference of the diameters will be mcreased or
dimimished 1n the same squared ratio very nearly Andf the den 1ty of the
planet was augmented or dsmimshed 1n 2ny proportion the force of gravity
tending towards 1t would also be augmented or dimint hed 1n the ame pro-
portion and the difference of the diameters on the contrary would be dimmn
1shed 1 proportion as the force of gravity 1s augmented and augmented 10
on as the force of gravity 138 dimimi bed Thercfore since the earth
f the fired stars revoliesin 23% 56= but Jupiterin 9% o6= and the
f their periodic times are 2529 t0 5 and their den 1ties as 100 to 94 v
f the diameters of Jupiter will be to its lesser diameter a3

proports
respect Of
squares Of
the difference of
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{hst pendulum wth the length of the pendutum at Pans (which was 3 Pans
feet and 875 lnes) he found 1t _horter by 134 lines
Afterwards our fnend Dr Halley about the year 1677 amwing at the
1land of St Helena found his pendulum clock to go slower there thanat Lon
don without marking the difference But he hortened the rod of lus clock by
more than 4 of an nch or 134 lines and toeffect this beeause the length of
the screw at thelower end of the rod was not sufficient he nterposed 8 W ooden
= ® n tand the ball
Haycs found the length of &
.21 Observatory of 1ansto be
he1 landof Goree they found
¢ and G4 hines diffenng from
e to the 1slands of Guad
a

sonth of July 169/ st the oy al
— = af th

secgnd.s was shorter at La bon by 2z s dud ab o w s ) 1
e hn  reckoned those differences 1'4 and
5 of the imes 2= 13

© e n them ) gross thatve cannot

v

a1

centre than 1n munes near the su face
\!
zone have a little ext nded the length :;15;5: ;ex:g:\p:mtshe heats of the tomd

ForM Pe rdhasobserved

that a rod of 1r

winte seaon vasonefootlon when beatet‘i] !l‘)y :rl:h\:.:l{:::{}‘x‘;?g erxt‘g e
o} one
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which comes to the same thing as the square of the sine of the latitude and the
arcs of the degrees of latitude 1n the mend:an increase nearly 1n the same pro-
portion And thercfore since the latitude of Paris1s 48 50 that of places
under the equator 00 00, and that of places under the poles 90°, and the
versed sines of double those arcs are 1 133 400 000 and 20 000 the radius being
10 000 and the force of gravity at the pole 1s to the force of gravity at the
equator as 230 to 220 and the excess of the force of gravity at the pole to the
force of gravity at the equator1sas 1 t0 229 the excess of the force of gravity
1n the Iatitude of Pans will be to the force of gravity at the equator as 1 143
t0229 or ns 5667 to 2 200 000 And therefore the whole forces of gravty i tho.e
places will be one to the other as 2 205 667 to 2 200 000 Therefore since the
lengths of pendulums vibrating 1n equal times are as the forces of gravity and
1n the latitude of Pans the length of a pendulum vibrating seconds 13 § Pans
feet and 814 lines or rather because of the weight of the arr 854 hines the
length of & pendulum wibrating 1n the same time under the equator will be
shorter by 1087 lines And by a like calculus the following table 1s made

Lat!t de L ngth Mea [ Lattde L gtk Mearu  {
o 1 the onedg in Sk onedgred
the place pndlm the nd n the place pend I m the menda
dg It hos tor dores Jeet 1 e tss s
0 3 7 468 w0637 G 3 8 461 570"
5 3 7 482 56642 7 3 8 491 51035
10 3 7 526 566,90 8 3 85% 57048
15 3 7 596 56687 9 3 8 561 57001
20 3 7 692 56¢24 50 3 8§ M 5074
25 3 7 812 5669 55 3 8 7.6 &7137
30 3 7 948 5683 60 3 8 907 5196
30 3 8 099 56582 65 3 9 044 5720
40 3 8 261 5694 70 3 9 Ic” 51790
1 3 8 204 56258 5 3 9 758 5733
2 3 8§ 17 56971 80 3 9 379 57360
3 3 8 3¢l 56084 85 3 9 37 5737«
4 3 8 394 56997 %0 3 9 387 538
45 3 8 478 5 010

By thus table therefore 1t appears that the mequality of degrees 1s so small
that the figure of the earth 1n geographical matters may be constdered ns
spherteal especially if the earth be a httle denser towards the plane of the
equator than towards the poles

Now scveral astronomers sent mnto remote countres to mahe astronomieal
ob ervations have found that pendulum clocks do accordingly mose slower
pear the equator than n our chimates And first of all 10 the year 1672 N
Richer took notce of 1t 1n the island of Cayenne for when in the month of
August he was observing the tran.its of the fixed stars over the mendian he
found hus clock to go slower than it ought 1n respect of the mean motion of the
sun at the rate of 2 28 & day Therefore fitting up a simple pendulum to
wibrate in seconds which were measured by an exeellent clock he obscried the
Jength of that stmple pendulum and this he did over and over every weeh for
ten months together And upon hus return to Franee companng the Jength of
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~ + r appears from Prop 6o Book 1 But then thewr motions will be in
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1 b
than in the latter but i the Iatter 1t was greater than the heat of the external
parts of a human body for metals exposed to the summer sun acqure a very
considerable degree of hent But the rod of a pendulum clock 15 never exposed
to the heat of the summer sun nor ever acquires & heat equal to that of the
external parts of 2 human body and therefore though the 3 foot rod of a
pendulum clock will indeed be a little longer 1n the summer than in the winter
season yet the difference will scarcely amount to 1{ hine Therefore the total
difference of the lengths of 1sochronal pendulums m different climates cannot
be aseribed to the difference of heat nor indeed to the mistahes of the French
astronomers For although there 1s not a perfect agreecment between ther
observations yet the error are so small that they may be neglected andin this
they all agree that 1sochronal pendulums are shorter under the equator than
at the Royal Observatory of Pans by a difference not less than 114 hnes nor
greater than 224 hines By the ob ervations of M Richer 1n the island of
Cayenne the difference was 134 lines That difference being corrected by those
of M des Ilayes becomes 11/ hines or 134 lines By the less accurate observa
tions of others the same was made about 2 ines And this disngreement might
an e partly from the errors of the observations partly from the drsimilitude
of the internal parts of the earth and the hoight of mountains partly from the
different temperatures of the air

Ital e anron rod 3 feet long to be shorter by asixth part of one hnein winter
time with us here 1n ngland than mn the summer Because of the great heats
under the equator subtract this quantity from the difference of 1} hines ob-
served by M Richer and there will remain 124 hnes which agrees very well
with lyggy lines obtained earlierby thetheory M Richer repeated lusob erva
tions made mn the 1sland of Cayenne every weeh for ten months together and
compared the lengths of the pendulum which he had there noted mn the iron
rods with the lengths thereof which he observed 1n France This dibigence and
care ecms to have been wanting to the other observers If tlus gentleman s
obseryations are to be depended on the earth 1s lngher under the equater than
at the poles and that by an excess of about 17 miles as appeared above by
the theory

Prorosrriov 21 Trronev 17
That the equinoctial pownts go backuards and that the axis of the carth by @
nutalion tn erery annual retolution {wice vibrates towards the echplic and as often
returns fo 113 former postlion

The Proposttion appears from Cor xx Prop 66 Book 1 but that motion of
nutation must be very small and indeed scarcely pereeptible

Prorostrion 22 Taeorey 18

That all the motions of the moon and all the snequalitics of thowe molions Sollow
rom the principles which we hare laxd down

That the greater planets while they are carned about the sun may in the
ther le er plancts revolving about them and that those

antime carry o
e p es which have their foer1n the centres of the

1e<ser planets must move 1n elli
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g\'el:;:‘etr{'l.:;l :gl:ct‘: of the Juminanes depend upon ther distances from ths c::rtht

for vhen they are less distant their effects are greater and when mor%h 1 ?n
therr effects are lee. and that as the cube of their apparent diameter Therelore
S Mk wnter ime being then ints pengee has a greater
e the
he
en
1at
ng

zvges
¢ The effect of either lurmnary doth hikew.e depend upon is declmation or
distance from the equator forif the luminary was placed at the pole 1t would

1w attract all the parts of the naters without any mten.\ﬁcam:‘n or

f
the sun Therefore the greatest tides occur 1n those 8y 23 Bl alu -1

those quadratures which happen about the time of both equmoves and the
~reatest tide1n the yzygmesisaliays succeeded by the least tide 1n the quad

ratures as we find by expenence But beeause the sun is less distant from the
earth 1n winter than 1n summer 1t comes L0 pass that the greatest and least
tides more frequently appear before than after the

vernal equinox and more
freq ently after than before the autumnal
\foreove the effects of the luminanes depend upon the latitudes of places
Let ApEP repre:

sent 1] ¢ earth covered vith deep aters Cutscentre P pits
poles AL th equator F any place without the equator Ff the parallel of the
place Dd the corre pondent parallel on

XN the other side of the equator L the place
of the moon three hours before II the
place of the earth directly under 1t k the
5 oppostte place 1 4 the places at 90 de-
L greesd CH Ch th theights

of the sea from the centre of the earth and
Ch Ck its least heights and if with the
axes Hh ki an ellipse 13 desenbed and
by the revolution of that ellipse about 1its
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the forward motion of 4 »

1ta nodes as the motion

the stme Corollary) ar

found must be dimimst v v wted orof about 1102 on
account of a cause which I cannot here stop to explun Tha mra :
of the nodes and of tha -

the nodes and apog

and apsides of the sa w ulie reyvolutton of the former equa
tions to the motions of the nodes and apogee of our maon 1o the tm of o
revolution of the latter equations 1t

15 to the vanation of our moonn t

their nodes respectively dunng the

(after parting from) are revolved ( e 5 0 e sun by the same Corallany
and therefore m the outmost satellite the varation does not exceed 5 1°%

Prorosiriov 2¢ Tueore 19

That the flux and reflux of the sea arise from the actions of the sun and moon

By Cor <1\ and xx Prop 66 Book 1 1t appears that the naters of the <1
ought twice to rise and twice to fall every day as well lunar ag solar and that
the greatest height of the waters m the open and deep seas ought to follow the
approach of the luminaries to the mond = ~

g ~

1sbyt

ular pl o1 seventh hour and even later The
hours 1 reckon from the approach of ench luminary to the renmd -~ *
place aswell under  * ¥

underst ind the 24th

motion employstoc

theday b fore Thef © 3 vonn rasing the sea s greatest in the
approach of the luminary to the mendian of the place but the fa cc impressed
upon the sea at that t ma ane sson and 13
afterwards This makes
the evrmsc 13 11w torce becoming too weak torat et

any more the car s to1ts greatest height  ind this will come to pass per
hap tn one or two hours but more frequently near the shores wn about three
hours or even more where the sen 1s shatlown

The two luminaries excite tno motions which will not appear distinetly but
between them will an ¢ one mixed motion compounded out of both In the
conjunction or opposition of the luminaries therr forces will be conjotned and
brng on the greatest flood and ebb In the quadratures the sun will caree the
waters which the moon deprea s 2nd depress the waters which the moon
ra1 es and from the difference of their forces the smallest of all tides wall HHllow
And because (as expenence tefls u ) the force of the moon 13 greater than that
of the sun the greatest height of the waters will happen abaut the third lunar
hour Out of the =zypes and quadratures the greatest tide wiueh by the
sngle force of the moon ought to fall out at the third lunar hour and by the
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_ v h rdsolar hour by the compoinde’:ltl;?erct({‘sl :d lmu:'
moon 18 PAs.ing
t~ of the
erswll
rval o
rde will
tures to
crs the
elu
mé:irtgg :;ec:g zil:;eerhl\:,n:mnm depend upon therr distances from the earth
for when they arc lessdi tant therr effects are greater and when mor’;:';]h t:;nt
there effects are less and that asthe cube of their apparent diameter Therefore
% vmter tume being then 1o its pengee ha.‘s‘ a gmn}‘clr
~ e

he
n
at
'3
synmes
The effect of erther lumsnary doth Lilewise depend upon 1ts dechination or
d 't nee from the equator for 1f the lurmnary was placed at the pole W+ ould
* t afieation or
aere~

cau e

. teeof
atmm
1d the
PR

earth m vinter than in summer it comes to pass tual Lue pleatus

nu

tides more frequently appear before than after the vernal equinox and more
frequently afte than before the autumnal
Moreo er the effects of the luminanes
Let ApEP represent the earth cove
poles AL the equator Fany

depend upon the latitudes of places
red with deep waters Catscentre P pits
place without the equator Ff the parallel of the
place Dd the corre-pondent parallel on
the other side of the equator L the place
of the moon three hours before H the
place of the earth directly under 1t h the

CI Ch 1ts least heights and if with the
axes Hh kA an ellipse 1s deseribed and
by the revolution of that elhpse about 1ts
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longer axis Hh a spheroid HPKFph 1s formed this spherod will neatly repre-
sent the figure of the <ea and CT' Gf CD Cd will repre ent the heights of
the sea in the places Ff Dd But further ntha 2

any pomt N -

RT and the “
those places « 1oeretore tn the diurnal revoluton
of any place 1 the greatest flood will be in F at the third hour after the an-
pulse of the moon to the mendian abn = t

gre te toRt

gre

1n

the 5y it moon

flood 1n F Tor the whe w wwud oun

the hermsphere KHA 0« uiin side the other in the opposite hemusphere
KhL which vwe may therefore call the nn 48 -

floed + -

1an

cou 51

of the sou o weu elu s inay
places with o twiich the lminarnes nse and set But the great

est trde will happen when the moon declines towards the vertex of the place
about the third hour after the appulse of the moon to the mendian above the
horizon and when the moon changes its dechination fo the other side of the
equalor that which was the greater tide will be changed 1nto a lesser And #
greatest difference of the floni w1t ¢

Ul neeie-

1 » uts 1 summer exceed those of the morming at }lym
outh by the height of one foot but at Bnstol by the height of fiftecn nches
according to the ob ervations of Colepress and Sturmy

But the motions which we have been desenbing suffer some alteration from
that foree of recsprocation which the waters being once moved retamnaltt!
while by their ineriia Whence 1t comna =
some tine though the achons of
retuning the impres ed motion I u uience of the alternate tides
and makes those tides which immediately succeed after the wyzymies creater
and those winch follow next after t8» ~
+1

!
& uouons are retarded 1o therr »  tough shallow channels o that

the greatest tides of all in some strasts and mouths of nvers are the fourth or
even the fifth after the syzygies

Turther 1t may happen that the tide mey be prapagated from the occan
through different channels towards the same port and may pass quicker
through ome channels than through others 10 which ce the same tude
dinided into twa or more uceeeding one another may compound new motions
of dufferent hind Lt us suppose two cqual tides flowing towards the same
port from different places one preceding the other by six hours and suppose
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) 1

- Tk e ~s achowtitu T
son then dechined

A th hides Il W e J”g::::ﬁir;em:}f:,

evel  w o

?x?lhg ﬁ:t‘;: would nse to their lea t height Thus in the space ot L nl“ N
four hours the waters would come not twice 25 commonly but ont;‘) o )t h;
their greatest and once only to their lea.t hetght and their greatest herht o
=" % 1 vated pole would happen at the xth or
1 to the mendian and when the
11d be changed into an ebb An
1 the oheervations of <eamen in

n n 1n the latitude of °0° 50
the pas.age of the moon

oon dechines to the north
th v bemn toflo and ebb pot twice & oul t port  but once only every
- % at the nang of
+

tion crosin over tt
ately changed into anebb and thencefortn tne evb LAPPIs G & o
the flood 2t the rin of the moon till the moon agamn pa. ing the equator
chanees it> declination There are two 1nlets to this port and the neighbonng
channel. on from the seas of Chuna betsveen the continent sod the ) land of
Leu oms the other f om the Indian Sea bet een the continent and the r.)and
of Barneo But whether there be really two tides propa ated throu h the <aid
channels, one from the Indian Sea1n the pace of twelve houre and one from
the <ea of China m the p-ce of <ix hours which therefore happemng at the
thurd and ninth lunar hours by being compounded tovether produce those
mot ons o whether there be any other aarcumstances 10 the <tate of those
ses. 1 leave to be deterrmined by ob<ervations on the neighborine hores
Thus I have explained the causes of the motions of the moon and of the scq.,
\ow 1t 13 fit to subjon comethine concermung the smount of those motions

Prgrostrion ®5 ProsLEM §
To find the forces wruth wwhich the sun d sturbs the motions of the moon
Let S repreent the «un T the earth P the moon CADB the moon sorbit
In SP tale Sh equal to ST and let SL be to SK as the square of Sh to SP
draw LM parallel to PT and1f ST o Shis upposed to represent the aceel
crated force of grawt

y of the earth towards the sun SL will represent the
seeelerative foree of gravity of the moon towards the «un But lgat f‘;rce 13
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compounded of the parts SM and LM of whieh #ha &~ 7

of SMwhiel -~

shown m Pt

moon are re « wu lov 0L gravity, the motion of the
earth about wnat centre will be also disturbed by the hike forces but we may
consider the sums both of the forces
and of the motions as in the moon
and represent the sum of the forces
by the lines TM and MI whach are
analogous to them both The force
ML (in its mean amount) 1s to the
centripetal force by which the moon
may be retuned 1 1ts orbit revoly
mg about the earth at rest at the
distance PT as the square of the ratto of the penodic time of the moon about
the earth to the perodic time of the earth about the sun (by Cor xvir Prop
66 Book 1) thatis as the square of 272 7% 43% to 3652 6 9= or as 1000
to 178725 or as 1 to 178 ¥4, Butn Prop 4 of this book we found that f
both earth and moon were revolved about their common centre of gravity
the mean distance of the one from the other would be nearty FOL/ = -~
diameters of the eart) =4

nsts orbit about the

the earth 1sto the f

distance of 60 semd t ., uuv ond ths foree s to the forec of
gravity with us very nearly as 1 1s to 60 60 Therefore the mean force MI 1
to the force of gravity on the surfece of our carth as 1 6035 to 60 60 60
178"%4 or as 1 to 6380926 hence by the propartion of the lines 1M ML
the force TM 1s alsogiven and these are the forces with which the sun disturbe
the motions of the moon QE?

ProrosiTiov 26 Proorev 7

To find the hourly increment of the arca which the moon by a radius drawn (0
the earlh describes in a ctreular orbat

Won ¢ moon desenbes by a radius
dr de enption excepting ro far
as v v asusturbed by the action of the sun and here we propose
to miestigate the inequality of the moment or hourly increment of that area or
motion so disturbed To render the ealeulus more casy we shall suppose the
orbit of the moon to be ercular and neglect all 1nequahties but that only
vwhich 1s now under leration and t of the distance of the
sun we shall further suppo ¢ that the lines SP and ST v~ = ™ )

means the foree LM
$taf an'™

w  at wrection accelerntes or retards the

:hsmplmn of the area1n proportion a3t accelertes or retards the moon That
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AUh Ip
G

that s as Tet the tune be represu w oy e

L.k 1 CTP oreven by the
and suppoeing the

+~ AC tn he dinded into an wfimte number of equal parts Pp

will be as'il—Pi that1s askL and compounwiny e \uv w o
wll rary as the um of p)] the forces EL xmpressed upon the moon 1o the whole
time CP and therefore al-o as the veloeity generated by that sum thatis as
the acceleration of the description of the area CTP or as the increment of the
moment thercof The force by wiuch the moon may 1n its penodic time CADB
of 27 T* 43= be retained revolving about the earth at rest at the distance
TP would cawe a body falng in the time CT to desenbe the length VCT
- o

theearthatrestas s oo & 2 wl v ooua

mon o ou
gen rate & veloctty equal to Ti§is parts of the veloaty of the moon butin
th tume CP\ will generate a greater veloaity 1 the proportion of CA to CT
or TP Let the greatest EL force in the petants be represented by the area
FL hk orby the rectangle TP Pp which1sequsl thereto and the vel

ocit;
m owr om MDoallhe At Ynn ol
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compounded of the parts SM and LM of which the force LM, and that part
of SM whichas represented by TM disturb the motion of the moon aswehare
shown m Prop 66 Book 1 and its Corollanes I'orasmuch as the carth and
moon are revolved about their common centre of gravity the motion of the
erth about that eentre wall be also disturbed by the ike forces, but we may
consider the sums both of the forces
and of the motions as mn the moon
and represent the sum of the forces
by the hines M and MI winch are
analogous to them both The foree
ML (in 1ts mean amount) 1s to the
centripetal force by which the moon
may be retaned 1n s orbit revolv
g about the carth at rest at the
distance PT a5 the square of the ratio of the periodic time of the moon about
the earth to the pentodic time of the earth about the sun (by Cor <vir Prop
66 Book 1) thatis as the square of 27¢ 7h 43m to 3642 62 9=  or as 1000
to 178725 or as 1 to 178 %% But in Prop 4 of tlus book we found that if
both earth and moon were revolied tbout theiwr common centre of =
the mean distance of the one f ars

v,

¢ « w0 ana ts force 1 to the force of
L " us very neatly 25 115 to 60 60 Thercfore the mean foree ML
to the force of gravity on the surface of our earth as 1 6033 to 60 60 [
178"Yy or as 1 to 6380926 hence by the proportion of the hines TM ML
the force TM 1s also gven and these arc the forces with which the sun disturb
the motions of the moon qQrt

ProrosiTioN 20 Pronrev 7

To find the hourly increment of the arca which the moon by a radius drawn 0
the carth describes 1n @ cwreular orlnt

Wal ¢ moon deseribes by a radius
dre de eniption exceptung o far
ast o usteroed b e sun and here we propose
to - wncrement of that area of
me 5y we shall sunnase the
orl wo W pL eirent nt-

1
t ‘

1 v v Juompost
1 L upon the rad
ot
i
¢ rds the
y That

descrip
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£ Lines compared one
quare of the veloaity 1 estumate the curvatures o
:&:ﬁ: axm(heor according to the evane-cent ratio of the 1mes or tangents n([l thexr
2r les of contact to equal radn upposing !host;; mdxrl‘ 1&]0 bi gnﬁ:x::;\pﬁ :;n:}nm
f the moon o’ the earth in the
(hrd But the attraction of the ! oon k¢ “de\mte thecarth 1 e om pats (Ze

stiracted towards the earth And these attractivn. [T

15 _ 700 182, 1000 - -

are pearly oS —ﬁ_——cr——\ and < +A-———T < or as 178720\ CT*
a00AT? CT and 1 872N AT +1000CT" AT For if the sccelerative
granity of the moon toward the earth be repre-ented by the number 178 720
tke mean force ML, which 1o the quadratures 1s PT or Th and draws the
moon towards the earth, will be 1000 and the mean force TV inthe yrvges
will be 5000 from which if we subtract the mean foree ML, there will rematn
o000 the force by which the moon 10 the svzypes 1s drawn from the earth
and which we above cslled 2Ph. But the veloaity of the moon the
n welnet n thequsdmtumCandDasCTbto
\2ch the moon by & radius dravn to
the moment of that area deseribted
that 1 as 11073CTisto 10 93AT Talethe
Ath | rmer ratio directly and the cunature
to the curvature thereof in the
\—120 406 ™79 "000AT* CTis
611,379 J000CT* AT thatis as

371AT CT \+122%61CT
Because the iwure of the rmoon _orbit 1s unknown et w. 1nitsstead ascume
the elipse DBCA 1n the centre of which we suppose the earth to be mituated
and the greater ax. DC to hie between the quadratures as the lesser AB be-
tween the svzypes But ance the plane of this ellipee 1 revolved about the
os earth by an angulsr motion and the orint
whose curvature we pow evamie  bould be
de<eribed 1 a plane voud of such motion we
are to consider the figure which the moon while
1t 15 revolved in that elup-e desenbes 1 thi
[ad

10 the quadratures conjontly

1n cuch manner that the angle PTp mas be equal
tothe apparent motion of the un from the time
of the = t quadrature1n C or (which comes to
the same thing) that the angle CTp may be to
the an le CTP as the tume of the <vnodic rev
olution of the moon to the time of the penodic
revolution thereof or as 20% 12% 44 to 27
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or as the quadrantal are CA 1s to the radms TP and thercfore the latter
veloaty generated i the whole time will be r$§2+ parts of the veloaty of the
moon To this veloeity of the moon which 1s propartional to the mean moment
of the ares (supposing this mean moment to be repre ented by the number
11 915) weadd and subtract the half of theother veloaty the sum11 915450
or 11 86, will represent the greatest moment of the srca in thesvzygy 4 and

thedifference 11 915-50 or11 865 the least t thereof i the quadratures
Therefore the areas which n ae ¥ m the syzyges and
h to the least moment

w  vuapezium kRCG 18 to the tne

the <ame thing as the square of the sine Pk 15 to Lne square of the radms TP
{that1s asPd to TP) the sum will represent the moment of the ares when the
moon 18 m any mtermediate place P

But these things take place only n the hypothess that the sun and the
earth are 1t rest and that the sy nodical revolution of the moon 1s fimtshed m
27¢ 7k 43= Dut sinee the moon s sy nodical perod 18 really 29% 120 44= the
merements of the moments must be enlarged 1 the same proportion as the
tume1s that1s wn the proportion of 1 080 /5% ta 1 A0n ana
the whola =
become
rature of Lot n the sy zygy as 11 023-50t0
11 023tou oras 10973 to11 073 and tothemoment thercof whenthemoonts
manymtermediate place P as10 973t010 973+14 thatis suppowing TP =100

The area therefore which the moon by 2 ridws drawn to the earth de-
senibes 1 the several hittle equal parts of time 1s nearly as the sum of the
number 21946 and the versed sme of the double distance of the moon from
the nearest quadrature consdered 1n a cirele which hath umty for its radws
Thus 1t1s when the variation in the octants 1s 1n 1ts mean quantity Batf the
variation there 1s greater or less that versed stue must be augmented or dimn
1shed 1n the same proportion

Prorosition 27 Prosrru §

From the hourly motion of the moon to find 1ts distance from the carth
The arca which the moon byaruh '

mam -

o u Al dnd
wu o4 the hourly motion taken ~ -~
Cor 1 Hence tho =~
as the distance o

rately thus rule ag
Cor 1t Hence al<o the orbit of the moon may be more exactly defined from

the phenomensa than hitherto could be done
ProrostTion 28 Propriv 9
Toﬁndlhedzamdc-rsofthrn LIRS L4

The curvature of

pendicular to the or v ol attraction and inversely as
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description of
Tipse to1its sermdhameter TC or as 69 to (0 But the
"I‘h:: ::et: %}PPQ 1he moon advances from the quadrature to thesyzygy ought
to be 1n such manner accelerated that the mm;;ea!:t of (h:ln(;cg :n {.g; :gooa: ;
t thereof 1n1ts quadrature as11 0,310 1097
symgymsybe tothe moment f ne nt rgedmte place P above t_l:\c mm{xcnt

s mthera
the angles
vanation
proportion becomes 5

thus 13 1ts magntude 1a the mean distance of the sun from the earth
neglecting the differences v hich may anse from the curvature of the great
orbit and the stron er act on of the sun upon the moon when horned and new

h

nf mtiecarth the

& en) and inversely as the cube of the ratio of the w1 Lauce 0L L &
the earth And therefore m the apogee of the sun the greate<t vanation 1s

33 11 andinatspengee3 11 af the eccentneity of the sunis to the trans-
verse semidiameter of the great orbit as 16 34, to 1000

to the d of

{roma the ph
Prorostrion 30 Prosrest 11
~?
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7h 43~ If therefore 1n this proportion we take the angle CTa to the nght
angle CTA and make Ta of equal length with TA we shall have a the lower
and G the upper apse of this orbit Cpa But by computation I find that the
difference between the eurvature of this orbit Cpa at the vertex o and the
curvature of a arrcle deseribed about the centre T with the interval TA 1sto
the difference between the curvature of the ellipse at the vertex A and the cur
vature of the same arcle as the square of the ratio of the angle CTP to the
angle CTp and that the curvature of the cllipse 1 A 1s to the curvature of
that cirele as the square of the ratio of TA 15 to TC and the curvature of that
circle 15 to the curvature of a arcle desenbed about the centre T with the
radius TC as TC 1s to TA but that the curvature of this last arch 1s to the
curvature of the ellipse 1n C as the square of the ratio of TA 1s to TC and
that the difference between the curvature of the ellipse mn the vertes C and
the curvature of this Iast circle 1s to the difference between the curvature of
the figure Tpa at the vertex C and the curvature of this came last circle as
the square of the ratio of the angle CTp to the angle CTP All these relations
are easily dertved from the sines of the angles of contact and of the differences
of those angles But by comparing those ratios we find the cunvature of the
figure Cpa at @ to be to its curvature at C as AT*—4ooky CT? AT 15 to
CT%+1v's%'s AT? CT where the number y4%%%% represents the dufference of
the squares of the angles CTP and CTp divrded by the square of the le er
angle CTP or (which 1s all one) the difference of the squares of the times 2:¢
7b 43" and 29¢ 12% 44 divided by the square of the time 27¢ 7% 43
Since thercfore @ represents the syzygy of the moon and Cats quadrature
the ratio now found must be the same as the ratio of the curvature of the
moon s orb 1n the syzyges to the curiature thereof 1 the quadratures which
we found sbove Thercfore mn order to find the ratio of CT to AT let us
multiply the extremes and the means of the resulting proportion and the
terms which come out divided by AT CT yueld the following equation
2062 79CT* — 2 151 969N CT* + 368 676N AT CT*+36342\T* CI*—
362 047N AT? CT+219137IN AT®-4051 4AT* =0 Now f for the half
sum N of the terms AT and CT we put 1 and z for their half difference
then CT will be=1+z and AT = 1 —z And substituting those values n the
equation after resolving thereof we shall find =000719 and from thence
the sermdiameter CT=100719 and the semidiameter AT =0 99281 which
numbers are nearly as 70Y%; and 6914 Therefore the moon s distance from
the earth 1n the syzygies 1s to 1ts distance 1n the quadratures ( etting aade
the consideration of eccentneity) as 69%%¢ to 701”4 or 1n round numbers as

69 to 70 ProrosrTioN 20 ProbLEx 10

To find the rariation of the moon

This inequality 1s due partly to the elliptic figure of the moon s orbit partly
to the mequality of the moments of the area which the moon by & radius
drawn to the earth deseribes If the moon P revolved in the clipse DBCA
about the earth quiescent i the centre of the ellipse and by the radus TP
drawn to the earth described the area CTP proportional to the time of de
CT of the ellipse was to the least T

1 P would be to the tangent of the angle

1e quadrature C as the semidiameter
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hat whole Line
recced 1n the point P would hate generated ¢
ang ﬁ::&e Oﬁpmoon to move 1n the arc whose chord 15 LP thatis tosay
« from the plane MPmT nto the planc eir

=-1] be equal
tuse of the
tine guien 15 ako Ve 1w lsmtlxs the
~— and
rectan e 1T mP Andif Tmlisa nghtancle the angle mTIwill beas T 20

therefore as I;l‘TPj that 1s (because Twm and mP TP and PH are propor
m

ITPH |4 tperefore because TP 1s gven as IT PH Butuf the

~ noithe

ocity
of thenodestsas {L ¥H Au v w

.ngles
TPI PT\ and ST™

1f these are nght angles as happens when the nodes are 1 the quadratures
and the moon 1 the syzygy the hittle ine ml il be removed to an infinite
distance 2nd the an e mTl wil become equal to the angle mP! But n this
eqsp the angle mP!1s to the angle PTN which the moon 1n the same time by
“  rh as1to 535 5 For the angle
angle of the moon s deflection
Tanity of the moon should have
ould by t<elf have genersted

to the angle of the moon s deflee
the force of the <un 3IT should
the moon 15 retamed 1n 1ts ortat
would have generated in the sune lun w4 the<e forces (as we have sboie
ehown) are the ote to the other as 1 to 59.5¢5 Smce therefore the mesn
kourly motion of the moon {1n respect of the fixed star<}153°™ 56 27 » 1214
the hourly motion of the node 1a this case will be 33 10 33~ 12 But 1n other
cases the howrly motion wall be to 33 10 33 127 a5 the product of the sines
of the three an,jes TPT PT\ and ST\ (or of the distances of the moon from
the quadrature of the moon from the node and of the node from the <un) to
the cube of the rads And as often 2s the e of any an le1s changed from
posttive tonegat ¢ and from negative to poutive so often must the regressive

!')Ye;‘chanved Bto & proeressive and the progresave nto a regressive motion
™es nmes that the nodes are progres.ave as often as the moon

Ine Qo) min the quadratures we let {all the Pe penwuwsay aud

-~ [

of th distance of the moon from the .
quadrature Y1 e une

:{m the xxmox:l from the node and AZ the sine of the distance ot‘;‘hle“xio‘:i:‘}‘r‘c‘)i

sun and the v loaty of the node will be a5 the product Pk PH AZ But
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e

{by Prop 25)1s twofold one proportional to the hne LM the oth
MT 1n the scheme of that P ~ 3
drawn towa 4 *

to the 1ne tormer foree TR ¢ 1
the dir wan Gl Lite mane

ynon b

t v witts aisturbed 1s the same with
t v orarl And thsforce (by Prop 25)1s to the force by which the

moon may 1in its periodic times be umformly revolved m a aircle about the
earth at rest as 31T to the radius of the circle multiphed by the number
178 725 or as IT to the radws thereof multiphed by 59 575 But in this cal
culus and all that follows I consider all the hines drawn from the maon to the
sun as parallel to the line which Jomns the carth and the sun because what
mehmation there 19 almost as much diminishes all effects i some cascs 83 1
augments them in others and we are now mgunng after the mean motions
of the nodes peglecting such niceties as are of no moment and would only cenve
to render the ealeulus more complicated

Now suppo ¢ PM to represent an are which the moon describes in the Jeast
moment of time and ML a httle hne the half of which the moon by the
pulse of the said force 3IT would describe i the same time and jomng PI
MP let them be produced to m and { where they cut the plane of the ecliptic
and upon Tm let fall the perpendicular PH Now swnce the nght ine MI 15
parallel to the plane of the echiptic and therefore ean never meet with the neht
line ml which hies1n that plane and vet}oth w- 1
nl naTY D

«  m wu tall upon the hne Nn
asses torough the nodes N n of that orbit And because the force by

g f of the httle hne LV 1s generated of the whole had been together

which the hall
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sodes 13 8 AZ! and the area PDA\L comjomtly that 18 (because the area
PDAN deseribed m the syzygesis mven) 8s AZ therefore the mean motion
alowill be as AZ and therefore when the nodes are without the quadsa
tures this motion vall be to 16 3o * 167 36" as \Z to AT? QED

Prorostrias 31 Proprex 12
To fnd the hourly mohon of the nodes of the moon an an elliptic orby!

Let Qpmag repre<ent an elltpse desenbed with the greater axis Q7 and the
Jesaxs ab QAgB a aircle circum cribed T the earth i the common centre of
both S the sun p the moon moving in this ellipse and pm an are which it
desenbes 10 the least moment of time N and 5 the nodes jowned by the line

=1 nernend culars upon the sws Qp produced both ways till they
T -3 ndgftle
Al to the

s as the
area pDdm and AZ conjoinuy

F rlet PF touch the eirele m P and produced meet TN i F and pf touch
~ ™V ¢ ndboth tangents concur

by the
s with a
transverse motion 1 the meantime whue PAOI, b ou eseribes
n ~owh h the moon revolving n the ellipe

of the same force 31T or 3PR
Janeof the echipticin G and ¢

aud FG and f7 be jomed of w1 piow d may cut pf pg nod TQ 10

wo
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PT1sto Pl as PM to K& and therefore because PT and PM are ginen hk
will be as Pl Lahewise AT 1s to PD as AZ s to PH and therefore PH 15 as the
rectangle PD AZ and by compounding those proportions Ph PH 1s as the
sobd content KA PD AZ and Ph PH AZ as ki PD AZ thatis as the
arca PDdM and AZ? conjomntly
Cor 11 Inany gnennn t o
T

wuts 1rom the sy zy gies is to the
~ wuus 0ras AZ?to AT? Forif the moon by an umform motion
describes the semtarrele QAg the sum of all the arecas PDAM 4 » ¢
of the moon s passage from Q to M w1l —
at tha =~ =T

vt s will fall wathout the
¢ ~ eurea nge terminating <t the tangent ge of the curcle
which area because the nodes were before regresstve but are now progres.nie,

o

<
S
2
4 9
must b» + area and bemng rtself equal to the area
QEN Winle therefore the moon desenbes s
semicis war & i the areas PDdM wall be the area of that semierrcle

and while the moon deseribes o complete circle the sum of those areas will bu
the area of the whole circle But the area PDdM when the moonisin thesiny
mes 1s the rectangle of the are PM mto the 2 7

are -

ple

eIt

&

- 1uore the mean motion by
1 unnormy continved they would desenibe the same space with that
which they do m fact desenbe by an unequal motion 1s but one-half of that
motion which they are possessed of 1 the moon s sy zygtes W herefore smct:
therr greatest hourly motion f the nodes are mn the qu.;dmtuhms ’xs 33 {Od
33 12 ther mean hourly motion tn this case will be 16 3o * 16} 367 r{(
¢ hourly motton of the nodes1s everynherc as 3Z%and the area PDA
y and therefore 1n the moon s syzygies the hourly motion of the

s

seang th
conjomnt}
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7* ad the sres PDAN conjomtly that 13 {because the ares
- * — anmotion

Prorosimion 31 Proprew 19

To fnd the hourly motion of the nodes of the moon m a% ell phic orbut
Let Qpmay repre-ent an ellipe decribed with the greater aas Qg and the
Je<sm ob QAgB aarcle circumseribed T the earth 1n the common centre of
both S the sun p the moon moving m the elipse and pm an are which 1t
decribes 1 the least moment of time \ and n the nodes jomed by the Iive
\n pK sud mk perpendiculars upon the an. Qg produced boh ways till thev
et the circle n P and M and the hize of the nodes in D and d And 1f the
000 by a rad.us drawn to the earth describes an ares proportional to the
tme of deserip won the hourlv motion of the node in the ellipse will be as the
ares pDv m and AZ? con antly
For let PF touch the exxcle mn P and produced meet TN mn F acd pf touch
theellipsen p and produced meet the <ame TN\ 1n f and both tangents eoncur
m the aus TQ at Y and let ML repreent the space which the moon by the
wopulse of the above-mentioned force 3IT or 3PK, would descnbe with a
transverse motion 1n the meantime whle revolnin, 1a the arcle 1t de-erbes
- - k emecawh hth moon revolnin~ in the elipse

snd FG and fg be jowmed of which }G produced may cut ot p7 sna Y 1

wo
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¢ ¢ and R respectively and fg produced may cut TQ m r Because the force
3IT or 3PK m the circle 1s to the force 31T or 3pk 1 the ellipse as Ph to ph
or as AT to aT the space ML generated by the former foree will be to the
space ml generated by the latter as PR to pIv that 1s beeau ¢ of the similar
figures PYKp and TYRc as I'R to cR But (because of the stular tnanles
PLM PGL) ML1sto TG as Pl s ta PP 41 V
LI PK GR) 2splistope

as lm1s to ce and mversely v u W
And therefore1f fg wastoceasfy tocY thatis asfr tocR (that 1s asfrtoFR
and PR tocR conjomntly that1s asfT toT'T and T'G toce conjomntly) beean ¢

the ratio of TC' tn avw -~ g hoth sdes leaves the ratios fy to I'G and
JTt toI'T and therefore the angles which FG
and T would be equal to each other But these
angles (by ' -~ * he motions
of the node the ellipse

the arc pm w u 1ot e motons of the nodes 1n the circle and m the
cllipse would be equal to each other Thus Isay 1t would be 1f fgwas toecas

JY toc} thatis if fy wasequal to %’ But beeause of the sumilar tnangles

Jop cep fgistoceasfp tocp and therefore fyis equal to e fp and therefore

the angle which fg subtends in fact 1s to the former angle nhich FG subtends
that 15 to say the motion of the nodes 1 the ellipse 1s to the motion of the
same 1n the cirele as ths fg or cec_fp to the former fg or cecY thatts asfp ¢¥
tofY cp orasfptofY andcYtocp thatis if pk parallel to TN mect I'Pin
h asThtoT'Y and FY toT'P thatis as Th to FP or Dp to DP and therefore
as the area Dpmd to the area DPMd And therefore sceing (by Cor 1 Prop
30) the latter arca and AZ? conjointly are proportional to the hour'y motion of
the nodes n the eircle the former area and AZ? conjomntly will be proportional
to the hourly motion of the nodes 1 the ellipse QED
Cor Since thercfore 1n any given postition of the nodes the sum of all the
areas pDdm 1n the time while the moon 1s carned from the quadrature to any
placem 1s the area mpQLd termiated at the tangent of the elitpse QT and the
sum of all those arcas 1n one entire revolution 1s the area of the whole ellip e
the mean motion of the nodes 1n the ellipse will be to the mean motion of the
nodes 1n the circle ns the ellipse to the curcle that1s as Tato T A or 69 to 70
And therefore since (by Cor 11 Prop 30) the mean hourly motion of the nodes
In the cirele s to 16 85 2 16¢ 36 as AZ to AT? if we take the angle 16 21**3
30 totheangle 16 3516 36 2sG9t070 the meanhourly motion of thenodes
in the clhpses will be to 16 212 3t 30vas AZ? 1o AT thatis as the square of
the sine of the distance of the node from the sun to the square of the radius
But the moon by a radius drawn to the carth de enbes the arca m the
5121 gies with a greater velocrty than 1t does that in the quadratures and unon

n uv ul u 1ut int moment of the ares n the quadratures of the
moon was to the moment thereof 1n the sy zy mies a5 10 973 to 11 073 and there-
fore the mean moment 1 the ectantsis to the exce sin the sy 73 gies and to the
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~ — af those numbers 13 to thewr
yoon 1n the <everal httle
mean tune 1n the octants
and to the defect o{ te
Laus b 11 023 to 50 But, rechon
hmeim m:h:::?&iahﬁ:;m l)u'zl;‘gxec 1 find t;mt the excess of the moments
u; thxe“:ma 1n the several places sbove the least moment 1n the quadratures,
::n»aﬂv asthe quare of the sime of the moon s di.tance from the quadratures
133 & vomen hatween the motent 1n any pl.ce and the mean

e ul ue
wre of the

the nodes
are 1n the quadretures and we take two places one on one mde one on the

other equally distant from the octant and other two dx. tant by the same mter

val, one from the syzygy the other from the quadrature and from the decre-

ments of the motions 1n the two places between the yrygy and octant we
«ubtract the merements of the motions 1 the two other places between the
X e - S

Annen

nodes 13 the fourth part of the decrement in the syzyry The whole hourly

space was to this motion a5 300 t0 11 0 3 and therefore this decrement 151
43 11 Thefourthpartof Iich4 5™ 48" ubtracted from the mean hourly
motionabove found 16 21 3730 leaves16 16 %3 427 their correct mean
hourly motion.
1f the nodes are without the quadratures and two places are considered

one on one nide one on the other equally di tant from the syzy ges the eum
of the motions of the nodes, when the moon 15 1n those Places wll be to the
<um of their motions when the moon 1s 1 the same places and the nodesin the
quadratures as AZ to AT® And the decrements of the motions ansing from
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the causes but now ~ - |
therefore ™ !
toAT? o

many g

16t 37 w  usyuute of the sine of the distance of
the nodes trom the sy zygies to the square of the radws

Prorosirion 32 Proprev 13

To find the mean motion of the nodes of the moon
The yearly mean motion 1s the sum of all the mean hourly motions through
out the course of the year Suppose that the node1sin N and that after every
hour s clapsed 1t 13 drawn back agamn to 1ts former place so that notmth
standing 1ts proper motton 1t may constantly remamn 1n the same situation
with respect to the fived stars while 1n the meantime the sun 8 by the motton
of the carth 13 seen to leave the node and to proceed tall 1t completes sts ap-
parent annual course by an umform motion Let Aa represent a given least are
which the right line TS always drawn to the sun by 1ts mtersection with the
arcle NAn describes m the least gven moment of t ma 1 8 =
motion (from what we have above shown) wal
and ZY are proportional) as the rectangle of
AZYa and the sum of il the mean hourly motions trom the beginmng will be
as the sum of all the areas ¥ ZA that 1s as the arca NAZ DBut the greatest
AZYa s equal to the rectangle of the are Aa into the radus of the circle and
therefore the sum of all these rectangles in the whole arcle will be to the bhe
sum of all the greatest rectangles as the area of the whole eircle to the rectangle
of the whole circumference into the rads thatss as 1 to 2 But the hourly
motion corresponding to that greatest rectangle was 16 162 37! 127 and this
motion m the complete course of the sidereal year 365¢ 6" 9 amounts to
39 88 7 50 and therefore the half thereof 19 19 3 55 s the mean
motion of the nodes correspondmg to the whole circle And the motion of the
nodes 1n the time while the sun 18 carned from N to A 15to 19 49 3 55 as
the area NAZ to the whole circle
Thus 1t would be if the node was after every hour drann back agam tos
former place that so after a complete revolution the sun at the years end
would be found agamn n the same node which 1t had left when the year began
But because of the motion of the node i the meantime the sun must needs
meet the node sooner and now 1t remains that we compute the abbreviation
of the time Since then the sun 1n the cour<e of the year travels 360 degree
and the node m the same time by 1ts greatest motion would be carned 30 38
7 50 or 396355 degrees and the mean motion of the node 1n any place N
T *to AT? the motion of the sun
AT? to 80 G355AZ* that1s as
o v suppose the erreumference NAn of the
whole eircle to be divided 10to httle equal parts suchas Ag th tme » 1 i
the mmelll =t )
the

th
o o wetsimyersely as the veloaty with which the

:\%ge arcis dcscrlbed“und this velocity 15 the sum of the velocities of both sun
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huch the sun by
refore the seetor NTA represent the time 1n W]

a;gl?o::ﬂgu'chtehe motion of the node would desenbe the arc NA and( a e
. iy small part ATa of the sector repre<ent the hittle moment of the
odefmtely time 1n which 1t would describe
! the least arc Aa and (letting fall
a} perpendicylar upon Nn) of

s AZ we take dZ of such length that
the rectangle of dZ into ZY may be

1" to the least part ATa of the sector
\WT asAZ to9 082 G46AT?4-AZ that
R 1s to say that dZ may be to AT
as AT? to 90827616\ AZ the
rectangle of dZ into ZY will repre-
sent the decrement of the time
an.ng from themotion of the node
while the arc Aa1s de~enbed and

- ~ =% b onnotd abwr s foand the eurv
ile the whole arc

AT above the area

the node 1n 8 fess

'

A Wad

~f h mt n tthe node And i the cune

node \ow the area of the semcircle 1s to the ares of the figure NeFn found
by the method of infinite senes nearly 25793 to 60 But the motion correspond
g or proporfional to the whole eircle was 19° 49 3 55 and therefore the
motion eorresponding to double the figure \eFn1s1 29 58 2 which taken
from the former motion leaves 18° 18 5 53  the whole motion of the node
wath respect to the fived stars m the mterval between two of 1ts conjunctions
with the sun_and thus motion ubtracted f om the annual motion of the <un
3007 leaves 341 40 54 ¢  the motion of the sun 1n the mterval betseen
the same conjunctions But &s this motton 1s to the annual motson 360° S01s

the motion of the node but yust now found 18 19 5 53  tots annual mo-
1 1, which will therefore be 19° 18 1 23

and this 15 the mean motion of
g'l:e nod:s m the mdereal year By astronomueal tables 1t 1s 10° 21 21 500

f the nodes 13 some vhat retarded and reduced to 1ts Jut veloaity
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Prorosirion 33 Prosrew 14

To find the true motion of the nodes of the moon

In the time which 1s as the area NTA—NdZ (in the precedmg Tig) that
motion 18 a3 the area NAe and hence 15 given but because the caleulus 1s too
difficult 1t will be better to use the following construction of the Problem
About the centre C with any radius CD desenbe the eircle BEFD produce
DC to A 80 as AB may be to AC as the mean motion to half the mean true
motion when the nodes arc in their quadratures (thatis as19 18 1 23 to
19 49 355" and thercfore BC1s to AC as the difference of those motions
0 31/2”32 ’to the latter motion 19 49 3 55 that1s as1to38%4,) Then
through the pomnt D draw the
ndefimte hne Gg touching the G—-F
arcle :n D and if we take the
angle BCE or BCF equal to
the double distance of the sun p
from the place of the node as
found by themeanmotion and
drawing AE or AT cutting the
perpendicular DG m G we
take another angle which shall be to the whole motion of the node in the interval
between 1ts syzygies (that1s to 9 11 3 ) as the tangent DG to the whole
circumference of the circle BCD and add this last angle (for which the angle
DAG may be used) to the mean motion of thenodes while they are passing from
the quadratures to the syzy gies and subtract 1t from thetr mean motion while
they are passing from the syzygies to the quadratures we shall have their true
motion for the true motion so found will nearly agree with the true motion
which comes out from assuming the times as the area NTA—NdZ and the mo-
tion of the node as the area NA¢ as anyone who chooses to cxamme and make
the computations will find and this 1s the scrmimenstrual equation of the mo-
tion of the nodes But there 1s also a menstrual equation but which 1s by no
means necessary for finding of the moon 8 latitude for since the vanation of
the inchination of the moon s orbit to the plane of the ecliptic 1s hable to 2
twofold inequality the one seruimenstrual the other menstrual the menstrual
mequality of this tariation and the menstrual equation of the nodes so mod
erate and correct each other that 1n computing the latitude of the moon both
may be neglected

Cor Irom this and the preceding Proposition it apy that the nodes are
quiescent 1n their syzygies but regressive in their quadratures by an hourly
motion of 16 19tk 26 and that the equation of the motion of the nodes 1n
the octants1s 1 30 all of whch exactly agree with the phenomena of the

heavens

Scrrorrua

Mr Machin Professor Gresham and Dr Henry Pemberton separately
found out the motion of the nodes by a different method Mention has been
.- - Ihave scen con
1n both of them

msert



THE MOTION OF THE MOON S NODES

ProposmTIoN 1

w1t ade1s defined by @ geometric mean pro-

1 and that mean motion with which the
1 the node tn the quadrolures
ne of the moon s nodes at any gnen
tme hTMa perpendicular thereto  a anghtlmeret olving about the centre
A Joaits with which the <un and the node recede from
AR 1

sector ATa the exponent of the um of these tno velocities into two parts

of the rectangle KHM to H' t the greate~t mean veloaty of the node was
T* But th loarty of the nod:

shown above to be in that very ratio to the veloaity of thesun and thereforen

he he vels f the d theref:
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the quadratures the sector ATa s
dinided into parts proportional to the
veloaihies And because the rectangle
IHM 15 to HT? as TBf to BG? and
the rectangle ABS 1s equal to the rec
tangle TBf therefore the hLttle area
ABba where 1t 15 greatest 15 to the
remaining sector TBY as the rectangle k|
ADBg 1s to BG? But the ratio of these
Lttle areas always wasasthe reetangle
ABS to BT and thercfore the hitle
area ABba 1n the place A 1s less than
1ts correspondent httle area n the
quadratures 1n the squared ratio of
BG to BT that 1s in the squared
rat10 of the sme of the suns distance from the node And therefore the sum
of all the ittle areas ABba namely the space ABN will be as the motion of
the node 1n the time mn which the sun hath bten going over the arc NA. tnce he
left the node and the remamng space namely the elliptic <ector NTB will
be as the sun s mean motion m the same time And because the mean anmuzl
motion of the node 1s that motion which 1t performs n the fime that the sun
completes one pertod of 1ts course the mean motion of the node from the
sun will be ta the mean motion of the sun 1tself as the area of the circle 13 to
the TK to the nght hoe TH whichs
which comes to the same as the
1 wu p upuiuonal 1H to the uight hne TS

ProrostTIoN 2

The mean motion of the moon s nodes bewng puen to find thewr true mofion
Let the angle A be the distance of the sun from the mean place of the node
or the sun s mean motion from the
node Then if we take the angle B
whose tangent 19 to the tangent of the
angle A ns TH to Th that s es the
square root of the ratio of the mean
hourly motton of the sun to the mean
hourly motion of the sun from the
node when the node 18 in the quadra
ture that angle B will be the distance
of the sun from the node s true place
Tor join TT and by the demonstra
tion of the last Proposition the angle
FTN will be the distance of the sun
from the mean place of the node and
the angle ATN the distance from the
true place and the tangents of these
TH
quation of the moon s nodes and the
the octants 1s to the radus as hH s
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he preatest
toTE-+TH But the aine of this equation inany other place Aastot!

£1me 55 the age of the <ums of the aneles FTNHAT 15 to the radws that
nearly 35 the ne of double the ditance of the sun from the mean place of the
node (zamely 2FTYN) to the radws.

“CHOLITM
—~ rmabe 16 16
(€ .5
(1
1
But if the mean mobion o We twwwu )

™ b ol <eryations made use of 1n the theory of the moon
| real year willbe 19°°0 31 58 and

17 5

Proro 1mon 34 Prosrxy 15

To find the Fourly raratton of the tnel natton of the moon s orbrt to the plane of
theec ptc

Let A and o represent the yzveies Q and ¢ the quadratures N and n the
nodes P the place of the moon 1n 1ts orint p the orthographic projection of
that place upon the plane of the echptic and mT! the momentary motion of
the nodes as above 1f upan Tm we let fall the perpendiculsr PG and Joming
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pG o= T

mch \
Pa

of tn -

of the mchnatio u pitulgas 1t toPGand Pp

to PG conjointly And therefore if for the moment of time we nesume an hour
since the angle GTp (by Prop 30)1s to the angle 33 10 33% as IT PG \Z
to \T® the angle GPg (or the hourly varmatien of the mehination) will be to the

angle33 10 33 asIT AZ TG L2 to ATS ox
Andthuy *#+--~ 2

Butif the

proportion w v  us we nave shown above and the

vanation ot the mclmation will be also diminished 1n the same proportion
Cor 1 Upon Nu erect the perpendicutar TT and let pM be the hourly
motion of the moon 1n the plane of the ecliptic upon QT let fall the perpen
diculars pK M and produce them t:l} they meet TTinH and 4 then IT will
beto AT as ki to Mp and TG to Hpas TZ to AT and therefore IT TG will

_I\J‘_;flz_f_% that 18 equal to the aren HpMA multiphed nto the

ratio g—; and therefore the hourly vanation of the melination will be to 33

10 33 as the arca Hp A multiplhied into AZ % il,]—g 15 to AT®

Cor 11 And therefore if the earth and nodes were after every hour drawn
back from their new and instantly restored to ¢8 ~ -
situat om - -
vang
aggre & u « tuin the time of one revolution of the
pomnt p (with due regard i summing to therr proper signs +—) multiphed

wto AZ TZ Ip—g to Mp AT? thatis as the nhole cirele Q \ga multiplied mto

AZ TZ II% to Mp AT® thatis as the circumference Q \ga multiplied into

AZ TZ TB to 2Mp AT?
Cor ur And thercfore 1n o gven position of the nodes the mean hourly
vanation from which 1f uniformly continued through the whole month that

menstrual vanation might be generated 15to33 10 33 as AZ TZ ip—é 15 to

2AT? orasPp A}zA’I,;‘Z 15to PG 4AT that1s (becru e Ppis to PG as the sme
AZ TZ
AL
louble the angle \T# to four times the rads) as the sine of the same nclin
tion multiphied 1ato the sine of double the distance of the nodes from the sun
o four times the square of the radius

Con 1v Secing the hourly variation of the inchnation when the nodes are
\ the quadratures 15 (by this Prop ) to the angle 33 10 33%as11 \Z G

be equal to

) the aforesmd nchnation to the radms and to 4AT as the smne of
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% 15to AT? thatis as I};gf E—g 1o 2AT thatis as the mne of double the

distance of the moon from the quadratures multiplied snto 11% 18 to twce the
» + ong duning the tume that the moon
{he quadrature to the syzygy (that1
e sum of as many angles 33 10 33!
or5878 29 the sum of all the sines u1 uouble the distance of the moon from the

quadratures multiphied into I;——% 13 to the sum of s many diameters thatis as

the drameter multiplied 1mto g% 15 to the circumference that is if the mnchin

ationbe5 1 237 ryrtvi1st022 oras2781010 000 And therefore the whole
vanation composed out of the um of all the hourly vanationsin the aforesaid
time 15163 or2 43

Prorosrrion 35 ProBLEm 16

- * 5 hptie
least
arcle

P
N
A Bl o
~ v oy a
For CE;E’ 15 equal to
H +HE =BHD+HE =HRD+HE*~BH =HED -~
?BH BL=BE*+2EC BH=2EC AB+42EC BH=2I§£}B§,H

wherefore mce 2EC 15 given GE will be as A \ow let AEg represent,

tangle GH Gy or GH == =
7 -(‘}E:‘.thatlsasﬁﬁ Gh or—GEA.H that 1s as AH and

AM s equal to th sme and therefore remains always equal thereto qEp
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double the distance of the nodes from the sun then (by Cor 111 of the last
Prop ) the hourly vanation of the meclination mn the =
16 33 as therectangle of AT 1

ek

t men w4 ]
i o stp ne ik '
1t sine ¥ -

whole v 5
hourly v

(‘ ~—

i v e byzygies 18 to one
h « u 8o to 1 Therefore compounding all these

poportions we shall have the whole vanation BD 1033 10 7337 as 224 7
207904515 to 110 000 that1s a3 29 645 £01000 and from thence that vanation
BD will come out 16 2334

And thus 1s the greatest vamation of the melination abstracting from the
situation of the moon m1ts orbrt for 1if the nodes are in the av ™
chination suffers no change from the
nodes are 1 the quadratures the - ¢
syzygies than when it s the qu  « o o vy s difference of 2 43 aswe
shoned (Cor 1v of the preceding Prop ) and the whole metn vanation BD
dimimished by 1 2114 the half of this evcess becomes 15 2 when the moon
15 1 the quadratures and mereased by the same beeams 17
moon 18 10 the gyzymies I tha
\ -
l 20 when the nodes

1tove4 59 35 when the nodes are wmn the quadra

tures and the moon i the syzygies The truth of all this 1s confirmed by ob-
seryations

Now if the inchnation of the orbit hould be required when the moon 1s 1
the syzygles and the nodes anywhere between them and the quadratures leb
ABbeto ADasthemneof 4 59 85 1stothesmeof 5 17 20 and tahe the
angle AEG equal to double the distance of the nodes from the quadratures
and AH wll be the sine of the mchination destred To this inchnation of the
orbit the wnchnation of the same 18 equal when the moon 00
the nodes In other sifuation nfth - t
tha -
'
1
4

Scrorrum

B these enmr
by the theor
nh
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en 2eted Themmmoves < we ) thedated anita arinthe oortm :ul
ot sndtheusnale atn benke Wby alty b remiated varndes
1= 15 anomee and pemree of P 2.n. In the mean & tante of the st from the
it ram il 2t 1] S0 mebera  anvesof the vt poostiaal ty
thaegs actthrem cente awdy alladt thereanmoamofthema
= Taam = 3t apheh ntost pertelin and atire ol

teety of the earth sem 1y e sae batl o
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By the same theory of gravity the ~ -~ of the sun upon the moon 15 some-
wh ¢~ odes passes through the sun than
1omns the sun and the earth and
wuo w1 tjuation of the moon s mean motion which I shall eall
the second semuannual and this is greatest when the nodes are in the octants
of the sun and vamshes when they are in the syzygies or quadrat q
other positions of the nodes s » ~ -
of either node from the nearest
mean motion of the moon 1if the ~ w enouewhichisnearest to him
and 15 subtracted if fornard and in the octants where 1t 15 of the greatest
magmtude rtanses to47 1 the mean distance of the sun from the earth asl
find from the theory of gravity In other dist » ~ ~ 1
greatest 1n the ~

H

~y e sume theory of gravity the moons apogee goes forwards at the
greatest rate when 1t 15 erther 1n conjunction with or 1n oppasition to the sun
but m its quadratures with the sun it goes backwards and the e~ - 7
comes 1n the former case ta ¢ ~—~
Cor vix vir and 1< Proy
Janes we have named are
the semuannual equation o oad Ui semiannual equation n its
greatest quantity comes to about 12 18 as nearly as I could determine from
the phenomena Our countryman Horron was the first who advanced tho
theory of the moon s moving 1n an ellipse about the earth ola od »
focus Dr Halley imp nred & - !
an epieyele wh

motion 1n this 3
aftla -~ 1

w wLtuny
12 18 to the radius TC and t
with the radiis CB wall be the e « puntn ol
1 which the centre of the moon s orbit 1s placed
and revolved according to the order of the letters
BDA Set off the angle BCD equal to twice the 7
annual argument or twice the distance of the
sun s true place from the place of the moon sapogee
once carrected and CTD will be the <cmrannusl
equatton of the moon s apogee and TD the eccentn v of
to the pla o of $he - ~

L

u Pate ol the moon 1n its orbit to-
gcmcr with lt,s distance from the earth may be determined by the methods
commonly kn

In the penhelxon of the carth where the force of the sun s greatest the
the moon 8 orbit moves faster about the centre C thann the aphelion

f
centrc 0 the cube of the sun s distance from the earth But be-

and that imversely as
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cause the equation of the uns centre: mc\:lded m :‘l;e }:}asn:a‘l;rguemm‘ ;xi :l;;
fa ter 1n its epicy

tre of the moon s orbit moves ly 2 the

o rf‘ ¢ h «msditance from the earth Tbcrefgm that li.nf:)“ orb,i t

ted that

fornards or which comes to e sl  wn
5?§ewmp‘emem of the sun § true anomaly to 360° 2nd leél Dé: be t‘(:o?nc‘ ﬁz
twice the eccentnarty of the great orbit to the uns mean distance I
4t A % an mean diurnal motion from the moon sapo ee to the suwx:ns

t ought to be
as‘i’h::uc%;ltulus of thus motion 1s difficult but may be rendered ea.zer by the

romn q| n

pont Ftothe moon and when greatest amountsto2 25 But the angle which
the ine DF contains with the hine drawn from the pownt F to the moon 1s found
¢ ther by subtracting the an/le EDF from the mean anomaly of the moon or
by adding the ditance of the moon from the sun to the distance of the moon s
apogee from the apogee of the sun and as the radius 13 to the .ine of the angle
thus found «015® 20 to the second equation of the centre to be added 1if the
fore-mentioned sum be less than a <emitirele to be subtracted if greater And

from the moon s place 1n 1ts orbit thus corrected 1ts longtude may be found 1n
the yzymes of the luminanes
™ — - “n L now
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But the theory of the moon ought to be examuned and proved from the
wVen m nn firstin the syz3 gies then in the quadratures and last of alln the
o1

- -t

atory of Greenwich tothelastdsy of e w e w
the mean motion of the sun ¥ 20 43 40 and of its apogee = 7°44/30  the
mean motion of the maon = 15 21 06 of itsapogeec ¥ 8 20 60 andofils
ascending node © 27 24 20 and the difference of mendians between the
Observatory at Greenwich and the Royal Observatory at Pans 0% 9= 20
but the mean motion of the moon and of 1ts apogee are not yet obtamed with
sufficient accuracy
Prorosrriov 36 PropLe 17
To find the force of the sun to mote the sca
The  naforce ML or P to disturb the motions of the moon was (by Prop
- as1tp63809°6
ble that quantity
{imunished 1o pro-
1 the proportion
of 6015 to1 and therefore thetormet 10t v o face1s to the force
of gravity as1to38 604 600 and by thus force the sea s depre sed mn such places
as are 90 degrees distant from the sun But by the other force which 1s twice
as great the sea 1s rused not only in the places directly under the sun but i
those also which are directly opposed to1t and the sum of these forces s to the
force of gravity as1to 12 868 200 And because the same force exeites the same
motion whether 1t depresses the waters in those places which are 90 degrees

distant from the sun or } em 1 the places which are directly under and
directly oppo ed to the the sun
to disturb the <sea and nployed
== ~e=ths  an the vlaces directly under and airectry vppo the sun
~—~ Af nmthesun

lace where

the sun 1s 2t the same time botn suu o u w o ¢ from the

carth In other positions of the sun 1ts force to raise the sea is directly as the

versed sine of double its altstude above the horizon of the place and myer-cly
as the cube of the distance from the earth

("ow Since the centnfugal force of the parts of the earth ar ing from the

e 11sto 289 rases the

the poles by 85472

we have now sho\v‘u

€

>
!

¢
]

LtoHox 1 ROPOSITION 01 L ware

{he force of the tmoon to mote the sca
TD’I'fK:[forccf of the moon to move the sea 1s to be deduced from 1ts ratio to the
force of the un and this rat101s to be determined from the ratio of the motions
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905

= - o4 s mean

thereof

8 feet
Suppose the greatest difference of those heguLs lu wae = Willbe

rtion that a rees well enough
toL-Ses 20 to 11} oresdl tuiﬁ}_ . px;opo. T t | we are rather to de-
ve procure gome~
tos
atest idesdonot
-t A

the day vt
afterthe yzypmes or rather (as Sturmy observes) are u:e :mm er kue '{

proceeds from the motion of the moon than in the s3 zypes and quadratures
themseh es 1n the proportion of the radius to the co.une of double this distance
or of an angle of 3™ degrees that1s i the ratio of 10 000 000 to7 986,355 and
therefore 1n the preceding anslogy 1n place of § we must put 0 9863558
But further the force of the moon 1n the quadratures must be dimimshed

on account of 1ts dechnation from the equator for the moon 1n these quad
Tatures or ratherin 1814 devrees past the quadratures declines from the equa
tor by about 23° 13 and the force of exther luminary to move the sea 1s dimn-

hed a3 1t declies f om the equater nearly as the square of the cosine of the
‘echostion and therefore the force of the moon in those quadratures 1s only
08 037 L hence we have L+0 9863005 to 0 8o 0327L—0 79863558 s O
W
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Further 3et the diameters of the orbit 1n which the moon should move
setting aside the consideration of eccentrieity are one to the otheras69to 0
and therefore the moon s distance from the earth in the sy zy gres 1s to its dis
tance in the quadratures other things being equal 1569 t0 70 ndits distance
when 1814 degrees ady anced bey ond the sy zymes where the greatest tide vas
exerted and when 1834 degrees passed by the quadratures where the least trde
was produced are to its mean distance as 69 098747 and 69 897345 1o 69t¢
But the force of the moon to move the sea varies muereal -
distance and tha ~f~
are to1ts force
we have 1 Q178
5 andStoLa «  uce Lue force of the sun is to the force
of gravity as 110 12 868 200 the moon s force will be to the force of gravity as
1 to 2 871 400

Cor 1 Since the waters attracted by the sun s force nse to the height of 1
foot and 1114 nches the moon s force will rmise the same to the heaght of 8
feet and 737 inches and the joint forces of both wall ramse the same to the
height of 1015 feet and when the moon 15 1n 1ts pengee to the height of 121/
feet and more especially when the wind sets the same way as the tide Anda
force of that amount 1s abundantly sufficient to produce all the motions of the
sea and agrees well with the ratio of those motions for i such seas as I free

and open from east to west asin the P ~ 6~
AV - ~

w a bau to be greater than in the Atlantie
and Lthiopie seas for to have 2 full tide ratsed an extent of sea from east to
west 1s required of no less than 90 degrees In the Ethiopic sex thewatensn e
to a less height withun the tropics than 1n the temperate zones becau e of the
narrowness of the sea between Africa and the southern parts of Amertea In
the middle of the open sea the waters cannot nse without falling together and
at the same time upon both the eastern and western shores when notwith
standing 1n our narrow sess they ought to fall on those shores by slternate
turns upon this account there 1s commonly but a small flood and ebb 1n such
1slands as he far distant from the continent On the contrary in some ports
where to fill and empty the bays alternately the waters are with great violence

forced 1n and out through shallow channels the fland -2
[ B -

“ ut ¢ piaces the sensshumel & nlo
with such violence o
leave them dry for
stopped till 1t has x e w p »stt Lhe Waters to 30 40 or JO fect and
above Andalthe account1s to be given of long and shallow cham‘xfls or straits
such as the Magellanie struts and those chapeel » 3 -

« oy ey nse and fall without that pre-
apitatson of wnfluxand efffux the ratio of the tides agrees with the forces of the

sun and moon
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<0 he moon s force to move the ses1s to the foree of gravity as
Con.s Sloce the - forre 1s mapprecisblen tatical or hydro-

Cor.mr Becausethetorceuitu u
of the m & 4 481o to 1 and those forces (by Cor <rv Prop 66 Book 1) are
a5 the densit.es of the bodies of the <un and moon and the cubes of their
spparent diameters copomntly the denaty of the moon will be to the denaty
~  Aveetl a3 44815 to 1 and mversely as the cube of the moons

= mnarent

Q

1

fo

4000 or as 11 to & Therefore the bouy 0t lu w w  w e
earthly than the earth itself

Cor 1v And since the true diameter of the moon (from the obsers ations of

) 15 to the true d of the earth as 100 to 365 the mas of

8.
matter m the moon will be to the mass of matter m the earth as 1 to 39 83
Cop v And the accelerative gravity on the surface of the moon will be about
three tumes less than the accelerative gravity on the =urface of the earth
Cor. ¥1 And the du. tance of the moon s centre from the centre of the earth
will be to the di tance of the moon s centre from the common centre of gravity
of the earth and moon as 40 88 to 39 8§
Cor v And the mean dy. tance of the centre of the moon from the centre

)

mon centre of gravity of the earth and moon 2540 (88 t0 4“5 wiuwen pitter
- w

and the moon falbing by tlt force m one munute of
tune would desenbe
148235007 feet And at the 60th part of the di tance of the moon from the
— - %

;:lmpose OD& mean semi
4 815111 5 or 1o feet 1 1nch and 41/
t»:bt‘he‘dmnt né bodies 1n the latitude o?

¢ to be found under Prop ©0 the descent 1n the latats
lp:x‘t‘:tf:?::aby 82 exeess of about 24 parts of a line 'I'Ih‘els:[::ePa?bthmsncl;ema
VY bodies 1n the latitude of Pans falling 10 a vacuum will desenbe

diameter of the earth a heavy body would deeribe 1
lines 1 the <ame tin  This will
45 degrees And by the oreoIng
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15 Pans feet 1mch 4 343 lines very nearly m one sccond of time Audif the
gravity be dimimshed by
ansing n that latitude fr
there will describe 1n one
this veloaty heavy bodies do really fall in the latitude of Pans as we have
shown above in Props 4 and 18

Cor vint The mean distance of the centres of the earth and moon 1n the
sy zy gies of the moon 1s equal to 60 of the greatest semidiameters of the earth
subtracting only nbout one 30th part of a sermdinmeter and 1n the moons
quadratures the mean distance of the same centres 1s 6034 such semudiameters
of the earth for these two distances are to the mean distance of the moon i
the octants as 69 and 70 to 6915 by Prop 28

Cor 1 The mean distance of the centres of the earth and moon m the
s) zy gies of the moon 1s 60 mean semidiameters of the earth and a 10th part of
one semidiameter and in the moon s quadratures the mean distance of the same
centres 1 61 mean sermidiameters of the earth subtracting one 30th part of one
sermdiameter

Cor x In the moon s syzygies its mean honizontal parallaxn the latitudes
of 0 30 38 45 52 60 90 degrees1s 57 20 57 16' 57 14” 57'12 57 10
57 8 57 4 respectively

In these computations I do not consider the magnetic attraction of the carth
whose quantity 1s very small and unl nown if this quantity should ever be
found out and the measures of degrees upon the mendian the lengths of
1sochronous pendulums 1n different parallels the laws of the motions of the ca
and the moon § parallax with the apparent dizmeters of the sun and moon
should be more exactly determimed from phenomena we should then be en
abled to bring this calculation to a greater accuracy

Prorosrrion 38 ProsLex 19

To find the figure of the moon s body

If the moon s body were fluid like our sea the force of tne earth to ruse that
flud 1n the nearest and remotest parts would be to the force of the moon by
which our sea 1s raised 1n the places under and opposite to the moon as the
accelerative gravity of the moon towards the earth 1s to the aceclerative grav
1ty of the carth towards the moon and the diameter of the moon 1s to the d:
ameter of the carth conyontly thatis as39 783to1 and 100 to 365 conjointly
or as 1081 to 100 Therefore since our sea by the force of the moon s rat ed
to 854 feet the lunar fluid would be rused by the forec of the carth to 93 fect
and upon this nccount the figure of the moon would be o spheroid whoe
greatest diameter produced would pass through the centre of the carth and
exceed the diameters perpendicular thereto by 186 fect Such a figure there-
fore the moon possesses and must have had from the beginmng QF ¥

Cor Hence 1t 1s that the same face of the moon always s turned toward the
earth nor can the body of the moon possibly rest 1n any other po 1tion but
would return always by a librators motion to thissituation but those hibrations
however must be exceedingly slow beenuse of the weal ness of the forees
which excite them so that the face of the moon which hould be always d
rected to the earth may for the reason astgned in Prop 17 be turned tow ards
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the other focus of the moon s orlit without being ymmediately drawn bac
and turned 2 ain tov ards the earth
ITeonl
Vb mal g

i 1
um}i“g:l;uxeg be desenbed from the centre I with the dimeter IL the

t4
=
[

to the sums of the squares of the sine K\ and both sums toether wmill be
cqual to the sums of the quares of as many sermdiameters kN and therefore

the sum of the squarcs of all the mes NM 111l be but half so great as the sum
of the squares of as many emidiameters AN

A Then the force by which the particle I recede  from the plane QR will (by
supposition) be as that perpend cular FG and thus force multiplied by the
distance CG will represent the pos er of the particle F to turn the earth round
itscentre And thercfore the pos er of a particle in the plice F will be to the
Toser of a particle 1n the place A as FG GCis to AH HC that1s asFC* to
AC* and t} erefore the whole power of all the particles F 1n their proper places
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15 Paris feet 11nch 4%%/4; lines very nearly mn one second of time Andif the
gravity be dinumshed by taking away a quantity equal to the centrfugal foree
ansing 1z that latitude from *
there will deseribe 1n one secor
this veloaty heavy bodies dc
shown above 1n Props 4 and 19

Cor vin The mean distance of the centres of the carth and moon m the
sy zygies of the moon 1s equal to 60 of the greatest semidiameters of the earth
subtracting only about one 30th part of & semidinmeter and m the moons
quadratutes the mean distance of the same centres 18 604 such semidiameters
of the earth for these two distances are to the mean distance of the moon
the octants as 69 and 70 to 6914 by Prop 28

Cor 1x The mean distance of the centres of the carth and moen i the
sy zy gies of the moon 15 60 mean semidiameters of the earth and a 10th part of
one semidiameter andin the moon s quadratures the mean distance of the same
centres 1s 61 mean sermdiameters of the carth subtracting one 30th part of one
semidiameter

Cor x In the moon s 53 zygtes 1ts mean horizontal parallax 1n the latitudes
of 0 30 38 45 52 60 90 degrees1s57 20 57 16/, 5714 57 12 57 10
57 8 57 4 respectrvely

In these computations I do not consider the magnetic attraction of the earth
whose quantity 1s very small and unknown 1f this quantity should ever be
found out and the measurcs of degrees upon the mendian the lengths of
1sochronous pendulums in different parallels the laws of the motions of the sea
and the moon s parallax with the apparent diameters of the sun and moon
should be more exactly determuned from phenomena we should then be en
abled to brning this caleulation to a greater accuracy

Prorosirion 38 Probrey 19

To find the figure of the moon s body

If the moon s body were fluid like our sea the force of tne earth to raise that
fld 1 the nearest and remotest parts would be to the force of the moon by
which our sea 1s raised 1n the places under and opposite to the moon as the
accelerative gravity of the moon towards the earth 1s to the accelerative gray
1ty of the earth tosards the moon and the diameter of the moon 1s to the dt
ameter of the earth conjointly that1s 2s39 788 to1 and 100 to 365 conjountly
or as 1081 to 100 Therefore since our sca by the force of the moon 18 rat ¢
to 8%% feet the lunar flwd would be raised by the force of the carth to 03 fect
and upon this account the figure of the moon would be 2 spheroid whose
greatest dizmeter produced would pass through the centre of the earth and
exceed the diameters perpendicular thereto by 186 feet Such a figure there-
fore the moon possesses and must have had from the beginmng Qr1!

Cor Hence 1t 1s that the <ame face of the moon always s turned toward the
earth nor can the body of the moon pos.ibly rest 1 any other po 1tion but
would return alway s by a libratorv motion to thissituation but tho ¢ hbrations
honever must be exceedingly slow because of the weakness of the forces
which excite them so that the face of the moon which should be always &
rected to the earth may for the reason asygnedin I rop 17 be turned towards
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the other focus of the moon s orbnt without being immediately drawn baek
and turned again towards the earth

TeEss 1
et the poles

anee from
1L the par

farmly

For let there be desenbed from the contre h witn wi. u acter 1L
[ tad

P
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F will be to the power of the hke number of particles 1n the place A as the sum

of all the FC? 15 to the sum of all the AC? that is (by what we have demon

strated before) as 1402 QED
And because the action of those part pla < ' i

« w« wuuy vl the earth round an axis which lies a3
well in the plane QR as in that of the equator

Lema 2
The nm Ik~
powe
the sa s uy e ase number of particles unyformly disposed

round the whole circumference of the equator AL 1n the fashion of a ring loturn the
whole carth about wrth the like circular motion as 132 t0 5
Tor let IK be any lesser eircle parallel to the equator AT' and lst T/ be any
twpen In + 1 1f upon
we let
« wa 1 um e total torces by which these particles recede
from the plane QR will be proportional to the perpendrculars LM Im Let the
right ine LI be drawn parallel to the plane Pape and biscet the same 1t 3 and
through the pomnt X draw Nn parallel to
the plane QR and meeting the perpendic
ulars LM Im m N and #n and upon the
plane QR let fall the perpendicular XY
And the contrary forces of the particles L
and ! to wheel about the earth contranvise
are as LM MC and Im mC that 1s as
LN MC+NM MC and In mC—nm mC
or LN MC+NM MC and LN mC-—
NM mC and LN Mm~NM (MC+mC)
the difference of the two 1s the force of both
taken together to turn the earth round Che
positive part of this difference LN Mm or
2LN NX 1sto 2AH HC the force of two
particles of the same stze situated in A as LA2 to AC? and the negative part
MM (MC+mC) or 2XY CY 1sto2AH HC the force of the same two par
ticles situated 1n A as CA2to AC? And therefore the differcnce of the parts
that 1s the force of the two particles L and I taken together to wheel the
earth about 1s to the force of two particles equal to the former and situated n
Hant 4~ — earth round ns L\?—C\11s to AC?
I 15 suppo ed to be divided intoan
1 the LA? will be to the ike number of
se number of AC as I\?1s ta 2AC?
and the ssme number of A2 to as many AC?as 2CA%1s to 2AC? Therefore the
umted forees of all the particles 1 the ercumference of the eiwrcle IK are to the
jownt forces of as many particles 1n the place A as IN2~2C\21s to 2AC and
therefore (by Lem 1) to the united forces of as many particlesn the crreumfer
ence of the aircle AL ns IX2—2C\21s to AC?
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divided 1nto an
the dismeter of the sphere 13 concenned to be
m}x\x::'e ‘r‘xul;l:ber zf :-qua\ part upon uch a hibe number of circles Th arc

3
2
o

¥y

hose fluxion 18 AL —1\L G ' v
‘v‘rhi:i fuxion1s AC' —AC C\! and therefore by the method of fluons as
AC CX-YRAC CuH¥C\ s to AC C\-14\C C\3 thata 1f for C\
+we wnte the whole Cp or AC as /s0C 1sto 34AC* thatis, as21stod QED

Leoon 3
e ot T sty tn the thurd place that the motion of the
wles
. nded
three
1
- L nbed sphere revolien togtt b B e me ‘« 1

crcumference of a aircle to double its diameter

HYPOTHESIS 11

IF THE OTHER PARTS OF THE EAPTH WERE TAKEN AWAY AND TIE REMAINING
RING WAS CARRIED ALONE ABOUT THE SUN I\ THE ORBIT OF THE EARTI BT
— A v

e N

WOULD BE THE BAME WHETHER THE RING WERE FLUID OR WHETHER IT
CONSISTED OF A HARD AND RIGID MATTER

Prorostrion 39 ProsuEy 20
To find the precession of the equ noxes
- ~ PO S N

1n such an orbit + hach motion 1n & whole sidereal year becomes 20° 11 46
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Since therefore the nodes of the moon 1 such an orbit would be yearly
transferred 20 11’46 ' backwards and if there were more moons the motion
of the nodes of every one (by Cor xvt Prop 66 Book 1) would be as1ts pert
odic time 3f upon the surface of the earth a moon was res olved in the time of a
sidereal day the annual motion of the nodes of this moon would be to 20° 11
46’ a5 23% 56= the sdereal day 15 to 279 76 43™  the perodic tune of cur
moon that 1s as 1436 1s to 39 343 And the same thing would happen to the
nodes of a ring of moons encompassing the earth whether these moons did not
mutully touch each the other or whether they nere molten and formed mto
o continued ring or whether that ning should become ngd and infleble
Let us then suppose that this ring 18 1n quantity of matter equal to the
whole exterior earth PapAPepE which lies without the sphere Pape (see Fi,
Lem 2) and because this sphere 15 to that exterior earth as aC?s to AC —aC!
that 1s (seeing PC or aC the least sermdiameter of the earth 1s to AC the great
est seomdiameter of the same as 22913 to 230) as 52 44115 to 459 1f this nog
encompassed the earth round the equator and both together were revohed
~ ®amnt an of the ning (by Lem 3) would be to
1]

NOR 975 con

sould

ba tn the sum of the mouvu o . 1812
b~ nhe e oand commumestts o onte

- m 1R

of

L]

a

of both nug and sphere winwve o . ' g

4590 to 485 813 conjowntly thatis as 100 to 202 369 tut tue 10
the nodes of a number of moons {as we explamed above) and therefore by
which the equimoctial points of the nng recede (that s the forces 31T n Ing
Prap 30) arc m the several particles as the distances of those particles from
1+ =1 =2 OR and by these forees the particles recede from that plane and
b nread all ovor the surfucv,: of

exterior part of the calll  u !

about the earth round any diameter of the equator and tnete v o
equnoctial pomts would become less than before 1n the proportion of 2 to §
Therefore the annual regress of the equinoses now would be to 20° 11 46 as
1015 to 73092 thatis would be 9 56 50+
But because the plane of the equator 15 mehined to that of the echptic this
~n tobedimmshedintheratioof thesine 91 706 (s ichistheeo mneof 23

o amaming motion willnow be§ 7 207
~f h sun

But the torce vt i1 early
as4 4815101 and the force of the moon tomove it ¢ ju »f the
sun 1n the same proportion Whence the annual precesston of the cquinow

~ % ~m the force of the moan comes out 40 52 52/ and the total

I 2én o of both will be 50 00 12"
‘ for the preeesston of
yearly

the equinoxes by &
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spht of the carth at the equator exceeds 1ts Lerght at the poles 1y
mgcut‘gs‘:flﬂ:/‘ mile the matter thereof will be more rare near tte surface
than at the centre and the preces.ion of the equinoxes will be sugmented by
{he excess of height and dimum hed by the greater ranty
And now we have deseribed the vstem of tte sun the earth moon and
planet. 1t remuns that we add <omething about the comets.

Leanta 4

The comets are more remo ¢ than the moon and are an the regions of the plan i3
As the comets vere placed by a.tronomers beyond the moon because th ey
were found to have no diurnal parallax <o thewr annual parallax s a convinarg
proof of thewr de<cendin,, into the regions of the plancts for all the cometa
- ke 4 rect, course according to the onder of the sgns about the
— IS

lBose il Upsin r
sppearance appear swifter than they ou Yttobe af the earth s between them
snd the un and slower and perhaps retrograde if the earth 15 10 the other
ade of 1ts orbit And the-e appearances proceed chuefly from the dinerse situ
ations which the carth acquires 1 the cour< of 1ts motion after tte same
manner asit happens tot} e planets which appear cometimes retrograde somes
~ e e £1 proeresst e accordin, 2. the

n the contrary
by an angular
~m o h oparthitn

appear accelerated and from tlus apparent acce'eration or retardation or
rerrecsve motton the dutance of the comet m. 3 be inferred 1n this manner
G ¥ ¢ 8 N Let TQ\ TQB TQC be three ob~ened
longitudes of the comet sbout the
tune of 1ts firt appeanng and TQF 1te
last obsersed lonmtude before 1ts dis

appeann  Draw the nght hine ABC
T whose parts AB BC ntercepted be-
tween the nght nes Q4 2nd QB O3

and QC maybe one to the otherasth

& tnotimesbetween the three first obser

ration. Produce ACtoG
m3 beto AB as the time between the first and la. t observations s 2 :::‘t:}xg

between the first and second and
jom QG Now if the
i&:ﬂx anght ine and the earth esther «tood stall 2: :‘:‘h‘i?\'x\:‘::gr:‘:d
U e of the comctat te ine of e Tt dmerosog, Thanlore. e el
ume of the last observat
FQG which 13 the difference of the longitude proce‘((-’ds} '{r:ge{g? l;::;;‘;
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of the motions of the comet and the carth and if the earth and comet move
contrary ways this angle 1s added to the angle TQG and accelerates the
apparent motion of the comet but if the comet mn ~ @
earth + +
rem
pro v v eeath s Justly to be esteemed the
paratiax of the comet there being neglected thereby some hittle merement or
decrement that may anse from the unequal motion of the comet 1n 1ts orbit
From this parallax we thus deduce the distance of the comet Let S represent
thesun acT the great orbit atheeaurths
place 1n the first observation ¢ the place
of the earth in the third observation T
the place of the earth in the last obserna
tion and TT a night hine drawn to the
beginning of Anes Set off the angle TTV
cqual to the angle TQT that 15 equal g
to the longitude of the comet at the time
when the earth 1s in T jomn ac and pro- "
duce 1t to g so that ag may be to ac as
AG 15 to AC and g wall be the place at
which the earth would have arnved m a
the tune of the last observation 1f 1t had
continued to move umforinly 0 the nght
line ac Therefore 1if we draw gT parallel
to TT and make the angle TgV equal to the angle TQG tlus angle TgV will
be equal to the lonmtude of the comet seen from the place ¢ and the angle Thg
will be the parallax which anses from the earth s being transferred from the
place g into the place T and therefore V will be the place of the comet the
planeof theechiptic And thisplace Viscommonly lower than the orbitof Jupiter

The same thing may be deduced from the meurvation of the way of the
comets for these bodies move almost 1n great crcles while therr velonty 18
great but about the end of thewr course when that part of thewr appirent
motion which arises from the parnilax bears o greater propertion ta ther whole
apparent motion they commonly deviate from tho ¢ arcles and when the
earth goes to one stde they deviate to the other and this deflection becan e of
1ts corresponding with the motion of the carth must anse chiefly from the
parallax and the quantity thereof 15 so considerable as by my computation
to place the disappeanng comets & good deal lower than Jupiter Hence 1t
follows that when they approach nearer to us in their pergees and perthelions
they often descend below the orbits of Mars and the inf rin nl »

Than -t

33

" “ B urstance of the comet to the dJsL'mrcc}llJf n
¢ directly as their diameters and nversely as the square root of their
lI;‘ga}:‘tcs Thus 3:: the comet of the year 1682 Mr Tlamsteed observed with 8
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to the tenth part of thus meaure 8h

19 but i the hight and plendor of :Es ho’u{ it ‘aur;:'::‘:l, fut‘?xz (g r:‘v.wq :o::; r::;
about four times more
1) tothe Ight of the
about 21 nni there~

'

Saturn

iitlan

ar anilad

been compared to the tars of the hiret magmituue  tewu L of 1ts head
LSRR I m ana of a telew

som times

he hameters

umeter of tle
nucleus ot central star 15 but about 3 tenth or pernaps wteenth part of tle

ciameter of the head 1t appears that these stars are generally of about tle

~ - -

fixed tars forafat vere o thecomet could recene nomore ight {rom our sun
than our planets do from the fixed stars

el N o o fr

obscured by this moke the nearer mu t 1t be sllowed to come to the un that
1tmay vie vith th ¢ planetsin the quantity of hght whichit refleets Hencetas
L -

obliged toallo that the moke an 1ng from their heads1s prop gated thr u h
fuchssast wentof pace and withsuchavelocits and expan. 1on as will scem
altogether incred ble i the latter case the hole hight of both head and tail 15
tobe a.cnibed to the central nucleus But then 1f we uppose all this Iight to be
umted and condensed within the di L of the nucleus ecrtainly the nueleus will
by far exceed Jupiter it<elf 1n splendor espeer Uy nhen it emts a very large
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that light was supposed to be gathered together nto one star 1t would <ome-
times exceed not one Venus only but a great many such umted mto one
Lastly the same thing1sinferred from the fight of the heads which merenses
m the recess of the comets from the earth towards the sun and decrcase m
therr return from the sun towards the earth Thus the comet of the 3ear 1665
(by the observations of Hewelehe) from the time that it was first cen was
always losing of 1ts apparent motion and therefore had already pa.sed its
pengee but yet the splendor of its head was datly nerensing till bewng hud
under the sun § rays the comet censed to appear The comet of the year 1683
(by the observations of the same Hewnelcke) about the end of July whenit
first appeared moved at a very slow rate advanemng only about 40 or 45
minutes 1n 1ts orbit 1 & day s time  but from that time 1ts diurnal motion was
continually upon the mncrease till September 4 when 1t arose to about 5 de-
grees and therefore 1n all this interval of fime t1e am - )
the carth !
& mucromet we B
coma whic o o pinver 2 he observed tobe 9 7 and thereforets head
appeared far less about the beginming than towards the end of the motion
though about the beginning because nearer to the sun 1t appeared far more
Iucid than towards the end asthesame He ol loda ) " ¢

J 4 o
“ wuuit ot Uecember and that of the year 1680 about the end of the
same month did both move with their greatest veloaty and were therefore
then 1n their perigees but the greatest splendor of therr heads was seen tno
weeks before when they had just got clear of the sun s rays and the greatest
splendor of their tails a hittle carlier when yet nearer to the sun The head of
the former comet (according to the observations of Cysat) on December 1
appeared greater than the stars of the first magmtude and on December 16
(then 1n the pengee) 1t was dimimshed but httle in magmtude but much
diminished w the splendor and brghtness of 1ts hight On January 7 hepler
being uncertam about the head left off observing On December 12 the head
of the Iatter comet was scen and observed by Mr Tlamsteed when but 9 de-
grees distant from the sun which 1s scarcely to be done in a star of the third
magmtude On December 15 and 17 1t appeared as 4 star of the third magm
tude 1tsluster berng dimimshed by the brightness of the clouds near the setting
sun On December 26 when 1t moved with the greatest veloaity being almost
n 1ts penigee 1t was less than the mouth of Pegasus a star of the third magn!
tude OnJapuary 3 it appeared s a star of the fourth On January 9 asonc of
the fifth On January 13 it was Ind by the splendor of the moon then n her
mcrease On January 25 1t was <carecly equal to the stars of the seventh
magmtude If we compare equal intervals of time tahen on one side of the
penigee and then on the other we shall find that the head of the comet whick
at both intervals of time was far but yet equally removed from the earth and

should therefore have shone with equal splendor appeared bnzhtest on the
Annf thanome n ~n 3 hercfore
we con

hight of

Luluets teuds Lo by 1wt and to appear greatest when the heads move fast-
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why comets
1dom 1n the
ould appenr
1thase parts
obecure and
rtteh tory

Yol

for they are for the mo~t part nearer to the sun
Cor. t1 Hence also 1t 13 evident that the celestial spaces are voud of rewt t
ance for though the comets are earned 1n oblique path. snd sometimes con

trary to the course of the planet et they move every way with the greatest

«l -

motion for the opimon of ome wnters that they are no other than meteors
an opimion based on the continual changes that happen to tt eirheads scemsto
have nofoundstion for the heads of comets are encompassed with hugr atmes-
pheres and the lowermost parts of thesc atmospheres must be the densest and
1

v
toeach other and the sohd body of Jupiter 15 hardly to be seen through them
and much more must, the bodies of comets be nd under their atmospheree
which are both deeper and thicker
Prorosmmiox 40 TrrorEw *0
That the comets more 1n some of the comie sections haring thet
g thewr foer 1n the eentre o
Uszum l;r"(l)d by adn drown u‘; the sun describe areas proportional io the hmza!
posit on appears from Cor 1 Prop 13 Book 1

Props. 8 19 and 13 Book m ? compared wath

Cor. 1 Hence 1f comets revol

ve 1 orbits returning into themselves the
o{bns will be elhp‘ses and therr periodic times will be to the periodic times of



338 Mammmnmn Princrrres

comet would be to the time of the revolution of Saturn that 18 10 30 years gy
44 (or 8) 1 to 1 and would therefore bo 240 years
OR 1T But theyy orbits will he 50 near £o paraholag that parabolas may be
used for them Without sengihle error
Cor 1r Ang therefore by Cor v Prop 18 Book 1 the velocitv of -
comet, wil] always be to the veloeity af o

the same 4

the distar

comet fror U “ulls of the preat orbit or the

Breatest s tor the ellipse which the earth describes to consi t f
]4 -

comet at the same mean distance of the = vl the sun with g velocity
Which 15 to the velocity of the earth as 1/9 ¢4 1 would by 1ts drurnal motion
7:

therefore gven
Cor 1v Therefore f the Iatug rectum of the Pparabola s four times the radius

of the great orbit and the Square of that radus 1s supposed ¢ - f

100 000 00p barts the area wh b v

A -

1 v« U e diurnal and
S v bledter myersely g5 the square root of that ratio

Lemuy 5

To find q cured line of fhe parabolic kyng which shall pass through any gnen
number of pornts

Let those Pomtsbe A B ¢ p ET & and from the same to any nght

hne HN &ven n position let fall pg many Perpendiculars AH BJ ChL DL

M Fl\i de B_ g

2 3b 4b 5b A

‘ tuerr second differences ¢ 2¢ 3e 4¢

053y S0 as AH-BJ may be=} BI~
=EM+TN =5 ¢ then b~2h=¢

“ @ u vl Lo the last difference which  hame o

pendicular I;;Sd"“ v

i,nl\?nicz toto be J—F s nto~IS=¢ 14, into
+8K=r Yr mo+dL=s s nto+-SV =, Proceeding 1 ths manner ;o

ME the last perpendicular but one anq prefiving negatryo signs before ttbo
terms HS IS &c wlich ke from 8 toward, A and positin g s1gn3 before tho
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terms SK SL &c¢ which hie on the other sde of the pont S and observing
well the signs RS will be =a-+bptegtdrdestft +de

Cast? But:f HI Th &e thentervals of thepomts H I h L,4c are
upequal tske b 25 3b 4b 5b &c the first differcnces of the perpendiculars
AI BI Ch d¢ dided by thentervals betwren those perpendiculars ¢, 2
3 4c &c theirsecond differences dinided by theinterval between every two
224 34 &c ther third differences divided by the intervals between every
three ¢ Q¢ dc therr fourth differences divided by the intervals betneen
every four and so forth that 1s 1n such manner that b may be -:A____“l;'lnl

”=B‘1—}?K 36___C}xl:LDL & u:‘m.:ul:v—'.‘.b 25-3b 3b—4b

Th =70 ¥ 4
20—3c

2,
thend=c-ﬁ 2d=' T~ &c And thowe differences beng found let AH be

=g, ~HS=p pmto ~IS=¢ qinta +-Sh=r rinto +5L=s 21nto +SM =1
proceedin 1n this manper to ME the la t perpendicular but one and the
ordinate RS will be=a-+bp+eg+drtestfi+de
Cox. Hence the areas of all curves may be pearly found for if some number
of potnts of the curve to be <quared are found and s parabola be supposed to
be drarn through those point.,, the area of this parabola will be nearly the same
with the area of the curvilinear figure proposed tobe squared but the parsbola
czn be alwsys <quared geometneslly by methods generslly known.
Lotk 6
Certon obserred places of a corel ber & find
m.;:mdm.zg:mlﬂe ng qrren 1o find the place of the sare at any
t HI IR, KL, LM (in the preceding Fig ) represent the tunes between
Enﬁtxms HA, IB hC LD ME, five observed Jonmtudes of the can:el?
HS the pven tume between the firt ohservation and the fongtude re-
msﬁg;??m?e ABCDE 1s upposed to be drawn through the
e omdinat,
o S il be the Tonptads e, B the preeeding Lem

By the sxme method from five observed latitud
e udes, we may find the latitude

A - - — “ e e

b

obervations ought tobe wsed.
- U 1 i

krourh @ gzen pownt P to drewn a nght I ne BG

vhose parts

. . by tror At lines AB AC mmx:g!xfncmoﬁ
mgrlolh'o).ermﬂmmm:w ey be

mmthel;wenpmm}’sup
ta;)e drawn to e ther of the n?'gs:h?eg ;‘:::h:: APBD
and prodace the same towsrds AC the cther piven
IrtnsvbetoPDm\he
andPCwﬂlbewPBuPEtZPoDAD Dre CPB

QY



340 MaTrEMATICAL PRINCIPLES

Leava 8

Let ABC be a parabola having uts focus in' S By the chord AC busceled 1n T et
off the segment ABCI whose diameter 15 In and sertex p In In produced fohe
#0 equal to one half of In Join OS and produce 1t to £ so that 8t may be equal
10 280 Now supposing a comet to rerolie 1 the arc CBA draw §B cutting AC
wm E I say the pownt L will cut off from the chord AC the segment AE nearly
proporiwnal to the tume

For1f we jon O cutting the parabolic arxe ABC1n Y& and draw '\ touch
ng the same arc 1n the vertex 4 and meeting LO 1n X the curvilinear ares
ALXxA will be to the curvilinear area ACYuA as AL to AC and therefore

.
”

waa L uly juunng B A the triangle LB will be equal to the tuangle Y\EB

Theref~ ~ ¢ * e B

subtra

area A

But tt ]

ASBYun 15 to tne aren ASUY pA as the time of deseription of the arc ABisto

the time of deseription of the whole arc AC and therefore AP 1s to AC nearly

1n the proportion of the times QED
Cor When the pont B falls upon the vertex u of the parabola AE 1s to

AC accurately 1n the proportion of the fimes

ScroLios

1f we jom 4 cutting AC 1 8 and 1n 1t take gn 1n proportion to uB as 27M1
t016 My and draw Br this Bnwall cut the chord AC 1 the ratio of the times
more accurately than before but the pont 7 1s to be taken bey ond or on this
side the point £ according as the point B 1s more or less distant from the pnn
eipal vertex of the parabola than the pont s

Lesya 9

Al
The rght lines Tn and N and the lenglh 18 9 equal among themsclies
For 48 18 the latus rectum of the parabola belonging to the vertex g
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Luwnn 10
- » % ¢\ naqube onethird of #1 andS!:ma;betoS\

For if the comet vith tie veloury + ¢
vup;;cd to move umformly fornards n the nght line which touches the
parabolain u thearcaw hach 1t would desenbe by a radius drasn to thepoint S
- el m AGC A
{4

ENP
A Yeight Sg inver<ely as the square root of bt
to Sz that1s 1n the ratio of Su to SN 1t follov s that the length descnbed
with this veloeits will be to the length in the szme time desenbed in the tan

Su-+2§1z would 1n the same time nearly de enbe the chord (.
Leass 11
If a comet roud of all motion vaa let fall f om the hesght S\ or Sp+14Ty towards
- — 2

qual o the length T

For 1n the same time that the comet would require to desenbe the parabolic

2rc AC 2t would (by the last Lemma) with that veloeity which 3t bath ia ¢
be ght SP desenbe the chord AC and there- ! 18 the

fore (by Cor vix Prop 16 Book 1) 1f 1t was c

that aircle the length of which would be to
the chord of the parabolic are 4C 1n the ratio
of 1 to v/2 Therefore 1f with that weight
which 1o the hey ht SP 3t hath tonards the 5 %
SUD 1t should fall f om that heiht towards b
i)hem S\;na‘;tt\‘\;mﬂd d(hy Cor 1x Prop 16 Book A
e said time desenbe a space equal to the
chord divided by four tumes the height SP %lmt 13w :&l‘&%ﬁ;&t‘i&tﬁ:ﬁi
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L
4%% But since the weight of the comet towards the sun m the height 8\ 1

to the weight of the same towards the sun in the height SP as SP to S the
comet by the weight which 1t hath in the height SN 1n falling from that

t}
height towards the sun would m the same time describe the space 4%—[; that
18 o space equal to the length In or M QED

ProrosiTiov 41 Proprem 21

From three guen obsertalions fo determine the orbil of a comet moring tn @
parabola

This bemng a Problem of very great difficulty I trned many methods of
resolving 1t and several of those Problems the composition whereof I have
grven in the first book tended to this purpose But afternards I contrned the
following solution which 1s somew hat more simple

Select three observations distant one from snother by intervals of time
nearly equal but let that interval of time mn which the comet moves more
slowly be somewhat greater than the other namely so that the diuffercnce of
the times may be to the sum of the times as the sum of the times 1s to about
GO0 days or that the point E may fall nearly upon M and may err therefrom
sather towards I than towards A If such direct observations are not at hand
a new place of the comet must be found by Lemma 6

Let S represent the sun T ¢  three places of the earth m the earth s orbit
TA (B +C three observed longitudes of the comet V the time between the
first obsers ation and the second W the time between the second and the third
\ the length which 1n the whole time V-+W the comet might describe with
that veloaty which 1t has 1n the mean distance of the earth from the sun
which length s to be found by Cor 111 Prop <v Book 111 and ¢V o perpendic
ular upon the chord T+ In the mean observed longtude ¢B take at pleasure

i
”

the point B for the place of the comet m the plane of the echiptic and from

thence towards the sun S draw the hne BE which may be to the perpendic

ular &V as the product of SB and S¢?1s to the cube of the hypothenu e of the

nght-angled tniangle whose sides are SB and the tangent of the latitude of the
— n ha ~ - -

g R

he

d C will be nearly the places of the comet 1n the plane of the ecliptic1n t

;x;t and third observations 1f B was its place nghtly assumed 1n the second
Upon AC bisected 1n T erect the perpendicular Iz Through B imagine the
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Lze B drawn parallel to AC Imamne the hine §1 drawn cutting ACin )\, and
complete the parsllelogram iT\s Take Ie equal to 31X and through the sun §
1 mnath 1ne of drawn equal to 38¢+3i Then canceling the lf_tgtrs A,

AEC by the same rule as before that 1. <o thatits pans L aju Lu LAy
otetothe o heras the tmes | and W between the ob~crva ons. Thus AandC
will be the places of the comet more accurstely

Upon AC buectedn erect the perpendiculars AM Ch 10 of which M
2nd C\ mav be the tangent of the latitudes i the fir<t and third observa
tion. to the radn TA and +C Jon M\ cutting, 1O and O Draw the ree-

tandlar parsllelorram lhu as before In I produced tale 1D equsl to

Y o heamfa A

\
\
By the came method as the pontsE A C G were found from the scsumed
pownt B from other ponts b 2nd § assumed at plessure find out the rew points
. ~ - . —

A [
<pectav v t0CG eg oy throu hthe pontsF f and ¢ draw the circumference
{3 curele Ff cuttine the ght kne AT 12 \ and the paat X, will be another
place of the comet 1n the plane of the echiptic. And at the pomnts \. and Z
erectin the taneents of the latitudes of the comet to the radu T\ and 2
two places of the comet 1n 1ts own orbit will be determned La tly 1f (by Pro;

19 Book 1) to the focus § a parsbola 1s desenbed pasun, through thoee t:?o
g the comet QEL

of t! follows f om the preceding Lernmss,

because the nght hne AC 15 cut in E 1n the proportion of lhx:e times %;t Lemma

pL\Tc: }lus parabola will be the orbit of
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7 asat ought to be by Lemma 8 and BL by Lemma 11 152 portion of the
night line BS or B¢ 1n the plane of the ecliptic ntercepted between the are
ABC and the chord ALC and MP (by Cor Lem 10) 15 the length of the
chord of that arc which the comet should describe 1n 1ts proper orbit between
the first and third observations and therefore 1s equal to MN providing Bisa
true place of the comet in the plare of the echiptic

But 1t will be convement to assume the points B & § not at random but
nearly true If the angle AQ? at which the projection of the orbit in the plane
of the echiptic cuts the right line tB 15 roughly known at that angle with Bt
draw the ipe AC which may be to 4Tr as the square root of the ratio of §Q
to 8¢ and drawing the night hne SEB so as 1ts part EB mav be equal to the
length V¢ the pomnt B will be determined which we are to use for the first time
Then canceling the nght Iine AC and drawine anew AC ecording to the
preceding 1n ¢B take the
pont b by Y the distance
Ybmaybe o ¢ wstance Y B1n a ratio compounded of the ratio of MP to
MN and the square root of the ratio of SB to Sh And by the same method
Jou may find the third point 8 1f 3 0u please to repeat the operation the third
tme butif this method 1s follow ed two operations generally wll be sufficent
for if the distance Bb happens to be very small after the ponts T f and G ¢
are found draw the right hines Tfand Gg and they will cut TA and 7Cn the
pomts required X and Z

ENAMPLE

Let the comet of the year 1680 be proposed The following table shows the
motion thereof as observed by Tlamsteed and caleulated afterwards by him
from His observations and corrected by Dr Halley from the same observa
tions

Com ¢t
Apma mtTI‘ e Sun o longut de Longu & Latitud_north
h m b om
1680 Dec 12 | 446 | 446 o W 15123 v 63230 §° 0
21 | 632y 63659 11 06 44 - 50812 214013
24 | 6127 617 52 14 09 26 18 49 23 7523 5
26 1 514 | 52044 16 09 22 28 24 13 27 00 52
29 | 75 | 80302 19 19 43 X13 10 41 28 09 58
80° | 8109 20 21 09 17 38 20 $ 1153
1681 Jan 5 | L 51 | 601 38 26 22 18 T 848 53 2610 7
9 6 49 70053 | = 0290 18 44 04 4 11 6
10 | 554 | 60610 1274 20 40 50 23 43 52
13 | 65 | 70855 433 20 25 59 48 2017 28
25 | 744 | 73842 16 45 36 ¥ 935 0 17 56 30
30 | 807 | 82153 21 49 58 13 19 51 16 4° 18
Feb 2 | 620 | 63451 24 46 59 1013 53 1604 1
650 1 70441 27 49 51 16 59 or 1597 3

these y ou may add some obsersations of mine
T?I‘hcse o’bservntlons were made by 1 tele cope of 7 feet with a micrometer
and threads placed in the focus of the tele cope by these mstruments we
determined the positions both of the fixed stars among themselves and of the



Apra
[ 1. LB
— "
830 ¥ 61833 1 4046
1681 Feb ga 7 01 30 i 'Jx(s;:o
1n o 5 4
Mar 1 80 251 4% 1 1938
11 30 °) 18 0 1 0316
7 90 %0 40 1 o
9 810 043 4 11 45
~urth mag
{ the third
le (Bayers
£
D E
X,
» ° P
. 4 Q
L M N g g‘ o
L M s o
LoBa T g wpu ot
vex ¥ * ] [N
]

B

n)1n the heel of the same foot and D E FGH

1 INOZ 8
+ &other smaller stars in the same foot andletp P,Q

\!
T \ \ represent

t09 and produced cid pass through the star H Thus vere the positron. of
the fixed stars determined n respect to one another

T frad Ther Lontud  The
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Mr Pound has since observed a second time the positions of these fixed stars
amongst themselves and obtained their longitudes and latitudes according to
the preceding table
; l'll‘he posttions of the comet to these fived stars were observed to be as

ollows

Friday February 25 os at 814b pa the distance of the comet in p from
the star I was less than 343 AL and greater than V4AL and therefore nearly
equal to ¥4AL and the angle ApE was a little obtuse, but almost nght For

on pL the distance of the comet from that

tance of the comet in P from the star E was

greater than 3, AT and less than 14, AT and therefore nearly equal to V4, of
AL or ¥4 AE But the distance of the comet from the perpendicular let fall
from the star A upon the nght line PE nas ¥4PE

Sundny Tebruary 27 814® r the distance of the comet in Q from the star
O was equal to the distance of the stars O and H and the nght Iine QO pro-
duced passed between the stars K and B 1 could not by reason of intervenn,,
clouds determine the position of the star to greater aceuracy

Tuesday March 1 11* »a  the comet in R lay exactly m a line between
the stars K and C so as the part CR of the nght line CRK was a little greater
thal? 14CK and a little less than 14CI 4-14CR and therefore = 14Ch+14CR
or ¥4:.CK

Wednesday March2 8 payr the distance of the comet n 8 from the star G
was nearly 44I'C the distance of the star F from the right line CS produced
was I/,TC and the distance of the star B from the same right line was five
times greater than the distance of the star I' and the nght line NS produced
passed between the stars H and I five or six times nearer to the star H than to
the star I

Saturday March 5 1134* pM when the comet wasin'T the nght hne MT
was cqual to 3ML and the nght Iine LT produced passed between Band T
four or five times nearer to I' than to B cutting off from BT a fifth or snnth part
thereof towards ¥ and MT produced passed on the outside of the space BF
towards the star B four times nearer to the star B than to the starI' M nasa
very small star scarcely to be een by the telescope but the star L was
greater and of about the eighth magmtude

Monday March 7 917* pat the comet beingin V the nght line Va pro-
duced did pass between B and F cutting off from BT towards ' Y4, of BF
and was to the nght line V8 as 5to4 And the distance of the comet from the
nght hne ag was }45Vg

W ednesday March O 815® par the comet being in % the right line FAS
was equal to 1{vé and the perpendicular let fall from the star § upon the nght
Iine vX was 24 of 6

The same mght at 12* the comet beingin Y the nght line yY was equal
to 14 of ¥4 or a little less as perhaps %45 of v5 and a perpendicular let fall
from the star & on the nght line ¥Y was equal to about % or 14 vé But the
comet being then extremely near the honzon was scarcely discermble and
therefore 1ts place could not be determined with the same certainty asn the

foregong observations
OI‘Lr;omgthcse observations by constructions of figures and ealculations I



Boox 11T Tre SYSTEX oF Tne W ORLD 37

asduced the longitudes and latitudes of the comet and Mr Pound by cor
< k1 termined more correctly the places

\ow 1n order to deteriuut V
e three which Tlam.teed made {Dec. =1 van

€ 485 e nnoung

¥ trer
first

284

ditte

pode n = and ascelwug o "
1 wanf!  the perthelion of the comet)
th latitude ™ 3% south 1ts
«d by a radws drawn to the
~7 a ) earth o olt

operations and partly by scale and cominis. wilut w
gervations as may be seenin the follomng table

The € =
Lant d

1n the table on page 348
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TH e
was
11th
acen
from “LU 1rom the
places of the finec v Y uur lound pp Halley hag determined
the places of the comet, o5 follows
Nov 3 178 2= apparent, time at London the comet Wasin 29 51 smith
117 45 Iatitude north
Nov 5 150 587 the comet was i 1p g 23 wth g htitude north
Nov 10 161 31= the comet yyqg equally distant £ nm
which are designated o and 7p
line that Joms them pyt was ve

2
Latt g
comp t § Lo gu o
Lo ¢

True time

Dec 12 4 45 826 Obor| —3 , | _, 0
21 63, 21 43 o I L B
24 618 25 22 49 =1 30 <po,
26,2 7 136 =198 | 1044
20 8 3 -8 10 10 +1w | yop
30 810 28 11 o +145 | —033
Jan 5 § % 15 15 096 | 40 g
970 2412 54 F03> | 40 o8
10 6 ¢ 23 44 10 010 | 401s
13 7 9 2217 30 FOR | 49 »
25 7.9 17 57 5, Lo oy,
30 82> 16 47 =~ =21 | —op
Feb 2 ¢35 16 435 =247 1 b0
57 414 15 29 33 =041 { 4 9
20 841 12 48 ¢ +110
Yor 1139 12 540 + H

alogue this star o wog thenn pp 14 15 with 1 43 Iatitude north nearly and
70 WIT° 3L with g 34 Iatitude south and the mddle point betw cen those
8trs was p 15 39Y with ¢° 33Y latitude north Lot the distance of the

tude of the comet and thyy middle poipg willbe 7 gpg the difference of the
latitude nearly 717 gpq thence 1t follows that the comot g w15 32
with about 2¢ latitude north

The first observation from the Postt on ¢
small fised st w1 +
accurate enc o LIt least aceurate there
might be an Ul but hardly Breater Tho lnna. '
found 1n the first and mo +

1

sud parabohic orbyt com¢ « ¢ and

distance from the sun
ltS\Il’srCO‘Cl” Dr Halley ol CIVIng that o remarkable comet hag appeared

four times at equal mter als of v7u yearsg (that 1s 1 the month of September



Boox HI Tnt Systext of Tue Wontn 349

«
QST Y aae
[l?{r‘m"dn'h at 1 hich time by reason of the meonvement s::ua‘:xsn u}‘ 1.‘:::
1 rth
570
ane
hon
lion
Dec ¢ 23* 9= thed stance of the pennenon lrow Lt dstlu N the

Longn N Lomguud Lattud | Beror  Lreor
True time \ it Mobvrred._compued computet lonnt 4 lasrd
=
1647 | 02951 0 11745 Qs 22 1173\ 4022 -013
I\wilsﬂ 73230 160 W3 i 1679 +132 40 9
10 16 18 1532 0 027 0 1533 2 0.5 7 + ~153
16 17 00 =81645 053 78
18 21 34 185,15 1°85
017 0 231036 15335
BT 5 ma3x24e 2720
Dl 446 |© 6330 8°8 0 w6312 8° 6N ~110 41 6
1637 | =5 B1 214213 =5 614 14442 -1, 42"
1 618 184923 52 5§ 184730 252333 =153 4030
% 5 1 232413 77 OS5, 28 14 27 1 =231 41 9
298 3 | KI31041 28 958 1311w 81038 +033 1040
0 810 1733 0 731153 1738 7 231137 +0 7 -—-01¢
Jan. 5 6 134 T 84353 "6 15 7 T 843561 457 ~0 -0 10
971 1841 4 41156 184351 41 17 -013 4021
10 6 6 20 40 50 23 43 37 70 4073 2343 .5 -0"7 -0 7
13789 255043 201728 %% 0 8 221632 +0°0 ~0.0
25 759 [¥935 0 175630 Y931l 1758 6 ~049 -0 4
30 82 131951 164 1§ 1318 8 1640 5 -123 ~213
Feb 2 635 151352 16 4 1 151150 16 217 -15¢ -—151
5 7 4%l 165 6 1527 3 165917 1577 0O +011 -0 3
2 84 2618 32 1 46 46 261659 1 45™ =13 -1
Mer 111 10 75 42 122340 275147 1 ™23 -05 -~11
5139 2918 0 1 316 20°01 i U L
9 333 X043 4 HN45S D4 43 131453 021 -p17

place of the ecliptic §°17 35  andits conjugate avs 18 481 @ he computed the
motions of the comet, 1n this ellptic orbit The places of the comet as deduced

from the observations and a3 anang from computation made 1n this orbit
may be seen in the preceding table

The obsersations of this comet from the beginning to the end arree as per
fectly with the motion of the comet 1a the orbit Just now desenbed as the
motions of the planets do with the theornes from whence they are caleulated
20d by this agreement plunly evince that 1t was one and the same comet that
;gﬂnmed all that time and also that the orbt of that comet 13 here nghtly
T h & L T T I N Ny

» e

an
ok
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Th W -
wa t « ulitn onthebthand
11t v LIS positions to the nearest fixed «f renh w 1 -
aceuracy  amen
from tF !
places ¢ <~ 1 round Dr Halley has determued
the places of the comet as follow g
Nov 3 174 om apparent time at London the comet wasin o 29 51 with
1 17 45 latitude north
Nov 5 158 58™  the comet RASIM WS 23 with] ¢ latitude north
Nov 10 16t 3= the comet was equally distant from two stars 1n A
which are designated o and - in Bayer but 1t had not quite touched the nht
line that jomns them but wag very lttle distant from 1t In Tlamsteed s eat-

P The ( t Lrr oy
me Dt o
th s Lmy‘r’:!’l:(li cf:::p[;il L _owid | Zattde
q h m — I

Dee 12 4 46 28078 w6292, 826 Obor| =3 , | —o ¢
21 637 61076 =5 630 | 21439 =112 41y
24 618 ~0008 1848 20 | 25 22 4 =131 0%
26 o9 75,76 282245 | 27 145 ~17°8 | +04
2 8 3 84021 H13 1240 | 81039 +159 f 4010
30 810 86061 1740 5 [ 2811 9 +145 | ~033
Jan 5 6 11| 101840 T 84949 | 26 15 15 +056 | +0 8
970 110959 18 44 Jo 2412 4 +032 | 4058
10 6 6 113162 2041 0 | 2344 10 +010 | +018
1379 120000 % 021 | 221739 +033 | 40 2
25 7.9 1403,0 ¥ 99340 | 17 57 5, =10/ +1%
30 822 15,303 13 17 41 16 40 ~ =210 | —o11
Feb 2 635 160951 1511 11 16 415 =247 1 014
5 7 4 14] 1g005g 16 58 o5 15 29 13 =041 [ 49 0
25 841 202570 261546 | 1248 ¢ =249 { 4110
Mar 411 39 216905 291835 | 12 549 +035{ + 1

alogue this star o wastheninw 14 15 with 1 11 latitude north nearly and
7 W17 315 withQ 34 latitude south and the muddle pornt, betw een tho ¢
stars was wp 15 39 with 0 33) latitude north Let the distance of the
comet from that night hine be aboyt 10 or12 and the difference of the longt
tude of the comet and that middle pont will be 7 and the difference of the
Intitude nearly 714 and thence 1t follows that the comet was mn 1p 15 32

with about 26 latitude north

Tiaf +oha

vw Lalon which was the least accurate there

rught be an error of 6 or 7 but hardly greater The longitude of the comet as

found n the first and most accurate observation bemg computed in the afore-

saxd parabolic orbit comes out g 29° 30 32 its Iatitude north 1 2, 7 and
1ts distance from the sun 115 546

Moreover Dr Halley ob erving that a remarkable comet had appeared

four tmes at equal intervals of 575 years (that1s 1n the month of September
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Moy 2 thecomet was ecnby Montenanin Tl 33 butat Bostenin \‘:w

Eo land it -asfound tnabout m3 ant e
fore that1 1 30 Thesameday at5

, - - Al D My
«

<outh «ade of Cor Leons at & very smill ai talee L |

throu h Cor Leoms and Spiea 1y did cut the ecipticin 1 3 46 at anangle of
51 and 1f the comet had beenin thishne andin 11 3 ats Istatude would
havebeen ” 76 but unce Hooke and VMontenarn agree that the comet wasat
come .mall d: tance from this ine to ards the north its latitude mu t tave
been <ome hatless On the “0th by the ob~ervation of Montenan itslatitude
was almo-t the same with that of Sprea r2 that s about 1 30 But by the

sun to ards the north

Nov ?3 0 at5 mormne at \uremberg (that1 at 416  at London)
Mr Zimmerman <an the cometin M 88 11th 231 <outh latitude its place
bex: ob‘::m;l by takang its di tances from fixed tars

oy fore sunn-c the comet was scen by \ontenan o2
the north 1de of the n ht line through Cor Leom and Spica éuu‘:d‘thc:r:r:
itslatitude 35 ome hatless than ™" 38 and mee the latitude as we sud
by the concumnn,, ob~ervations of Montenan Ango and Hooke s as con
o Y -

¢ -
]

tudes asare alwo the observat ons of Gallet Those
are better nhich
l:\)nm the position of the comet to the fived stars by \Inn(cna‘;lufl?vid:
Ccllxco gxgh\: :1; usier\-er 5m New LCagland and ometimes by Ponthio and
e at
Iy o sme d e)m‘om ax::gx;mng at Ballasore the comet was observed 1n

morrung at London was 1n
An{l by the l:hmr{ tlle comet was at that time in 1 13 22 JE 15 nearly

oW L was i Lsk4  pearly



350 MaTHEMATICAL PRINCIPLES

mormng at Rome (that 1s 5* 10= at London) by threads directed to the
fixed stars observed the comet m = 8 30 with latitude 6 40 south Ther
observations may be seen mn a treatise wiich Ponthio published concernm
this comet Cellio who was present and communteated his observations i &
letter to Cassim saw the comet at the same hourmn = 8 30, mth labtude ¢
30 south It waslikewise seen by Gallet at the same hour at Avignon (thatis
at 5% 42 morning at London) 1n = 8 without Iatitude But by the theory the
comet was at that ime m =~ 8 16 45 and its Iatitude was 0 33 7 south

Nov 18 at 6 30™ in the morning at Rome (that 1g at 5% 40= at Loudon)
Ponthio observed the comet in = 13 30 with latitude 1 20 south and Celho
m = 13 30 with latitude 1 00 south But at 5" 30® in the mormng at
Augnon Gallet saw 1t 1n = 13 00 wath latitude 1 00 south In the Um
versity of La Tleche m France st 5% 1n the morning (that 1s at 5% 9™ at
London) 1t was een by Ango 1n the middle between two small stars one of
which 15 the muddie of the three which lie in a nght hine 1n the soutbern hand of
Virgo Bayers ¥ and the other1s the outmost of the wing Bayers# Hence
the comet was then 1n = 12 46 with latitude 50 south And I was informed
by Dr Halley that on the same day at Bostonin New Ingland m the Iabtude
of 421 at 5% n the morning (that1s at 9% 44™ n the mornng at London)
the comet was seen near =14 with latitude 1 30 south

Nov 19 at 435> at Cambnidge the comet (by the observation of a young
man) was distant from Spica w about 2 towards the northnest Now the
Spike was at that timen = 19 23 47 with latitude 2 1 59 south The
same day at 5" in the mormng at Boston i New Lnglend the comet was
distant from Spica e 1 with the difference of 40 1n latitude The same day
1 the 1sland of Jamaica 1t nasabout 1 distant from Spica w The same day
Mr Arthur Storer at the river Patusent near Hunting Creek 1n Maryland 1n
the confines of Virguua m latitude 381 at 5 1n the morming (that s at 10*
at London) <aw the comet above Spica 77 and very nearly Jomed with it the
distance between them being about 34 of one degree And from these observa
tions compared I conclude that at 9 44= at London the comet was o
=18 50 withabout1 25 latitude south Now by the theory the comet was
at that ttme mn = 18 52 15 with 1 26 54 latitude south

Nov 20 Mont 1 Professor of A y at Padua at 6® in the mormung
at Venice {that 1s 5% 10® at London) saw the comet n = 23 with Jatrtude
1 30 south The same day at Boston it was distant from Spica v by about
4 oflamer A 21 npearly

1n the morning ob erved the

cot v Cellio In =28 Ango at 5"
n the mormng in = 27° 45 Montenan m = 27 51 The same day 1 the
1sland of Jammea 1t was seen near the beginning of m and of about the sume
latitude with Spiea 1 that1s 2 2 The same day at 5* morning at Bal
lasore 1n the East Indies (that 1s at 11® 20= of the mgl_\’t preceding at Lon
don) the distance of the comet from Spica 1 was taken 7 35 to the east It
was 1n a night line between the Spihe and the Balance and thercfore was then
m =26 58 with about 1 11 latitude south and after 5% 407 (that1s at
b 1 the morning at London) 1t wasin = 28 12 with 1 16 Jatitude south
Now by the theory the comet was thenin = 28 10 36 with 1 53 35

latitude south
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* - @51 \ov 19 1m Marsland

the obeervation of Mr Flam
&1 tance intercepted l‘etmv‘:n

i ucous auu Lt 8 810 the south wing of Aquila
thetalol ge:crpl;nt ° )?pt;lm \.s binBaverstsbles Ttercfore theend of
14344 north Dec 11 1t wscerded

mpating s 76° 43 with atitu de
he middle of Samtta nordidat reach

riuch farther termnstingia = 4 wth latitude 1714° porth nearly But thee
nart of the tal for

ner ky at Pome

ose to 107 above the

1towands the north

tal wa_ 3° broad

t ward the uoper end and therefore the middie tereef ?-.s“:"’ 15 d tant

ta.ce from either of the two was equal to the di tance ol tne vae Bu W
oker and therefore did termunate n ~ ®1 with latitude 4 16° Dee 70t
resched to a contsct with Scheat on its left and exactly filled up the emace
between the two tarsin the northern foot of Andromeds, be ng 54 1n lergth

and therefore terminated 1n % 19 with 35° of latitude Jan 5 1t touched the
#tar r 1n the brea t of Andromeda on its nght <ide and the taruof the girdle
cnitsleft and sccordin, to our ob~ervations, wus 40° long Lut it wa. curved

PO N

et LR

Y

very fant and very hardly tobe <een but the ams thereof was exactly directed
:o the briht <tar m the eastern houlder of Sunga and therefore deviated
;ﬂm the opposition of the <un towards the north by an angle of 10° Latly
Ieb 10 with 5 telescope 1 obeerved the tad ® long for that funter hight which
}_eéxuh hc;f :'Wd &ozt:ipg:l&mébbme glasses. But Ponthuo wntes that on
e on; ;
ton\tu:ued P ol g Feb % the comet was mithout a tail and so
ow 1f
. M\\; o :;:e regecfi gponkthi orl‘:wt defc:nbed an’:i eu!) considers the other
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Trom all thyg 1815 plam that these obsery ations amvn v the theory o fqr
as they agree With one anntha madec)

I w © bt of the heay eps but
1 the end O =eww o oinning of Capricorn Including an are of about 95
and therefore the way of the comet, did very much deviqtn £ o 1
great eircle for 1 the montt e

tn

¢ w I Lne comet
4 v bstended agam from the sun dcclmmg one
fou w other by an aPparent angle of above 30 g obeery ed by Montenan
This comet traveled oy er nune sigpg namely from the! +.

cginmng of y beside thn o o 1
tal

the theory of #1~

1e obseryat;
nd -

plotted
comet d
dr'nvmg

its place Jan 25 R 1ts place Feb v v L 1S plice
;\r}irﬁ 5 and V 1ts place March 9 n aa ‘g the length of the tal T
h
m;}ig‘ 11 the tay] Just began to show
1t elf upp al avove 1y degroa long through o 10-foot telescope
Nov 17 the tail was seen by Pontie more than 15 long Aoy 18 1 New
ingl wd the tul appeared 30 long ang direetly opposite to the sun extending
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f the comets are

be some reflecting matterin those parts where the tauls of
:S: for otherwise since all the celestial spaces are equally sllumtnated by tle
o teht no vart of the hesvens could appear with more sp_“endor llun HL

\
1

Lrets to us 15 a demonstration that the ethier of celeslid Wtwiuis v s <
guwed with anv refractive power for astowhatis alleged that the fixed etars
Esve been sometimes seen by the Egyptisns enviroped with & coma because
that has but rarely happened, it 1s ratber tobe ascribed to 8 casusl refraction of

coud. and o the radiation 2nd <cintillation of the fired stars to the refrac
103 both of the eves and air for upon lsving a telewcope to the eye thowe

- - n mmed atelv di 1ppear By the tremulous amta

perceptib e refrsction. But, to obwate an objection that may be made irom
the appeanng of no tail i <uch comets as hine but with & faint Iight as:f the
<econdary rays were then too weak to affect the eves and for thst reason it 1
that the tails of the fived stars do not appear we are to consider that by the
- - < v fend -

™ e v he hey

1 Lht to the stars of the <econd magmtude and vet emitted a notable tail
extend.n, to the length of 40° 50° 60° or "0° and upward. and afterward.
on the 7th ang ?Sth of January when the head appeared but 25 a star of the
th magmitude yet the tail (2s we sa.d above) with a Light that was clearly
perceptible thou h faint was tretched out to 6° or ~ 1n length and with a
lanmm hing bght that was more difficult to see evento 12° and upwards But
on the 9th ard 10th of February when to the naled eve the head sppeared no
?01'?“ th;ough a :elescopf I viewed the tal of 2° mn lenzth. But further if the

~

rart. But the comet of the year 1650 December 25 8§16 pa¢ a3 Lon
;u seenm M §° 41 with lattude north 25° 6 while the <un was 1n ﬁdg;
laum“;;d the comet of the year 1o™ December ?9* wasin K 8°41 with
- corth 25° 40° and the <un asbefore 1n about v 15°76 In both cases
Situstion of the earth was the same and the comet appeared m the _arme
&-:E of the beavens yet in the former case the tai) of the comet (2swellby mv
- gﬁ:m a5 by the observations of others) deviated from the oppostt on of
ol muzmxda the north by an angle of 414 degrees whereas 1n the latter
hgmrdmb to the ob~ervations of Tycho) a deviation of *1 degrees
towards the south. The erumbline therefore of the heavens being thus dis-
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its rays thatis inversely as the square of the distance of the places from the
sun Therefore since on Dec 8 when the comet was m 1ts perthelion the dis-
tance thereof from the centre of the sun was to the distance of the earth from
the same 13 about 6 to 1000 the sun s heat on the comet was at that time to
the heat of the summer sun with us as 1 000 000 to 36 orss28 000to ! Butthe
heat of boiling water 1s about three tymes greater than the heat which dry earth
acquires from the summer sun as I have tried and the beat of red hot 1ron
(if my conjecture 18 right) 13 about three or four times greater than the heat of
boling water And therefore the heat which dry earth on the comet whilen
1ts penhelion might have received from the rays of the sun was about 2000
times greater than the heat of red hotiron But by so fierce a heat vapors and
exhalations and everyvolatile matter must have been immediately consumed
and dissipated
This comet therefore must have recened » e -

n. -

o va u 1eL 4 1S heat longer in the ratio of its
aiameter because the surface (tn proportion to which 1t 1s cooled by the con
tact of the ambient mir) 13 1n that ratio less in respect of the quantity of the
mcluded hot matter and thercfore a globe of red hot 1ron equal to our earth
that 1s about 40 000 000 feet in diameter would searcely cool 1n an equal num
ber of days orin above 50 000 years But T suspect that the duration of heat
may on account of some Iatent causes Increase in a yet less ratro than that of
the diameter and I should be glad that the true ratio was muestigated by
expenments

1t 15 further to be observed that the comet in the month of December Just
after 1t had been heated by the sun did emut 2 much longer tul and much
nore splendid than i the month of November before nhenat} Annt ¢
arrved at its perth Tan =3
alwaysan
of the sun u wy e comet conduces to the greatness
of the tail from thrs I think I may mfer that the tail 1s nothing else but a very
fine vapor which the head or nucleus of the comet emuts by 1ts heat

But we have had three several opmons about the tails of comets for some
will have 1t that they are nothing else but the beams of the sun s ight trans-
mitted through the comets heads which they suppose to be transparent
others that they proceed from the refraction whn h1ehv & -
f am tha ane
3
t 15t 1s the opmmon of such as are yet un
acquamted with optics for the beams of the sun are scen 11 a darkhened room
only sn consequence of the I oht ® a
ticles of dust and smoke
reason 1o air impregnate

brightness and unpress 1
more famnt andarelesse ;. u vulintse heavens Shere thereisno

t
r to reflect the hight they can never be seen at st Lightsnot seenasy
g ¢ beam but as 1t 1s thence reflected to our eyes for vision can be pro-

4
:15ulcnc<; :u no other way than by ray s falling upon the ey es aud therefore there
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f the ame woght and therefore s cykeder of air
g;‘(‘)‘}.eeg:ehal‘el: xl;hsfn e:\::::\oex:ht withaev 1§ndcr of water of the same breadth
and but one foot high But a cylinder of aur reactung to the ton of the al:xos—
phere1s of equal werght witha oy h(ndcr ZI Tau'r amlé? s{gt{ :{:};“ ;}X.‘i tl ;i::

e lower

fore affrom the whele c\_\l'x.nd.(:: \in‘];iho of equa! wes ht vath a evhnder of
snfirmed by

the meum

quare of the

Cor Prop

{ the carth

rechoned from the earths urlace the airismon 1uc wan  1usma far
greater ratio than that of the whole pace within the ortnt of Satum to a
pherieal pace one mch 1n dameter and therefore 1f a ephere of cur ar of

st greater du tances 15 unmensely rarehed snd the coma or atmesj Lor of

the particles of their air and vapors to vards each other 1t may happen that
the mir 1 the celestial paces and 1n the tails of comets s not so vastly rarefied
yet from this computation 1t s plan that & very mall quantity of arr and
wapor 15 sbundantly <ufficient to produce all the appearances of the tails of
comets for that they are wmdeed of a very notable ranty appears from the

of their <p endor “or 13 the bri_htness of the tals of mest comet. ordinanly
greater than that of our ur an wich or two in th.ckne  reflecting in a dark
ened room the b ht of the <unbears let 1n by & hole of the mindow hutter
wems) pretty nearly determine the time <pent dunng the ascent of the
“2por from the comet s head to the extremuty of the tal by drawing a nght
Lo from the extrermity of the tail to the sun and markm,, the plsce where
that 1y bt Line inter<ects the comet s o it for the ¥apor that 1s now m the
extrenuty of the tail 1f 1t has ascended 1n 2 n bt line from the sun mu_t have
Legun to nse from the Eead at the time when the head was 1n the pownt of
a -

e - = Agpn - - -
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proved 1t remams that the phenomens of the tals of comets must be demed
from some reflecting matter

And that the tauls of comets do wnise from their heads and tend towards the
parts opposite to the sun 1s further confirmed from the lans which the tay
observe As that lyingin the planes of the comets orbits which pa.s throuzh
the sun they constantly dewviate from the opposition of the sun towards the
parts which the comets heads n their progress along these orbuts have left
That to a spectator placed 1 those planes they appear in the parts directly
opposite to the sun but as the spectator recedes from those planes ther
deviation begins to appear and duly becomes greater That the dewation
other things being equal appears less when the tail 1s more al 1~ t
of the comet as well as when tha® 7

sun e »
Tha

dewt H
grea

things being e w Lt curvature s hardly to
be perceived augle of deviation 1s less near the comet s head bub

greater towards the other end of the tail and that because the convet side of
the tail regards the parts from which the deviation 1s made and whichheina
night hne drawn out nfimtely from the sun through the erme i
that the tals that are lone =31

«  utnuna of the tals of comets
¢ v uns ot their heads and by no means upon the places of

the heavens mn which thewr heads are son terefore the tals of
comets do re 1 ef o~ a
heads wh

PoVAl
« o ucavens where all bodes
- sun smohe and vapor must (as we have 1w 4 )
ascend from the sun and estherr am -

rest o o -

tho e « vapor had risen before
and ¥} we iLast where the vapor ascends with most velo
pamely near the smoking body when th ¢~

obhquity vara  *

» k-

t

1

therr F)
anse { « o motions of our clouds in part

obseur o wust tans or perhaps from parts of the Milky Way which might
have been confounded with and mustaken for parts of the tails of the comets
hey passed by
aséut}ﬂr:at the atmospheres of comets may furmsh « supply of vapor greab
ough to fill 50 immense spaces we may e ily understand from the ranty of
f)?xr own air for the air near the surface of our earth possesses a space 8.0
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times ter than water of the «ame wer ht ard therefore a cvlinde of aur
0 feec:xg 18 oi’nequ:l wescht with 8 ¢ linder of water of the <ame breadth,
and br t oze foot hugh But a evhinder of auir reachin to tke ton of the atmos-
phere > of eqaal werght with a evlinder of water about 33 feet bugh and there-
foe 1f from the whole cvlinder of war the lower part of o0 feet hugh 1s taken
swav the remumn  upper part will be of equal we: ht with a evider of
water 32 feet ngh and from thence (2cd by the hypother mnf.rmni br
- ~m
he
P
1}

far
grea er ratio than that of the whole pace within the orint o ailmm wa
«heneal =pace one r.ch in d.ameter and therefore 1if a sphere of cur air of
ba ozer.ch in thickness ¥ 2. equ.llv rarcfed with the wr at the bereht of one
wemadime er of the earth from the carth s urface 1t would fill all the regons
¢ the plane.s to the orb of Saturn and far bevond it Therefore ince the aur
2 rres er d*ances 1 tmmensely rarefind and the coma or atmontere of
comets L ordr..nlv sbout ten times hi_ber reckon.ny from thew centrew, than
the surface of the cuclel,  and the tals nse vet ligher they mu t therefoe be
exeedin Iv rare szd tlou b cnaccount of the much thicke atmoepheres of
comet. 5.4 the great gravitation of th e r bodies tovard the<un o wella of
th paricles of their aur and vapors to rard. each other 1t mav happen that
th=xrmthe celestial pace~andinth talsof come L not <o va thy rarefied
vet from tlus computation 1815 plan thut 8 very  mall quantity of air and
vape 15 abundantlv sufcent to produce all the apnearances of the tals of
cozet. fo that they are indeed of a very no able rantv apnears from the
hr.n of the stars through them The atrmecphere of the esrth Jluminated by

«

tuss of eom £ kewise tuminated by th «un, without the least dimmution
of their spendor \¢ 1 the bn_biness of the tarls of most comets ordinarily
£eater than that of our aur anmch ¢ two i thueknes. rel-cting i 3 dark
e.ed roomy the It bt of the sunbeam let 1 by & hole of the window hutter

And we pav pretty nestly determine the ture <pent danz the ascent of the
vapor from tke ccmet s head to the extremity of the tal by drawin, a nht
Lze from the extremity of the tal to the <un and markmn the place \\'hbxe
tha r.ht line 1atercect the come s ovbat for the vapor that 1s now in the
!l;_m'.:.(ty of tke tar, mat ha_ 2 cended 1n a nght hne from the <u.. must have
. f,,, o "xl_e'fmm the head at the time when the kead was m the pomt of

- — Ay -

1 ¢ “eUs toe ortrt poralel to the len~th of the tad or rather (beca

fm'-':\zhi-s. motion of the comet) divermng a httle from the lige c.uls:n;!hmc;

e -\n&:v weans of this prinaiple I found that the vapor which, Ja uary
1 the extremuty of the t.af begun to nse from the bead before
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proved 1t remains that the phenomena of the tals of comets must be demed
from some reflecting matter
And that the tails of comets do anse from their heads and tend towards the
parts opposite to the sun 1s further confirmed from the lans which the tals
observe As that lying m the planes of the comets orbits which pa.s through
the sun they constantly deviate from the opposition of the sun towards the
parts which the comets heads 1n their progress along these orbits have It
That to a spectator placed 1n those plancs they appear in the parts durectly
opposite to the sun but as the spectator recedes from those planes thewr
deviation begms to appear and daly becomes greater That the devation
other things being equal appears less when the tail 1s more obhque to the orbit
of the comet as well as when the head of the comet approaches nearer to the
sun espeeally if the angle of deviation 1s estimated near the head of the comet
That the tails which have no deviation appear straight but the tails wheh
deviate are hikewise bended mnto a certain curvature That this curvature 13
greater when the deviation 1s greater and 1s more senstble when the tul other
things being equal 1s longer for in the shorter tails the curvature 1s hardly to
be percerved That the angle of dewz v~ hAht
greater towards the other end of the
the tail regards the parts from which
right line drawn out mfinitely from the sun through the comet s head And
that the tails that are long and broad and shine with a stronger hight appear
more resplendent and more exactly defined on the convex than on the concate
side Upon these accounts 1t 18 plain that the phenomena of the tails of comets
depend upon the motions of their heads and by no means upon the places of
the heavens 1 which their heads are <een and that therefore the tals of
comets do not proceed from the refraction of the heavens but from ther ovn
heads which furmish the matter that forms the tul For as in our air the
smoke of a heated body ascends either perpendicularly if the body 1s at rest or
obliquely 1f the body 1s moved obliquely so tn the heavens where all bodies
gravitate towards the sun smohe and vapor must (as we have already sud)
a cend from the sun and either rise perpendicularly 1f the smohing body 15 at
rest or obltquely 1f the body 1n all the progress of its motion 15 alway s leaving
tho e places from which the upper or lugher parts of the vapor had nisen before
and that obliquity will be least where the vapor ascends with most veloaity
namely near the smoking body when that 1s near the sun But becau.c the
obliquity vanes the column of vapor will be incurvated and because the vapor
1n the preceding side 1s something more recent that ts has ascended something
more late from the body 1t will therefore be somewhat more den.e on that de
" ~ ' hat ta defined Iadd
of comets and
ause they may
anse from the mutations of our air and the motions ot our clouds 1n part
obscuring those tails or perhaps from parts of the Milky Way which might
have been confounded with and nustaken for parts of the tails of the comets
d b
asé:?ts:fs:hc 3tmo<phcres of comets may furmsh & supply of vapor grca?
enough to fill so1mmense spaces wo may ea tly understand from the mntys;(’
our own air for the air near the surface of our eirth po sesses a space
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r of the same weiht ard therefore 8 exkinder of arr
h&?!elseewb::;;h:l’nc:‘u: wer ht with a evhinder of water of the same breadth
ard but one foot hgh. But s cvlinder of aar reachung to the ton of the atmos-
phiere 1> of equal werght with a evhinder of water about 33 feet lugh and there-
fore 1f from the whole evlinder of sur the loner part of 80 feet ik taken
away the remsumn~ upper psrt will be of equal wer bt with a evhnder of
- % % A fem thence (and by tie hypottew  confirmed by

22 Bool 17 I found that at the he ol Ol o <~ waw '
rechoned from the earth s urface the air 1s more rare than vath usn a far
greater ratio than that of the whole p.cc witlin tie orbit of Satum to o
<phertesl pace oae 1nch in diameter and therefore af a spt ere of cur air of
bat one inchin thickness  as equally rarcfied with the air st the beight of one
<emidiame er of the carth from t! e carth s urface 1t would £ill all the reons
of the planets to the orb of Saturn and far bevond 1t Therefore mince the ar
at grester di tapees 15 wnmenseh rarefied and the coma or atroephere of
comets 1s ordinanlv about ten times higher rechoning from therr centre< than
the <urface of the nuclets  and the tmlsnse et hugher they mu ¢t therefore be
exceedin Iy rare and ttoush on account of the much thicher aticonpt eres of
comet. and the great gravitation of their bodies to .rd the sun . wella. of
the particles of their air and vapors to vard. cach other 1t masy happen that
the atran the celestial paces and in the tails of come st not <o va_ tly rarefied
yet from thus computation 1t 18 plan that 2 vert  mall quantits of air and
- * e va meaof th 1 af

1
of ther pendor \or 1s the bry htness of the tails of most comets ordinanly
greater than that of otr atr an meh or ¢ vo 1n th chness reflecting 1n o dark
)

that nght line itercects the comet s ortnt §
or the vapor that 15 now mn th
extrenuty of the tat 1f 1t has ascended in a nght line from the sun must hztnlz
"un to nse from the head at the t me when the head was 1 the point of
‘ntersection It1strue the vapor does not nse in anght hine from the sun but
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December 11 and therefore had spent in 1ts whole ascent 45 days but that the
whale tail which appeared on December 10 had fimshed 1ts ascent m the space
of the two days then elapsed from the time of the comet s being 1n its pen

hehon The vapor therefore about the beginning and 1 the nerghborhoad of
the sun rose with the greatest veloaty and afterwards continued to ascend
with a motion constantly retarded by sts own gravity and the hugher st as-
cended the more 1t added to the length of the tal and while the tal con

tinued to be seen 1t was made up of almost all that 1apor which had rsen since
the time of the comet s being 1n its pershelion nor did that part of the vapor
which had risen first and which formed the extremty of the tail cease to ap-
pear tillats too great distance as well from the sun from which 1t recerved its
hight ns from our eyes rendered 1t mwisible Whenee also 1t 15 that the tails
of other comets which are short do not rise from thewr heads with a swift and
continued motion and soon after disappear but are permanent and lsting
columns of vapors and exhalations which ascending from the heads with a
slow motion of many days and partaking of the motion of the heads wlieh
they had from the beginning continue to go along together with them throu h
the heavens From this agam we have another argument proving the cele t |
spaces to be free and without » - 1
-

b

1epler ascribes the ascent of the tals of the comets to the atmospheres of

their heads and thesr direction towards the n - osmte to the sun to the
actwon of * matter of the comets
tails and ppose that i so free

Spaces §0. o & utter as that of the ether may yield to the netion of the rays
of the sun s hght though those rays are not able sensibly to move the gro s
substances m our parts which are clogged with so palpable a resistance \n
other suthor thinks that there may be a sort of particles of matter endowed
with a pnnaple of levity as well as others are s ¢t -

the matter o€ !

from the su

terrestrial b wuuits and therefore can be neither
more nor Jess 1n the same quantity of matter I am inclined to believe thit this
ascent may rather proceed from the rarefaction of the matter of the comets
tals The ascent of smoke m a chimney 15 due to the impulse of the arr with
which 1t 1s entangled The amr rarcfied by heat ascends because its speaific
gravity 13 dimmished and mn sts ascent carries along with 1t the smohe which
fioatsin1t and why may not the tail of a comet nise from the sunafter thesame
manner? For the sun s rays do not act upon the medums which they pery wle
otherwise than by reflection and refraction and those reflecting partile
heated by thisaction heat the matter of the ether which 1s involved with them
That matter 1s rarcfied by the heat which 1t acquires and becau ¢ by this
rarefaction the spearfic gravity with which st tended towards the sun before 18
cirmmished 1t will ascend therefrom and earry along with 1t the reflecting
Juch the tail of the comet 15 compo ed But the ascent of the
her promoted by thetr crreumgyration sbout the sun in con ¢
deavor to recede from the sun while the sun s atmos-

particles of v
yapors 18 furt]
quence thereof they en
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phere and the other matter of the heavens are either altogether quicscent or
sre onlv moved vath a lov er eircumgyTation demed from the rotation of the
the twls of the comets in the
bent into a greater curvature

-t

'
'
mut alnays accompany the head  and treay & it o
tation of the vapors tovards the un can no more force the tails to abandon
the heads and descend to the un t}an the gravitation of the heads ean obhge
them to fall from the tal They mu t by tteir common gravity either fall
torether toward the sun or be retarded together an their common a. cent

o~ f

Ctommon gravitation
The tails thercfore that ne in the perihchan positions of the comet will
goalen with their hea Is into far remote part  and together with the Feads
'will exther return agamn from thence tous after alon,, course of years or rather
will be there rarefied and by degrees quite vam havny forafterwand 1n the
— -

corets are broader at their upper extrenity than near their heads And it 1

and

heir
atmosphere for as the <eas are ab olutely necessary to the constitution of our

earth that f om them the sur byt heat may cxialen ufficient

tapors which being gathered together nto cloud may drop do({::?:gnﬁt
for watenng of the earth and for the production and noun hment of v,
tables or being condensed with cold on the tops of mountmin (as ome phnl‘f:
ophers with rea_on judge) may run down 1n prnngs and nvers o for the

censenation of the <ea. and fluids of the planets comet:
s seem to be ro
that f om their exhalations and. -apors condensed the wastes of the pl:g::“:::\
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The atmospheres of comets 1 their descent towards the sun by runmag
out into the tarls are spent and dimimshed and become narrower at least on
that side which regards the sun and n receding from thesun b = * H
run out mto the tails they are ap n -t

their nn~
heate « 1ongest and most re-
eplent +  aps utthe same ime the nucler are environed mth

a denser and blacker smohe m the lowermost parts of their atmosphere for
smoke that 1s rarsed by a great and mtense heat 1s commonly the denser and
blacker Thus the head of that comet which we have been describing at equal
distances bath from the sun and from the earth appeared darker after1t had
passed by its perthelton than 1t did before for 1n the month of December it
was commonly cornpared with the stars of the third magmtude but in No-
vember with those of the first or second and such as saw hrt®h =~ 3
have desenibed the first as of anee?

Ne

I3
4
o b W
degrees long " s wiich have come mto my hands)

wntes that i the month of December when the tail appeared of the greate ¢

bulk and splendor the bead was but small and far less than that which was

seen 1n the month of November before sun = -~

cause of thepnne ~

quantity of v «  pacualiy spent
And for t¥ wou 1 ungd that the heads of other comets whieh 14

put forth tails of the greatest bulk and ¥ =2

and small For in Brazil March 5

a comet near the horizen and towar « st withabe 4 ~ — 3

scarcely to be discerned but » +h

-0

- U ngth trom the wec (l’
w a 1 to the hort nn P
only )
ereast
up on ° aenang from » 2 L
witha wo  prengor the o8 b
hn

t
comet of 1 t

:1;1;0'?"“8 m th an und obscure (as that of
1080) but the p uw o) is lml was very bright and bike a hupe fiery beam
Strefched out wn a drection betueen the east and north s Henelche has it al o
from Simeon the monk of Durham This comet appeared in the beginming of
Tebruary sbout the evenng and towards the southwest part of heaven from
this and from the position of the tm} we mfer that the head nas near the sun

Matthew Pans 63)8 It was distant from the sun by about e cubrt from three
oeloch (rather snn) il nine puting forth a long tm! Such al o was that re-
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1, ol 16 The whereo,

ot d nt comet descnbed by Anstotle V. d:ar Lzyal L hldMundn !l,lu;
hartng left the sun bu

be for -:'"'lg *! f the heed

enrards

1ead of)

th moon.

- =l mem e tne

3t

m that gy Prorosrrion 42 Prosrey 27
To correct @ comet & orbit found as abore
Oreratiow 1 A.sume that position of the plane of the orbit which was
determined according to the preceding Proposition and <clect three plices of
the comet deduced from very accurate obeervations and at great ditances
one from the other Then <uppose A to repreeent the time between the firct
- - T o AN L

operations the three true places of the comet 1 that assumed plane of the

fret observation and the <econd and E the area between the second and third
and let T represent the whole time m shich the whole area D-+E should be
de<fnbed with the veloaity of the comet found by Prop 16 Book 1.

t
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The atmospheres of comets n themr descent tonards the sun by runmng
out mto the tatls are spent and dimimshed and become narrower at least on
that side which regards the sun and in receding from the sun when they less
run out nto the tails they are again enlarged if Hewelcke has justly marked
their appearances But they are scen least of all just after they have been most
heated by the sun and on that account then emit the longest and most re-
splendent tails and perhaps at the same time the nucler are environed with
a denser and blacker smohe in the lowermost parts of their atmosphere for
smoke that 15 rmsed by a great and intense heat 1s commonly the denser and
blacker Thus the head of that comet which we have been desenibing at equal
distances both from the sun and from the earth appeared darker after1t had
passed by 1ts perihelion than 1t did before for i the month of Decerber 1t
was eommonly compared with the stars of the thurd magmtude but in No-
vember with those of the first or second anl1  * s
T

N t
P - sl sndat th ¢ tune it shone with
greater biehine w - November 20 05

observed 1 ts tai being then 2
degrees lor “ wioter (by letters which have come snto my hands)

wntes that i the month of December when the tail appearcd of the greatest
bulk and splendor the head was but small and far less than that which was
seen 1 the month of November before sun nsing and conjecturing at the
cause of the appearance he judged it to proceed from the existence of a greater
quantity of matter in the head at first winch was afterwards gradually spent
And for the same reason I find that the heads of other comets which did
put forth tails of the greatest bulk and splendor have appeared but obscure
and small Forin Brazil March 5 1668 N5 7> rat Valentin Estancel saw
a comet near the honizon and towards the southwest with a head so small a8
searcely to be discerned but with a tail sbove measure apl nd A~ = b4
reflection therenf ¢ ~— *
1t looked hke
south almost vizon But this excessive splendor continued
only three days decreasing apace afterwards and while the splendor was de-
creasing the bulk of the tail increased alsa in Portugal it 1s satd to have tahen
up one quarter of the heavens that s 45 degrees extending from west to east
with a very notable splendor though the whole tall wasnot seen i #1 n ar
because the he d = 1 t

the
ther «  uuweenvery near toit mits penihelion 2s

tbe comet of 1680 was And we read 1n the Saron Chronicle of a lthe comet
appearing 1 the year 1106 the star whereof was small and obscure (ns that of
1680) but the splendor of us tarl vas tery bright and like a huge fiery beam
stretched oul i a direciion between the east and north ns Hc'.\elcklc has it :llsg
from Simeon the monk of Durham This comet appeare I tha b =

- 1 1

g 3 w w  glum e sun by aboul a cubit from three
o clock (rather sn) il nune putting forth a long tail Such al o was that re-
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wesin T25°30 15 with™ 8 53 north latitude the

gngﬂfﬁ“o;?\nn; was @ TOF 1, 15 wih 5 28 16 north lstitude
another star of the seventh magmitude which Teall A wasan T 25°24 4o
with§ 28 33 north latitude The comet Feb 4 7% 30= at Pans (that s
Feb 4 8 3¢ at Danng) os made a tnangle with those tars v and A
whith was nght angled i y and the di tance of the comet {rom the tar v was
equal to the du. tance of the stars yand A thatis 1 19 46 of a great aircle
and therefore 1n the parallel of the latitude of the star 5 1t was 1 20 76
Therefore if from the Jonmtude of the tar 4 there be subtracted the lonmtude
1 9% there will remam the longitude of the comet T ™9 49 N
Auzout from thisobrervationof bt placed the cometin T20 nearly and
by the drawing 1 which Dr Hooke delneated 1ts motion 1t was then m 7
2569 "4 Iplacertm T2 4 46 taking the mddle betneen the two
€

“met at

made it

v being
equal to the difference of the lonmtuuc v w

February 254 ; 30> at London thati February ®>¢ 8% 46= at Danng
the & tanee of the comet from the tar A according to Dr Hooke = obena
tion 23 was delinested by himself in a <cheme and also by the obser ations of
M Auzout dehoested in like manner by M Petit was & fifth part of the dis-
tance between the tar A and the firt star of Ariex or 13 57  and the distance
of the comet from 3 nght Line joung the tar A and the first of ines wasa
{ourth part of the same fifth part that1 4 and therefore the comet was in
T2°29 46 with§°12 36 north latitude

March1 “* 0= at London that1. March1 8 16* at Danng the comet
was obeerved near the second star in Artes the di tance between them beng
10 the ditance between the firt and <econd stars 1n Anes thatis to 1 33
23410 45 aceording to - MO tomes
And therefore the di

816 according to Dr \lur::
3 mean betreen both thad
fm}ebeyond the<econd star of Anes about & fourth or a hith part of the space

)
4

t  mmonlv went overmaday towmt aboutl 3 {in whach he agrees
- -t

with §°36 26 north latitude
March ¢ 30" at Pans thatis March ™ 7% 3 = at Danng from the
%

w2345 or46 or talungamesn Quantity 45 3 and theretore tue comel s us
n L A - b f

vards the end of the motion and
Heveln
obeervations sshich he constructed h;.;lf“io‘:e:?;?ﬁmg iy oo &

his uregular eurvature
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Orer 3 Retaming the lonst A

n Yo
!
z » aound m this new
I v~ yuassing through them and the two areas of the same
described between the observation which call 3 and e and let r be the whole
time in which the whole area 54-¢ should be deseribed

Then taking CtolasAtoB and GtolasDtoL andgtolasdtoe
and y to 185 §toe let S be the true time between the first obseryation and the
third and observing well the signs ++ and ~ lot such numbers m and  be
found out as will make 2G~2C=mG~mg-+nG—-ny and 2T—28=mT-mt
+nT~nr And if 1 the first operation I represents the inelination of the
plane of the orbrt to the planc of the ecliptic and I the longitude of either
node then I4-7Q will be the true inchnation of the plane of the orbit to the
plave of the echptic and X+mP the true longitude of the node And lastly
1f in the first second and third operations the quantities R 7 and p represent

the parameters of the orbit and the quantities % 21' é the transverse dimeters

of the same then R-mr—mR-+np—nR will be the true parameter and
1

PR ey goreey vy will be the true tranavarce 1 i
4k

¢ p  vaiy umes of the revolutions of
4 auu Lue transverse diameters of their orbits cannot be aceuratels
enough determined but by comparing comets together which appear at differ
ent times I after equal intervals of time several comets are found tat
described the same orbrt wemay b
the same comet revolved n the s
revolutions the transverse diamet 1 oruits will be gven and from
those diameters the elliptic orbits themselies v 1 he 7

To this purpe » »
those orints to
phenomena as « patavptic orbit of the comet of the
year 1680 whien 1 compared above with the observations but likewse from
that of the notable camet which appeared 1n the ycar 1664 and 1G6u and was
observed by Hewelehe who from lus own observations caleulated the long
tudes and latitudes thercof though with hittle accuracy But from the same
observations Dr Halley did again compute 1ts places and from those new
places determuned its orbat finding 1ts ascending node 1n x 21 13 55 the
1nchination of the orbit to the planc of the ecliptic 21 18 40 the distance of
its perthelion from the node estinated 1 the comet s orlut 49 27 30 s
perthchon m & 8 40 30 with heliocentnic latitude south 16 01 45 the
comet o have been 1n 1ts pershelion November 24¢ 118 52= pat equal time
at London or 13% 82 at Danzig os and that the latus rectum of the parab-
ola was 410 286 of such parts as the stn m = & 3

3

In §ebruary the beginning of the year 160u the first star of Anes which T
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and <o made the Istitude of the comet §° 55 30 And by further correct.ng
{s wrregulanty the latitude may become 8° 56 or 8757
This comet wasalso scen March @ and at that timeat. place mu t havebeen
my 0" 18 with ¥ 334 porth latitude pearlv
This comet appeared for three months o which pace of time 1t traveled
over slmost s1x mgn_ and 10 one of the days desentbed slmost °0 degrees Tta
course did very much deviate from s grest circle bending towzrds the north
2.4 1ts motion toward. the end from retrograde became direct and notmith-
stnding that 1ts course Was <o untommon yet by the table 1t appears thst
the theory from beginning to end agrees with the ob~ervations no less secu
retely than the theontes of the planetsusually do with the ob<crvations of them
but we are to <ubtract sbout 2 when the comet was <wiftest which we may
efect by talong off 17 from the angle between the ascending node and the
peribelion ot by making thot angle 40° 2" 1§  The annual parallax of both
~rored ¢l was very con.picuou  and by its quan
the earth in the earth  orbit
he motion of that comet which o the
year 1683 appeared retrograde 1n an orbat whoee plane contamned almost o
r.ht angle with the plane of the echptic and  howe ascending node (v the
computstion of D H.ilev) wa in 17 23° 23 the inchnation of 1ts orlnt to
th echpt:e 83°11 1t peribehonin x 25 ”9 30 1t penhehsndi tance from
the cun 5 070 of such parts 2 the radws of the earth s orbit contams 100 000
ard the tune of 1ts perihelion was July 22 3 50% And the places thercof
mmpute'd; by Dr Halley 1n this ortut are compared wath the places oberved
! - 4 R 1 wne table
1} e motioa of that retrograde comet
cending node of this (by Dr Halley s

Comet | Larvtude | Comer
E iatorwl Simy | tomcinte | i | toncte | ok | St | s
o Rees | et | com : p
uiod | oheerred | terend Vomooutd ta. ode
4k m
Jegx =
SRR IQNIE DN P13 64,797 | 4100200
S e T T R e PR
nuw| 10 “leﬁgfw E i et
1l snwissnliie
SU s 1 %2 32rsaiag g7 ' Tl
37 olas 2y ag ~
BoL 1500 2577 35 ’%2522‘..12-,; e on or
AL THis 5| 41 F z
4 2L 0T 15 250032 S he bt
51610 5284 31728
€048 e 0 211820 71 10 4 i B
9{ 2165231 1]
616 91 235545 "4 2z ' H D] ]
2247 5{ Mo B 5
TR bRt Rt B
13m) amy o1
BI510) 343 % 043 g i el I i
311l o4 sl
181 41 sqsx;'u.;s.s;} 1115\1{:;52'23;;3 _;:5_03
345 ¢
Souh Souk
214 4 9:»4) n l
215 ] 1038 4 7;112'::?‘89 1.11071,5155; e b
15 2} 1331107 $ 45 l1g 35 OTii:;’?lg:l!:":) lalns
~1231l 50
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Appa ¢ The pl ¢
btm ¢ The be ddst ne of thecomtf m Theob:mdp(zu- ¢ mputed |
Dn g the orhit
- V¥ —_—
December
dh m TieTions heart 4624 20 | Long = 701 =719
3 18 29} The Virgin s sprle 225210 [ Lat 8 2139 21 38 o0
—_—
418 1y The Ion s heart 46 245(Tong = 15 = 616§
“ The Virgns spike 235240 | Lat 8§ 2024 2° 0
— — > st
717 48 The Lion s heart 4148 0o Tong = 3 ¢ = 3 73
The Virgin s spike 27 56 40 | Lat § 25 22 % 140
—_—
17 14 43 TheTions heart, 831515 | Long o 235 8 25 0
Orion s nght shoulder 4 4330 Iat s 49 25 950
19 92 Procyon 3513 50 { Long X 28 40 X 2843 0
¥ DBreht tarof W halesjan 256 0 T4t § 45 48 4,46 0
20 953y Procyon 40 49 0| Long x 13 03 X150
“ Brt htstar of Whales jan 40 04 o Lat 8 39 54 3953 0
[
21 9 g15 Oronsnghtshoulder 262125 Long x 216 X 21830
£ Brgl t star of Wi ale s % %98 0|Lats 3341 33 39 40
2 90 0 Orion s right s} oulder %947 0| Long 1w 2194 ¥ 24270
Brigt ¢ star of W hale s jaw 20 29 30 | Lat S 27 45 2746 0
- -
26 758 Thebrghtstarof Ares 2320 o Long ¥ 9 ¢ ¥ 9 228
Aldcbaran 644 0 Lat § 12 36 12313
— g
27 645 The bright star of Anes 20 45 OfLong w 7 540|w 7 845
Aldebaran 2810 0| Lat S 1023 0o 102313
28 739 The bright star of Ares 1829 o Long Y 52145 ¥ 52752
Palthieium 2037 0)Lat S 8 2° 50 87337
_—
31 64 Andromeda g rdle 304810 [ Long yw 2 740 2870
Pal hewum 325330 | Lat S 413 0 41675
Ja 1665 Andromedas girdle 2511 O] Long 7 28 24 47 28240
7 737% Pallicum 37122 [Iat N 05t 0 0.3 0
70 Andromeda 8 head 8 710 (Long T o7 ¢ vl 27 639
1 Palil cium 3357 [Lat N 3 630 3 740
Andromeda 8 girdle 2032 1o { Long 7 26 29 15 & 850
27 olicum 0 50(Lath 525 0] 560
6 | 55
February Long 727 146|724
7 837 Lat 732 7 31
Long T 282046{ p 39958
2z 846 Lat N 81236| 81025
8 20
March lotg T 918157 91
1 816 Lat \ 836 ¢ 836 12
Leng ¥0 ?248|w 0 242
7 837 Lat \ 8 6 30 8 €5
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From these examples 1t 18 abundantly evident that the motions of comets

han the motions of the plan
t~ tec  urately represeated by our theory t 1an Lhe I e of tht
wy X°
- » h t%tol tromties uata v ou

this comet But thewe things are to be
pace of 45 years the ame comet hall
otl er comets seem to a.cend {o greater
hoeights and to require a longer tume to perform t} eir revolutions
But becsuse of the great number of comets of the great i tance of ther
aphehions from the un and of the lowness of their motions 1n the aphelions
they will by their mutual gravitations disturb each other <o that their eccen
tricit es and the times of therr resolutions will be sometimes a hittle increased
and sometimes dimumi.hed Therefore 1 e are not to expect that the <ame
comet will return exactly 1n the same orbit and 1n the same penodic times 1t
will be ufficient 1f we find the changes no greater than may arse from the
causes ju.t poken of

And bence a reason may be assigned why comets are not comprehended
- a

ance f om their mutual gravitations and hence 1t 13 that the comets which
descend the Io et and therefore move the love.tin thewr aphelions ou ht
also to ascend the hy hest

The comet which appeared 1n the 3 ear 1680 was 1 1ts perihelion less distant
from the sun than by a ixth part of the sun s d ameter and beeay e of its
extreme velocity 1 that prosumity to the sun and some density of the suns
:tﬂos'ghtm 1t must have rufered ome re«xft:uzce and retardation and there-

. - PN - [
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computation) wasin ¥ 21 16 30  the tnclnation of its orbit to the plane of
the echiptic 17 56 00 1ts perthelton m = 2 52 50+ na-t

from the sun 58 328 part oF 3

anne
I3

Sn lComld Laxt}:ie IC' nt; Lumx;:ie ’Dx! /D\[

ot de nort) o nord erenc | ference

Aep tme Pec | o mptd |emputd| obered | ab reed [l g d |t de
d hm

Aup 181638 [P 7 O 7(R18 14 28125 50 7|08 14 40/20 40 55| ~0 12{ +0 12

20 1538 | 755 52] 24 46 23{26 14 42| 21 46 226 12 57| 40 1] +1 80

21 821 8 36 14] 20 37 15{26 70 3| 79 33 0726 17 37| ~0 47{+2 26

22 8 8| 93355 62053|26 8§42/ 630 3)26 7 1] -0 10 +130

20 08 20 { 16 22 40{=12 37 54|18 37 47{=12 37 49{18 34 5|40 5{+3 4

30 745] 171041} 1536 1{17 26 43] 15 35 1817 27 17} 40 43} -0 3}
Sept 1 7334 1916 9 20 30 53{15 13 0] 2027 4[15 9 49) 43 49| +3 i1
4 722] 221128 2542 0[12 23 48{ 25 40 58{12 22 O]+l +148

5 732] 231029 27 046{113308] 2659 241133 51f 412 {-043

8 716 26 558 2058 44] 026 46] 2058 45 92643[ -0 1{+0 3

9 7261 27 5 OMO4410] B4910[M 0 44 4| 848 25| 4D 614045

This theory 15 also confirmed by the retrograde motion of the comet that
appeared n the year 1723 The ascendmg node of tins comet (according to the
computation of Mr Bradicy Savihan Professor of Astronomy at Oford) nas
i T14 16 thenchnation of the orbnt to the plane of the cchptic 49 89 Its
perthelion wasin ¥ 12 15 20 ats penhehan distan » € ~~
parts of whieh the radws of the earth s orbit con
time of 1ts perthehion September 164 162 10%
puted m thisorbat by M » -
himself his uncle Mr Pc

———— e e
1723 Conets Latuiude Comet 8 Latuude
Equatorial 1 quude north longutude worth | |DufferencelD ference
q’t‘fmc obs?:n ed obsered con puted | computed ! qutude] latitude
dh m
Ot 98 5 | =72215) 5 2 0| =721°6} 5 247} 449 —47
10 6 21 641 121 74413 64147 74318} 50 +5a
12722 53058 1155 ¢ w4018 [ 11 54 w5 ~21 + 5
14 8 57 45949 ] 14 43 50 5 0371444 1| ~48 -11
156 35 447 41 | 15 40 51 447401040051 -4 -4
21622 4 23211904149 4 22111042 3| +11 -4
22 6 2¢ 358 21720 812 35010{20 817 - 8§ g
248 2 3 522070 5518 355111255 9} +18 + 9
29 8§ 56 3 56 17 1 22 °0 27 3.64212°°010] ~2o +17
30 6 20 388 9(72328 3.817(723212) -8 +16
Mo 5553 416 301233833 4167312338 71 +7 +76
87 6 42936124 430 4204128 440] —18 -10
14620 5 2161 48 46 5 20124481061 ~3u +30
20 7 45 54290 | 20 24 45 54313{% 2217 ~& -3
Dee 7045 8 41326118 8 355{26534> +I18 +36
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Tar hypothes of vortices 15 pressed with mary diffieuilties That evers planct
br & racius drawn to the <un may desenbe areas proportional to the times of
description the periodie tunes of the several patts of the vortices hould ob-
<erve the equare of their du. tances from the un but th.t the penodic times of
the p.anets mav obtan the 3/th pawer of therr dr.tances from the sun the
periodic tumes of the parts of the vortex ought tobe s the 3/th power of thar
dt .snces. That the <msller vottices may mantan ther Jeser res olutions

' and undt turbed
parts of the uns

lanets about thar
aves which ought to correspond  1th the motions o Lud 1 vortices recede far

from all these proportion.. ‘The motions of the comet are exceedin,ly regular
are governed by the same la 5 vith the motions of the planet  and canbn no
measbe ceounted for by the bvpo hests of vortices for comets are carned

- IS

atmosphere 1n the<e spaces  here there 13 no air to re<1.t thewr mouon. =il
e> will mo e nith the greatest freedom and the planets and comets wall
con.tantly pursue their revolutions in orbit @ven in hind and poaition ac
cordin to the lawe above explaned but though these bodies mav 1ndeed
continte m their orbits by the mere laws of gravity yet they could by no
mmeans have at first dertved the reular position of the orlats themselses from
those laws
The «xx pnmary planets are revolved about the <un 1n eircles eoncentne
w1 b the sun and with motions directed to ards the ame parts and almo.t
10 the game plape Ten moons are revol ed about the earth Jupiter and Sa
W i arcles concentne with them with the .ame direction of motion and
cearly m the p.anes of the orbits of thoe planet  but 18 13 not to be conceived
that mere mechameal causes could guve birth to so many regufar motion.
:mc: the comet ranve over all part of the heavens n very eccentne orbit
or by that hind of motion they pass eazhy through the orbs of the planet.

T ner b
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may pass for new stars Of this hind are such fixed stars ag appear on 2 sudden
and shine with a wonderful brightness at first and afterwards vamsh by httle
and little Such was that star which appeared 1n Cassiopern s Charr which
Cornelis Gemma did not see upon the 8th of November 1572 thou,h he was
observing that part of the heatens upon that very night and the Ly was
perfectly serene but the nevt mght (November 9) he <aw 1t shining much
brighter than any of the fined stars and scareely nferior to ¥ enus in splendor
Tycho Brahe saw 1t upon the 11th of the same month when 1t shone with the
greatest lustre and from that trme he observed 1t to decay by httle and Little
and m 16 months time 1t entirely disappeared In the month of Notember
when t firet nna a2 hat of Venus In the month of
Dec was now become equal to that
of J sy veuualy 1040 18 was less than Jupiter and greater than Sinus

magmitude 1n June July and August to a star of the thied magmtude

September October and November to those of the fourth magnrtude 1n De-

cember and January 1574 to those of the fifth 1n Tebruar to those of the
- 1

g thm— ~ gmning
A\ yellow
s May 1t

tuuwuw vasnuor uushy whiteness like that we ob erve in Saturn and that
color 1t retamned ever after but growing always more and more ob cure Such

the atmospheres of the plancts by their gravity and there be conden.cd and
turned nto water and humid spinits and from thence by o slow heat pass
gradually mnto the form of salts and sulphurs and tinctures and mud and
clay and sand and stones and coral and other terrestrial substances
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And the same argument must apply to the celestial paces above the earth s
atmosphere 1n these spaces where there 15 no aur to resist their motions all
bodies will mo e with the greatest freedom and the planets and comets will
constantly pursue their revolutions 1o orbits given i kind and position ac
cording to the laws above explammed but though these bod es may 1ndeed
continue in their orbits by the mere laws of gravity jet they could by no
means have at first derived the regular position of the orbits themselves from
those laws

The ax pnman planets are revolied about the sun m arcles concentne
with the sun and with motions directed towards the same parts and almo.t
iz the same plane Ten moons are revolved about the earth Jupiter and Sat
urn 1n eircles concentne with them  1th the ame direction of motion and
cearly m the planes of the orbits of those planets but 1t 1s not to be concerved
that mere mechanical causes could gmve b rth to so many regular motions
€ince the comets range over all parts of the heavens 1n very eccentnc orbit
for by that hand of motion they pass easily throuh the orbs of the planets
ang \mi: great n:.np;cmy and 1n the r aphel ons where they move the lone t

nd W . [N

laxed stars are the centres of other hike systems the e being formed by the like
Wise counsel must be all ubject to the dormmon of One especually since the
369
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hght of the fined starsis of *

every system hight passesin

fixed stars should by their

systems at 1mmense distanc v a ulner
This Bemng poxern 1 2
all and on
Twp or Unn ’ “ av A4 o
ants »1Nn
who L alts 1he dupreme

God .. 4ewna mbmte absolutely perfect but o beng however per
fect without dormmon cannot be said to be Lord God for we say my God
your God the God of Israel the God of Gods and Lord of Lords but we do
not say my Dternal your Eternal the Lternal of Isracl the Dternal of Gods
we do not say my Infinite or my Perfect these are titles wt ¥ h =)
respect to servants Ther~ 477

a God It1s the dommior

supreme or imagmary d w e wa LUe supreme or imagmary God
And from hus true domnton it follows that the true God 13 a hving mtelligent
and powerful Being and from his other perfections that he 1s supreme or
most perfect He 15 eternal and mnfinite ommpotent and ommseient that 13
Ius duration reaches from etermty to etermity his presence from snfimty to
nfimty he governsall things and knowsall thingsthat an =% 3 ¥

1 not etermty = -

but he endure

and by existu wma © L yWHEIC e constitutes duration and space
Since every particle of space 1s aluays and every mdvisihle moment of dura

tion 1s ererywhere certanly the Makerand In A nf 0 b~ 3¢ neter
- tes and

There

w wulatiol coexistent parts i space but neither

the one nor the other 1n the person of & man or his thinkig prineiple and
much less can they be found 1 the thinking substance of God Lvery man s0
far os he 1s 2 thing that has perception 1s one and the same man dunng his
whole Iife 1n all and each of hus organs of sense God 15 the same God alnays
and everywhere He 1s ommipresent not vtrfually only but also substantially
for virtue cannot subsist without substanece Tn} m? = b !

ned van

andma %

1

ot a8 nueessandy  and by the same necessity he
1Dr Pocock dertvesthe Latine AP

«  niruteronomy 4 39 m;d 21;);;2?3;_1:6
7 Job 22121314 Jercrma!
in Psalms 139789 Sclomon in I hungs 8 4 Jeromnl 233324 Th
1dolaters supposed the sun xnaxém:zlJ udnd‘ stars n;;;:uls of men and other parts «

ta be parts of the Sup but
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A4 s here Whenee aleo he 1s all mmilar all eye all ear all
ad toact butnaman
al 1m & manner utterly
ohave we noidea of the
rstands all things Heis
serefore neither be seen

norheard nor touched por ought he 1o be worsi ped under :hc l:e;grcsex‘x‘tut:n:

smell only the mells and taste the savors but therr mwara suustiites 8¢

to <ee to speak tolau h to fove to hate to desire to gie to receve to
rejoice tobe angry to fight to frame to work tobwld for all our notions of
- v - - 1w

natural phulosophy

Hitherto we have explamed the phenomena of the heavens and of our sea
by the poner of gravity but have not yet assigned the cause of this poner
This1s eertamn that 1t must proceed from a cause that penetrates to the very
centres of the sun and planets without suffenng the least diminution of its
force that operates not according to the quantity of the surfaces of the par

ticles upon which 1t acts (as mechamica] causes used to do) but according to
the quantity of the sobid matter which they contan and propagates its virtue
on all sides to immense distance decreaing alnays as the 1nverse square of
the distances Gravitation towards the sun is made up out of the gravtations

towards the several particles of which the body of the sun 15 composed and in
receding from the sun decre:

ases aceurately as the mverse square of the dis-
tances as f - e - R e

of the aph

comets if

::). d-\scn\e t_he cause of those properties of gravity from phenomena and I
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does really extst and act according to the laws which we have expluned and
abundantly serves to account for ~ll the mations of the celestial bodies and
of our sea

A“d nn a v ot 23

1

fo w teu unu neats bodies and all sensation s exated and the mem
bers of animal bodies move at the command of the will namely by the vibra
tions of this spirit mutually propagated along the sohd filaments of the nerves
from the outward organs of sense to the brun and from the brain 1nto the
muscles But these are things that eannot be explamed i few words por ate
we furmished with that sufficiency of experiments which 1s required to an accu
rate determination and demonstration of the laws by which this electric and
elastic spirit operates



OPTICS



]



CONTENTS

Apvermt EMENTS TO FIRsT AND SECOND Lomrio 8

BOOh ONE
azr
1 Derrvmions I-VITT
Axions I-VIIT
Proro mon [-VIIT
Il Proro mmo sI-\1
BOOL TWO

1 Observat ons concermy g the veflenians r fr ctions and colours of thin
tr neparent bodies

Remarks upon the for gong obserrations

Of the perma ¢ 1 colours of nalur ! bodes and the analogy betwreen

th m and the colours of th n transparent pl tes (Proposttions 1 XX)

Obserr  ons concern g th 1 flenions  nd colours of thiek tr neparent
pols} d plales

=]

BOOI THRLCE

1 Obserrat ons concern g the v flzwons of th v ys [ hght, e d the
el made thereby

Quemes 131

39

387
44

454
40

478

476

516






ADVERTISEMENT TO TIRST LDITION

d course about hight was sritten at the desire of some
e

.

s

of
+ e d which were stnee put together ouL Ul “a o d

prevmled upon me If any other paperswrit v lins u 3« o
hands they are imperfect and were perhaps wntten before T had tned ali the
evperments here set down and fully <ati fied my=elf about the laws of refrac
tions and composition of eolours T have here publi hed what I think proper to
come abroad wishing that 1t may not be transtated wto another language
wihout my consent

‘The erowns of colours which sometimes appear about the Sun and Moon I
haveendeavoured to gtve an account of but for want of sufficient observations
leave that matter to be further examined The cubject of the thurd book 1 have
alsofeft imperfect not having tned all the expeniments which [intended v hen
T was about these matters nor repeated ome of those which Tdid try until I
bad sats fied my<elf about all their eircum tances To communicate what T
have tned and leave the rest to others for further enquiry 1s 21l my design in
publLhing these papers

In a letter wntten to Mr Le btz in the year 16 9 and published by Dr
Wallis T mentioned 2 method by which T had found some general theorems
sbout quann curvilinear firures or comparing them with the conic <ections
or other the simplest figures with which they mav be compared And some
yearsago [ fent out & manu.enpt contamm,, such theorems and having simee
met with some things copied out of 1t T have on this occasion made 1t publ ¢
prefiun  to 1t an Introd and sub, & Schol thst
method And I have joiped with 1t another small tract concerning tl e curvy
lnea fimures of the <econd hind  huch was al o wntten many jearsago and
made kno T to some friends who have sobeited the making 1t public

Apnll 104 N




ADVERTISEMENT TO SECOND EDITION

In this Second Edition of these s 11
Rl Lo

p
at L dutsuons And to shew fhat
dc &« Ly I0r an essentig] Property of bodies Thave added one ques

July 16 1717
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BOOK ONE
Part I

Mt design 1 this book 13 not to explan the properties of ight by hypothe<es
but to propose and prove them by rea.on and expenments 1 order towhich I
shall prerise the foltowing defimtions and axioms

DEFINITIONS

DEFINITION 1

By the ra s of ight I understand uts lea.t parts and those a3 well successire 1n the

same lines as contemporary in sceeral lines
For 1t 15 mamfest that hght consists of part both successive and contem
porary becausen the same placeyoumay top that which comes one moment
=% L agwees n 1t and in the <ame time you may
ht which
hght or

hght or
propagated alone or do or suffer any thin, alone which the rest ot the hght.
doth not or suffers not I call a ray of light

DEFINITION I

e emad ’

the lumunous body to the body Wlununated and the refraction of those rays to
be the bendin o brealang of those Lines 1n their passing out of ore medum
into another And thus msy rays and refractions be considered 1f 1 ght be
P opagated n an instant But by an argument taken from the equations of the
tumes of the eclipses of Jupiter s satellites 1t seems that hght 1s propagated in
tme pendin  nits passage from the Sun to us about <even minutes of time

and therefore I bave chosen to define ra
ys and refractions m such
terms as may agree to light m both cases genent

. DEFINTION IIT

thAs 1 hight pass out of a glass into axr and by bewg inchined more and more to

© common surface of the glassand air begins at length tobe totally reflected
39
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by th + I3
cop
mos
DETIMTION IV

The angle of 1ncudence 15 that angle which the hine described by the sncadent ray
1 wilh the perpendicular to the refl or refraching surface at the pont of
wncrdence

DLFINITION V
The angle of reflezion or refraction 1s the angle which the line described by the
reflected or refracted ray cont h with the perpendicular to the reflecting or
refracting surface at the pont of wncidence

DEFINITION VI
The sines of wncrdence reflexion and refraction are the sines of the angles of
wnedence reflezion and refraction

DLTINITION VII

The light whose rays are all alike refrangible I call Stmple Homageneal and Sum
dar and that whose rays arc some more v £ ann 17 han others I call compound
N

1 would affirm 1t o m all

v v oa
those their other

DLIINITION VIII

The colours of homogeneal lights I call primary homogeneal and simple and
those of helerogencal ights heterogeneal and compound

For these are always compounded of the eolours of homogeneal hights as will
appear 1n the following discourse

AXIOMS

AXIONM I
The angles of reflexion and refraction lic 1n one and the same plane unth the angle
of wncidence
AXIONT 1T
The angle of reflerion 13 equal to the angle of madence
AXIONM 111

If the refracted ray be returned directly back to the pownt of tnerdence 1t shall be
refracted wnio the line before described by the sneident ray

ANIONL IV

1on out of the rarer meduum nto the denser 13 made touards the perpendicii

Refract the angle of refraction be less than the angle of incidence

Jar thatis so thal
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ARIOM A
The sire of ineudence 13 erther accurately or very nearly sn a guen rafto fo the stne

¢+ refrachonas4 tod lf outorawrmug ds e

K crmnn g

trom A1ntue uue Ll 4
or refracted and T would know
+ htl er this ray shall go after re-
flewon or refraction T erect upon
the urface of the water from the
pomt of incxdence the perpendicu

lar CP and produce it downwards
to Q and conclude by the first
Axiom that the ray after reflewon
andrefraction hallbefound some-
where 1n the plane of the srgle of
1neidence ACP produced Tlet fall

herefore upon the perpendicul

CP the sine of wetdence AD and
Q 1f the reflected ray be desired I
Fg1l produce AD to B so that DB be

equal to AD and dran CB For
thus hine CB _hall be the reflected ray the angle of refleion BCP and ats .ine

BD beng equal to thean le and 1ne of neidence as t! ey ought to be by the
second Axiom But if the refracted ray be desired I produce ADtoH othat
DH may be to AD asthe 1me of refraction to the sine of incidence that 1s (f

on the ine PQ thus e TF hall be the e of refraction of the ray CE the

angle of refraction being ECQ and this sine EF 13 equal
to DH and
quently 1n p oportion to the sine < e

ofoad e AD 253 to 4 P
nlikemanner 1if therebeapnism
of glass (that 15 a glass ho:nded C
th two equal and parallel tnan
gular ends and three plan and
ell polished mdes which meet
three parallel hines running from
the three angles of one end to the
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three angles of the other end) and ¢ ©

erossth »—
transy
throus

1
nha
C

o
tio

suu L the b
ay lurthe ned -

w  sorittheswe
stne of refraction as 17 ta 11 thesme
the contrary be to the swno of refrac

wy v tmrd Asaom

Much after the same manner 1f ACBD [Iig 3} represent a glass spherically
convex on both sides (usually called a lens such as 1s a burnmng glass or
spectacle glass or an object-glass of a telescope) and 1t be required to hnow

Fig 3

how hght fallmg upon 1t from any lucid pomnt Q shalt be refracted ¥+ M\T Mi

present a ray falling upon anv noné

1t

by -
i v b thatray immennens ©
gla. w uneupon N oapld thee 2
¢
AXIONM Vi
T

p s either accuralely or without

¢ crior And the same thing will happen if the rays be reflected or 1¢
Jracted successucly by tuwo or three or more plane or spherical surfaces

The point from which rays diverge orte h »

their fae 4=
or re
abc

C

T

- I

3
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and a perpendiculsr to that plane And o this per
i;icﬁtz;:g;ced ta(;?g that ¢C be equal to QC the poist ¢ halibe the
foru. of the reflected ravs or if ¢C be taken on the same sde of the plane mith

quL 1 Q E49T

Fig 4 Fig 5
QC and 10 proportion to QC as the ane of medence to the 1ne of refraction
the paint ¢ _hall be the focns of the refracted rays

[N N

co~tinual proportional. and the point Q be the focus of the eident ray L
patnt ¢ hall be the focus of the reflected ones.

Ca.£3 Let ACB [Fig 6] be the refracting <urface of anv phere whose centre
1s E In anv racdius thereof EC produced bo h wavs take ET and Ct equal to
oze another and severally 1n <uch proportion to that radius as the fesser of the

A
Q T E g ’ 1

Fg 6

=zes of ineidence and ref: hath to the duff; of those sine< And then
1f1n the same Line you find any two pomnts Qand ¢ othat TQbe to ET as 2
toty takn,, g the contrary wav from f which TQ Leth from T and if the point
Qbe the focu, of anv ineident ray~ the point g hall be the focus of the refracted
coes

And by the same means the focus of the ravs after two or more refexions or
refractions may be found.

Car 4 Let ACBD [Fig "} be any refracting len phencally convex or
coneave or plane on either ude and let CD beats axs (that t» the ke which
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said crrcle in T and ¢ and theremn take fg 1 such proportion to (L as T or TF
hath to TQ Let tg hie the contrary way from ¢ which TQ doth from 1 and ¢
shall be the focus of the refracted rays without any cnsible error provided the
pomnt Q be not so remote from the s nor the lens so broad as to make any of
the 1a3 s f2ll too obliquely on the refracting surfaces

And by the like operations may the reflecting or refracting <urfaces be found
when the two foer are given and thereby a Jens be formed which shall make
the rays flow towards or from what place you please

So then the meamng of this Axiom 15 that if rays fall upon any plane or
spherical surface ar lens and before their inaidence flow from or towards s
pont Q they shall after reflevion or refraction flow from or towards the point
¢ found by the foregoing rules And f the mcident rays flow from or towards
several ponts Q the refleeted or refracted rays shall flow from or toward o
many other pomts ¢ found by the same rules W hether the reflected and re-
fracted rays flow from or towards the point ¢ 1s castly known by the situstion
of that pomt Forif that pont be on the same stde of the reflecting or refractin
surface or lens with the point Q and the maident rays flow from the point
the reflected flow towards the point ¢ and the refracted from 1t and if the
maeident rays flow tonards @ the reflected flow from g and the refracted to-
wards1t And the contrary happens when ¢ 1s on the other side of the surface

AXION VII

Whererer the rays which come from all the points of any object mect again in o
many potnds after they have been made fo comterge by reflection or refrachion there
they will make a preture of the object upon any white body on which they fall

So1f PR [Tug 3] represcnt any objeet without doors and AB be alens phiced
at 2 hole m the window shut of a dark chamber whereby the rays that come
from any pomnt Q of that object are made to converge and meet again i the
powt ¢ andf 2 sheet of wlute paper be held at ¢ for the light there to fall upon
1t the picture of that object PR will appear upon the paper ints proper shape
and colours Tor as the hight nhich comes from the pomt Q goes to the pont ¢
so the hight wiich comes from other pomnts I and R of the object will go to <o
many other correspondent points p andr (151s mamfest by the sixth iiom) so
that every pomt of the object shall illuminate a corre pondent pont of the
preture and thereby make a picturc hike the object 1n shape and colour this
only excepted that the pieture shall be inverted And thisis the ren.on of that
vulgar experiment of casting the species of objects from abroad upon & » all or
sheet of white paper in a dark room

In ke manner when o man views any object PQR [[ig 8] the hight which
comes from the seteral points of the object 1s so refracted by the tran parent
shins and humours of the cye (that 15 by the outward coat LI'C ealled the
tunica cornea and by the ery stalline humour AB which1s beyond the pupil mA)
as to converge and meet again 1n so many points in the bottom of thecye and
there to punt the preture of the object upon that ki (ealled the tunica refina)
with whueh the bottom of the eye 1s covered Tor anatorsts when thes hil\(;
taken off from the bottom of the ey e that outward and most thick coat c1llt;(
the dura maler can then see through the thinner couts the pretures of olucc, £
Iively painted thercon And thewe picture  propagated by motion 'xlon{: t‘lc
fibres of the optic nervesinto thebrain are the cause of vi1 1on Tor recordingly
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the tures are perfect ot mperfect the object 13 <een perfectly orm
apseﬂei‘layp;c[ ll;:ecZ) e bepfm od with any calour (asin the dicease of the jaundice)

a3 to tmge the metures i the bottom of the eye with that colour then all
s(o ° '\% pnd with the same colour If the humours of the eye by old

Fgs

W0ty p
sght 1n old men and
cons ex glasses supply
2e refraction make the
rays converge sooner 5o as to convene distinetly at the bottom of the eyerf the
glasshave adue degree of convenity And thecontraryhapp hort ighited
men nhose eyes are too plump For the refraction being now too great the rsys
converge and convene 1n the eyes before they come at the bottom and there-
fore the picture made 1n the bottom and the vision caused thereby will not be
dutinet unless the object be brought so near the eyeasthat the place where the
conyerging ray s conv ene may be remoted to the bottom or that the plumpness

- -

Im  hedl aconcarveslassofa

therefore they are accounted to have the most lasting eyes
AXION VIIT

Anobject scenby cftersono refract on  ppearsin that place from whence the rays
oficr thesr last reflexron or refraction d verge tn folling on the speclator § eye

iny 1f the object A [Fig 9] be een

- by reflevon of a looking glass mn

=" 1t shall appear not nits praperplace

A but behind the glass at a from

whence any rays AB AC AD which

flow from one and the same point of

the object do after their reflexion

N

tator s eyes For the ¢ rays domake
the same pieture 1n the bottom of
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the eyes as1f they had come from the object really placed at a without then
terposition of the looking glass and all vision 1s made according to the place
and shape of that picture

In Itke manner the object D [Tig 2] seen through o prism appears not 1
1ts proper place D but 1s thence translated to some other place d sttuated m
the last refracted ray FG drawn backward from F to d

And s0 the object @ [T1g 10] scen through the lens AB appears at the place
g from whence the rays diverge n passing from the lens to the eye Nowitisto
be noted that the image of the ob
Ject at g 15 so much bigger or lesser
than the object 1tself at Q as the
distance of the image at ¢ from the
lens AB 15 bigger or less than the 1 s
distance of the object at Q from the
same lens And if the object be seen 1
through two or more such convex Fig 10
or concave glasses every glass shall
make anewimage and the object shall appear in the place of the bigness of the
last image Which consideration unfolds the theory of microscopes and tele-
seopes Ior that theory consists m almost nothing else than the deseribing such
glasses as shall make the last image of any object as distinct and large and
luminous as 1t can conveniently be made

T have now given 1n Axioms and their explications the sum of what hath
hitherto been treated of m Optics For what hath been generally agreed on I
content myself to assume under the notion of Principles 1n order to what I
have further to wnte And this may suffice for an Introduction to readers of
quick wit and good understanding not yet versed 1n Optics although those
who are already acquainted with this science and have handled glasses will
more readily apprehend what followeth

B

PROPOSITIONS

Prorosition 1 Tueorew 1
Laghts whick differ an colour differ also 1n degrees of refrangibrlity

The Proof by Experiments

Lxperiment 1 T took a black oblong stiff paper terminated by parallel sides
and with a perpendicular nght hine drawn cro s from one side to the other
distingwshed 1t 1nto two equal parts One of these parts I panted with o red
colour and the other with a blue The paper was very blach and the colours
intense and thickly laid on that the phenomenon might be more conspxcuoui
Ths paper I viewed through a prism of solid glass whose two sides thmugdl
which the hight pas ed to the eye were plane and well pohshed and con(am‘

an angle of about srxty degrees which angle I call the refracting angle of t llc
pnsm And whilst I viewed 1t I held 1t and the prism before 1 window 11 luc h
manner that the sides of the paper were parallel to the pnsm and both t "ic
sides and the prism were parallel to the honzon and the cro<s line was al.o

parallel to1t and that the hght which fell from the window upon the paper
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made an angle with the paper equal to that angle which was made with the
sume paper by the hight reflected from 1t tothe eve Beyond the prum na the
wall of the chamber under the window covered over with blsck cloth and the
¢clo.h was involved 1 darkness that no hight mught be reflected from thence

which 1n pasang by the edges of the paper to the eve might minele at<elf vath
thelight of the paper and obecure the phenomenon thereof The-e things being
thus ordered I found that 1f the refracting angle of the prm be turned up-
ward. <o that the paper may seem to be lifted upwards by the refraction 1ts
blee half will be Lfted hugher by the refraction than its red half But if the

oy ——

{rom the blue half of the paper throu_h the pri_m to the eve does i like errcum
stances suffer 1 greater refraction than the hght which comes from the red half
and by consequence 15 more refranmble
Iuzestramion In the eleventh Figure MY repre<ents the window and DE
the paper terminated with parallel mdes DJ and HE and b) the transyerse hine
FG dutineur hed into two hahves
)['\ the one DG of an mtensely blue
colour the other FE of an intense-
\ Iy red And BACcab repreents
the prizm whose refracting planes

“ ABba and ACea meet 1n the edge

\ of the refracting an_le da This

doa edre Aa bemngupward 1 parallel

p = \ both to the honzon and to the
s

Vi<s parallel edges of the paper DJand

" HE and the transver<e line FG

D%H 1s perpendicular to the plane of

the window And de Tepre-ents

"?i the imare of the paper <ecn by
4

N refraction upwards in such man
ner that the blue half DG 15 car

5 nied higher to dg than the red half
FEistofe and therefore sufferss
_\_‘ greater refraction If the edge of
Fig 10 :ihe refracting angle be turned
it ownward the image of the paper
Iowf:ﬁr:f:::;ted l‘i‘m\zx:nrd “upposetod and the blue half will be refracted
'ER
with red
timess !
of the th
g: ther W m LIUO S CATUNA th m T
Th:n blach Lines with 5 pen by

e paper (;:nm co oured and I
200 £6 that ore of the colou.
t Meouald Lo tie nght hand
o the lelt. Clowe before the paper at the confine or the eolours b:xﬁ:ufepm
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feet and one Or t%0 1nche o2 L1ns and so form the imame
of the coloureq Paper upon g whyte Daper placed there after the same manner
that a lens a¢ a hole 1y o window casts the mages of objects abroad upon a
sheet of white Daper in a dar), room The aforesaqd white paper erected per
pendicular to the honizon apd to the rays whieh fell upon 1t from the lens I
moved sometimeg towards the lens Sometimes from y¢, to find the places where
the images of the blue and red parts of tha -

tinet Those places T easily knew by the

made by winding the g}, about the Pape 1o e mages of those fine and
slender Iines (which by Teason of ther blackness were Ithe shadows on the

* V2 Weun the two pleces where the e

1 s saf plareq distinet there nag the distance of an inch and a half the d;
tanee of the white Daper from the lens when the tmage of the red half of the
coloured paper Appeared most distinet bemng greater by an 1nch and a half
than the distance of the same white paper from the leng vwhen the image of {1 .
blue half fAppeared most distinet To 11
ral o
! 4 u Lueretore 1s more refranmble
'8ure DL signifies the coloured piper DG

the lens HJ the white paper 1n that place

F
M D

=

upon very blach paper
down such circumstan
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sce rm ht more easfy {rv them or by which I did
x:::};e:::l?o%he'i;: ?hm 1 h:\'e often done in the follo 1ng experiment
“2 % h one admonttion mav suffire now from thee ex
— - refran-ible than A
I refrsuzble <o
thase of the bl ©
1 those of the red
¥< 1 Proporuicl u . ew and <crve to
bd’.;ﬁ?d‘:: event 5[ tgz expenm nt butareno able todestrovit For if the
red and blae colours were more dilute and weak the dr tance @ the inares
weortid be fess thian sn inch and a half and if they were more intense and fall
th_t ditance would be greate as will appesr hereafter These expenments
Eav «uce for the colours of natural bodies. For tn the colours mede by the
reraction of prisn. thus Proposttion will appear by the expenments which are
pow to follow 12t the next Proposition.

Proro mion ? TREOREM 2
The light of the Sun consiets of roys differendly refrancible.

The Proof by Expenment

Exrer 3 Ins very dark chamber at a round hole about one-thurd part of an
Lthbroad madeinthe hut of a window I placed a glass pnm wherebs the
besmoftheSun b ht which came s at that hole mught be refracted upward.
taward the onpowite wall of the chamber and there form a coloured imave of
= ===~ hroLch the mddle of

e ed~e of the refract

endicular to the iner-
dntrsv sbout thiy ams | turnea lue prm ~nd .a~ the refracted

kght on the wall o coloured imave of the Sun firct to descend and then to
ascend. Between the descent .nd ascent when the 1ma~e scemed <tationary T
stopped the pn-m and fixed 1t m that posture that 1t .hould be moved no
mote Fo 1n that posture the refraction. of the light at the two <ides of the
refrset. an le thstis st the entrance of the ravs mto the P and at ther
g0t outof it were equal to one another %0 at:01n other experunents asoften
2: 1 would have the refractions on both des the prem to be equal to one
« —ndh b orofr ted
fits
the
that
ther
Tlet
Posite wall of the chamber and obrerved the hgure and dimet 10118 4 w1 ‘;ap;
image formed on th o
Bt rerenen “mp;p;r'::t\-‘ 'ﬁx:;lr oht This ima~e wa._oblon~and no oval

> and parallel sides and two semyesreular
e - -

1& hes and the etghth part of an tneh tocluding the penumbra kor the ymage
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ten inches and a quarter and the length of tne retumeawr w wue
inches and the refracting angle of the prism whereby so great a length was
made was 64 degrees With a less angle the length of the image was less the
breadth remaining the same If the prism was turned about its axs that way
which made the rays emerge more obliquely out of the second refracting surface
of the prism the image soon became an inch or two longer or more and if the
prism was turned about the contrary way so as to make the rays fall more
obliquely on the first refracting surface the image soon became an mch or two
shorter And therefore in trying this cxperiment I was as cunious as 1 could be
1n placing the prism by the above mentioned rule exactly in such a posture
that the refractions of the rays at their emergence out of the pusm mught be
equnl to that at their incidence on 1t This prism had some veins runmng slong
within the glass from one end to the other which scattered some of the suns
Light 1regularly but had no sensible effect i ncreasing the length of the
T T wadtha  meayneriment with other prisms with the
1ch secmed free from such veins
I found the length of the image
ym the pnsm  the breadth of the
hole 1n the window shut bemng one quutet vt uninch asbefore And becausert
15 easy to commit o —~ = A anat » Trepeated
the experiment four
which1sset downal
which seemed free
the length of this image at the same distance of 18} fect was also about v
mches or 1044 Beyond these measures for about 34 or 14 of an inch at aither
end of the speetrum the hght of the clouds seemed to be a little tinged with red
and wiolet but so very faintly that I suspected that tincture might either
whalt A n great measure anse from some rays of the spectrum scnttcr("d

cemented together 1 the sipt or 4 pusit at u "

ke success of the experiment according to the quantity of the refraction It1s
further to be observed that the rays went on i nght lines from the prism to
the image and therefore at their very gomng out of the prism had all that
nchimation to one another from shich the length of the image proceeded that
1s the mclnation of more than tno degrees and a half \nd yet according to
the lans of Optics vulgarly recetved they could not po sibly be so much
chined to one another Tor let LG [Tig 13] repre ent the window-shut IT' the
hole made theren through which o beam of the Sun g light was transmitted
nto the darkened chamber and ABC s tnangular imaginary plane whereby
thepn mis fergned tobe cut transersely through the middle of the hight Orif



BooxI FParrl 391

the two rays bemng equally refracted have the same inclination to one another
after refraction which they had before that1s the inchmation of half a degree
— ™ fy R

consequence be equal to the breadth riv and therefore the 1mage would be
rousd Thus1t would be were the two rays XLIJT and YKHP and all the rest
which form the image PuTr alibe refrangmble And therefore =ee ng by ex
-

Th mowm an —— DT - - a
T

u

d

fure-oing expertments I mea.ured from the runtest and outmost red at one
ad to the fantest and outmost blue at the other end excepting only a hittle
l;:“lmhr& whose breadth scarce exceeded & quarter of an nch as was said
e

N 1Exrzn.4 In the Sun sbeam wh chwas propagated into the room through the
olen the windo vchut at the di tance of some feet from the hole I held the
pTrI:n 1o such 8 posture that 1ts axis mght be perpendicular to that beam
n 1ooked through the prim upon the hole and turning the prism to and
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fro about 1ts axs to make the 1mage of the hole ascend nnd 7 - 1
between its two cont =~ —
that the refractions ¢
other as i the forr us mituasion of the pnism viewmng
through 1t the smd hol» 1 observed the length of 1its refracted mage to be
many times greater than its breadth and that the most refracted part thereof
appeared violet the least refiacted red the mddie partshl » mrosm <2
m order The same th ~~' ~
Iight and looked thrc
beyond it And yet of «w v vere aone regularly according to one cer
tamn proportion of the sines of mneidence and refraction as 1s vulgarly sup-
posed the refracted 1mage ought to have appeared round

So then by theset nev- -
15 2 considerable 1nec
whether 1t be that s u n 1dys are refracted more and others
less constantly or by chanee ~ +» -
disturbel »  ~ 4

LALkr & Consudening therefore thet £ % - 7
of 1~
eve
m
bre o o 1nys or other casual mequahty of the

refractions stdeways I tried what would be the effects of such a sccond refrac
tion For this end I ordered all things as m the third expenment and then
placed a second prism immediately after the first mn & cross position toit that
1t might agam refract the beam of the Sun s ight which came to 1t through the
first pnsm In the first prism this beam was refracted upwards and i the
second mdeways And I found that by the refraction of the second prism the
breadth of the 1mage was not increased but its supenor part which m the
first prism suffered the greater refraction and appeared violet and blue did
agmn 1 the second priam suffer a greater refraction than its infenor part
which appeared red and yellow and this without any dilatation of the image
m breadth
M —

AL
by © Le prsms are tahen away PT the oblong
1nage of the Sun made by that beam passing through the first prism alone
when the second prism 1s taken away and p! the image made by the cross
refractions of both prisms together Now 1f the ravaxl 1+ 1

severplne - b

of the fi

ponts t

« uecome ablong those rays and their several

parts tending tgwnrd; t%c everal pomts of the image PT ought to be agan
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Fig 14

dlsted and pread mdeways by the transverse refraction of the second pn m
snd preads = 7 mape uch as 15 represented at xr For the
De distingushed mnto five

And by the <ame irregulanty

»
many other longimages frsm mstn nit  and sil these lon, tmages wou u cow

pose the four square maes = Thus 1t ought to be were every ray dilated by
refraction and pread 1nto a tnangular superfiies of rays disergng from the
pont of refraction For the ccond refraction would spread the rays one say

- s W

W Ue “ond prim thsn e up it Wta L hu u W "
that1s the blue and violet than the red and yellow and therefore was more
refrangible The same light was by the refraction of the first pnm tran lated
hr;her from the place 1 to which 1t tended before refraction and therefore
P,

. Sometimes ¥ placed a third priom after the <econd and sometimes al.o &
ourth after the third by all which the ima e mght be often refracted 1de-
w353 but the ravs whuch vere more refracted than the rest i the first pnem
were also more refracted m all the rest and that mithout any dilatat on of the
‘mtwe <denays and therefore those rays for thewr constaney of a greater
el E::Ilwhzmeservedl) reputed more refrangible
meanng of this expenment may more clearly appear 1t 1s to be
memd‘that té:e ravs which are equally refrangible do fa‘l)lpfxpon a arele
by r‘mg duthe Sun sdyk. For this was proved in the third expeniment Bya
i :n erstand not here a perfect geom trical circle but any orbicular
whose lenvth 1s equal tost bre_dth and which as to sense may seem
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circular Let therefore AG [Fig 15] represent the eirele which all the most
refrangible ray s propagated from the whole disk of the Sun would Mumnate
and pamnt upon the opposte wall if they were alone L the eircle which all
the least refrangible rays would m like manner illurminate and pamnt if they
- weles which so many intermedrate sorts of rays

the wall 1f they were smgly propagated from

« wun 1n successtve order the rest bemng always intercepted and concene
that there are other mtermediate circles without number which innumerable
other ntermedtate sorts of rays would successtvely paint upon the naltif the

@

E
T
g 15
Sun should successively emit every sort apart And secing the Sun emsts all
these sorts at once they must all together 1l te and paint bl

equal crreles of all which being according to thewr degrees of refrangibihty
placed m order 1 & continual senes that oblong speetrum PT 1s compo ed
which I described 1n the third experiment N~ ~

h~

the

cor % nought every circle AG BH CJ
&e m warspectrum by the eross refraction of the second prism agamn dilating
or otherwise seattering the rays as befn o ~ % er drawn out and
- - of the ymage PT

Y was befare by

aau Lius by the refractions of both prisms

together would be formed a four square figure prtr as I desenbed above

W herefore since the breadth of the spectrum P1 1s not mereased by the re-

fraction sideways 1t 15 certam that the rays are not split or dilated or other

ways wregularly scattered by that refraction but that every arcle 15 by &

regular and umform refraction translated entire into another place as the

crrele AG by the greatest refraction into the place ag the airele BH by a less
refraction 1nto the place bk thecircle CIh 4 of~

1 Lo wst the breadths of ol the

ctrums ¥ 11 and pt at equal distances from the pnisms are equal
1 considered further that by the breadth of the hole T through which the
Light enters into the dark chamber thereisajy bra made 1n the arewt of
the spectrum ¥ and that penumbra remams n the rectihnear sides of the

spe
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lass of
PT and pt I placed therefore at that hole a lens or cbject-g]

a telescope which mxpght et the image of the Sun di.tietly on s without any
pembrs at off and found that the penumbrs of the rectilear «udes of the
oblon =pectrums PT and pf was also thereby talen away <o that those aides

[N

dleg s pen Twe nol ha =d e
ra

the

fror

tht e 3 out ul Lue carcies was retracted sccording to <ome most regular

undorm, and constant law For if there were snv trreculantys in the refraction
theneh loes AT 1

coul
<tra
som
eont

a4 ubd LA What bra er perturba
tion hould be made m the creles by the eross refraction of the second nr-m
T h ey L

by the refra
those tunme
1smore ov ke wCaun 3 LL LUK tine Propotiion more or lexc refracted
11 the second. Ard seem,, all the<e things contiue to =ucceed after the same
1ma.per whes the rsvs .re agun in a third pnem A o -

fremtot ~

t

a € w e es uo auner 1n degree of refrangbilit
254 that i <ome certun and cor tant proportion. Which 1s the thieg I was {o

Ttere 15 vet woother eurcum.tance or tiwo of this e
xperiment by which it
becomes «4ill more plan wnd convmnang Let the second pnm DH [Fir 1;;1
e plaved rot immedistelv after the firet but at <ome ditance from 1t <up

b

P » i
- s
l N
S €
T i
H

Fgie
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crreular Let therefore AG {Fig 15) represent the circle which all the most
refrangible rays propagated from the whole disk of the Sun would Mummate
and pant upon the opposite wall if they were alone EL the circle whek all
the least ret:{angxble rays would in like manner tlummnate and pat f they
ireles which so many ntermediate sorts of ruvs

the wall of they were smgly propagated from

v wulln suceesstve order the rest being always mtereepted and concene
that there are other mtermediate cireles without number which mnumerable
other intermediate sorts of rays would successively pant upon the wall of the

P
G A
Hj B
Y
v Y
K D
L E
T
Tg 16
Sun should successively exmt every sort apart And secing the Sun enuts alt
these sorts at once they must all together 1l te and pamnt ble

equal cireles of sl which beng according to ther degrees of refrangibiity
placed 1n order mn a contmual series that nl Tane - b 1
which I+

[Fig 15)

the singl pu oy illngretraction of the firstpn m
converted into the oblong spectrum PT then ought every circle AC RH M7
&e 1 that spectrum by thee ~

or otherwise scattermng the ra

transformed mto an oblong fi, the mmage PT
would be now as much augmented nas before by
the refraction of the first prism a both pn ms

together would be formed a four syuare hgure p7ir as I desenbed above
Wherefore sinee the breadth of the spectrum P71 1s not increased by the re-
fraction sideways 1t 1s certain that the rays are not spht or dilated or other
ways wrregularly scattered by that refraction but that every crcle 1s bya
regular and umform refraction translated entire into anather place as the
errcle AG by the greatest refraction mto the place ag the arcle BH by a less
refraction mto the place bk the circle CJ by a refraction still less into the place
¢ and so of therest by which means 4 new spectrum ptinchined to the former
PT 15 1n hke manner compo-ed of treles lying in a nght hne and these aireles
must be of the same bigness with the former because the breadths of all the
spectrums ) PT and pt at equal distances from the prisms are equal
1 con idered further that by the breadth of the hol F 41 ~ ~

1AL -
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bject-glass of
without any
r sides of the
at thoee sides
arst ymage Y
their sides be
srcurately plane and well poli hed $iluuL tu w  w saves or curls
which usually snise from sand holes & hittle emoothed 1n polthing with putty
If the glass be only well pohi hed and free from vesns and the sides not accu
eave asit frequently happens jet may
t penumbras but not 11 equal distances
1t of penumbras I knew more certanly
sacted nccording to some most regular
uniform and constant law Forif there were any iregulanty in the refraction
the neht hines AE and GL which all the cireles in the epectrum PT do touch
1

tion should be made 1n the eircles by the cross retraction of the secunu pr m

all that penumbra or perturbation would be con. picuous 1n the nght lines ge
and gl which touch those circles And therefore since there 1s no such penurm

bra or perturbation i those nght lines there must be none 1n the circles Since
the di_tance between those tangents or breadth of the spectrum 13 not imereased
hl)l' the refraction_ the diameters of the eircles are not increased thereby Since
those tan-ents continue 1o be nght lines every cirele s huch 1n the firt prom
lsul:}tzere ot less refracted 1s exactly 1 the same proportion more or less refracted
1 the second. And seeng all the-e things continue to succeed after the same

—h e,

prove

There 15 vet another ¢
ireum.tanee or two of this experiment by which it
tey Efl“:é-‘tmom plaa and connineng  Let the second pn m DI {Fig $6]
aced tmmediately after the first but at some distanee fromat suppoe
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m the mid way between 1t and the wall on which the oblong spectrum PT 1
cast so that the hight from the first prism may fail upon 1t 1n the form of an
oblong spectrum =7 parallel to this second pri m and be refrcted sidenays
to form the oblong spectrum p¢ upon the wall And you wilt find as before
that ths spectrum p! 15 mnclined to that spectrum PT which the first prim
forms alone without the second the blue ends P and p being farther distant
from one wmother than the red ones T and ¢ and by con equence that the rays
which go to the blue end  of the xmage =7 and winch therefore suffer the great
est refraction in the first prism. are agam m the second prism more refracted
than the rest
The same thing T tred also by letting the Sun s light mto 4 dark room
through two hittle round holes I'and ¢ [Tig 17} made 1o the windon and with
two parallel pnisms ABC and eBy placed at those holes (one at each) refracting
E
D ’ s
AP
Lt
MM

N

Ig 17

those two beams of Iight to the opposite wall of the chamber 1n such manner
that the two coloured images PT and MN which they there punted were joined
end to end and lay 1n one strught Iime the red end T of the one touching the
blue end M of the other Forif these two refracted beumswe o o nt v
pnsm DH nt 2

thereby tra

spectrum F 1w mn the e translated spectrums
ot and mn would not lie 1n one straight line with therr ends contiguous as
before but be broken off from one another and become parallel the blue end
m of the smage mn being by a greater refraction translated farther £ am ts
former place MT # =

MI' which it #

thrd pre
from the 5 « Wy i e tw o first prt ma be crther wlhite and

circular or coloured and oblong when at fall en the third

Exier 0 In the middie of two thin boards I made round holes a third part
of an mch 1n diameter and n the window-shut 2 much broader hole being
saade to let mto my darhened chamber a large beam of the Sun s ight I placed
» prsm behund the shut i that beam to vefract it tonards the opposite wall
and close behind the posm I {vad ann
mddle of the refracted hght v

tercepted by the bo
:::“btchénﬁlcst bI:nrd 1 fixed the other board tn such manner that the middle of

the refracted hight which came through the hole mn the firt board and fell
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the te wall mght pass throuzh the hole 10 this other board and
figose N?p?-mfmnted b3 the board might pamnt upon 1t the coloured pee-

aben

nd board tomole upsluu  u P o .
wh.ch fell unon the <ecos B aL S v it board and fall
2e places on the op-
+ond prira did pass
t which being most
rerscted m the first pnom did go the the blue end ol we 1mage was agun
move refracted in the <econd pnm than the hiht which went to the red end
of that uma~e which proves a> well the fir t Propouition as the second \nd
b1 happened whether the ax1 of the two prims were parallel or ncined to
oze a.other and to the honzon 1 any grven an les
{reesteamion Let F(Fi,, 18] be the wide hole mn the window=<hut through
which the Sun _hines upon the firt pnom ABC and let the refracted Lieht fall

i

at
e )Y

9pon the ruddle of the board DE and the muddle part of thst hght upon the
hole G made 1n the muddle part of that board Let this trajected partpo.} that

o end o the other may be made to pass successively throuh the hole ¢

t
G:Sl’:o_tlrgsud second pri.m remamed unmoaved those places by turmng the

£ome

- ‘Eephee 0n the wall between M and \ The unchan~ed po-ition of the holes

mmbﬁmd)m made the tnetdence of the ravs upon the second Prm to be the

ety €ases. And yet 1n that common mcidence some of the Fivs were more
and othersloss And those were more re racted 1 this prizm which
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by a greater refraction 1n the first prism were more turned out of the way and
therefore for thewr constancy of being more refracted nre deservedly called
more refrangible

Exper 7 Attwoholr ~ 2
two prisms one at each
! o ul
1 w s  anu parallel edges and ordered
the prisms and paper so that the red colour of one
mage might fall directly upon one half of the paper !
and the violet colour of the other ymage upon the g E f'*’
other half of the same paper so that the paper ap-
peared of two colours red and violet much after the
manner of the painted paper in the first and second G
experiments ‘Then with a black cloth I covered the Fie 19 &
wall behind the paper that no hght mught be re ®
flected from 1t to disturb the experiment and viewing the paper througha
third prism held parallel to 1t I saw that half of 3t which wasitluminated by
the vialet light to be divided from the other half by o greater refraction espe
cially when 1 went o good way off from the paper For when I viewed 1t too
near at hand the two halves of the paper did not appear fully divided from
ore another but secemed contiguous at one of + -~ !
paperinthefir teove -

Sometimes 1

b d

tho~ -
¢

t «  anty wiumnated with red and

t a1 ue nummated with all the colours successively (which may be

done by eausing one of the prisms to be turned about 1ts axis whilst the other
remans unmoved) this other half 1 viewing the thread through the pnism
will appear in a continual right hne with the first half when lluminated with
red and begin to be a little divided from 1t when Muminated vithn = =
remove farther from 1t when ¥ ~

PR G

1

wmen planly shews that the

1 « wu s t1e more and more refrangible one than another
this order of thesr colours red orange yellow green blue indige deep violet
and so proves as well the first Proposition as the second

1 caused 2lso the coloured spectrums PT {Fig 17} and MN made i a dark
chamber by the refractions of two prisms to lie m a nght hne end to end as
was described above i the fifth expeniment and viewing them through a
third prism held parallel to their length they appeared no longer in a nght
Line but became broken from one another as they are renresents [ |
mn the violet end m of the = =
lated farther from

1 further esuseG
incident tn ag e
violet end of the o

© - tu become co-
wotucr of their colours the red end of each falling on the
ther as they are represented 1n the oblong figure PTMM
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P

~
7
T2
i}
v

Loan ¥

one another by a greater refraction of the violet to p and m than of the red to
nand ! do dffer 1n degrees of refrangibility
1 Mlumnated alo a httle cureular prece of white paper all over with the
hights of both prisms intermixed and when 1t was lleminated with the red of
oce pectrum and deep violet of the other £o0 as by the muxture of those
- e - el Ty owad th mane firct at a les distance

ared one and a violet one whereof the violet was farthest from the paper and

thew- that thee two 1m..ges were nothing el than the lights of the two prims,
which h.d been interrized on the purple paper but were parted again by thewr
tnequal refraction r.de 12 the thad pnom, through which the paper was
viewed. Ths o wa obeervzble th.t if oce of the pnoms at the wmindow
(suppose th. whueh cost the viole* on the paper) was turned sbout its ans to
make 2l] the coloe m ik evder T e, 10d.z0 blue green yellow orange
red 0 © ccesoredy cn the paper from th. priem, the vio o+ 1ma~ changed
ol grened_piv trrmony geresare Y010 blue green, vellow and red,
t2d e ornger oz e rearer 20 peares to the red 1mez mude by the
o'ber s emtd wlen ¢ wr 2l oed bith 1 mes besame fUllv eoneident

Tl s o tunpe sor oo Torr 22, e 2ntbes tp mein the red bght
cddomermem 2 At et mt e Trer P F the o*lrr The arces were
esthef e oo cameber 2 tber A tesatie wel wo dark, th ot the
BIDrmer mmpre _eor be Eeoried 3w 50w Frt g op from tuszee These
et T a2 I mered g 2 prem s beA th the refraction
B2t te sy pvar? e ef wrep 34 25 [ wer foren them they eame
i i e R W 2> ST PPV WA Prane iy
:;h_lv-:r: s £ e prutam L serenriry pdem the v ot

S aiac=at R Ze s T
T e L wt s Lo greorgest Ipamda
P ron f _svatimers nom s wet? exmpmrepet yot g ths
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its axis might be parallel to the axis of the world and at the opposite wall
th~ & narefracted bght T placed an open book Then gomng «x feet and two
b #he hove-mentioned lens by which the
~ « t¢h

3

!

expertment Lhe boot tiu o ° lace where the
paper was when the letters of the book 1lluminated by te w est red hight of
the solar imare falling upon 1t did cast thewr species on that paper most dise

tmetly Ar *a mat an of the Sun and consequent
motion of - 1 of
the blue passed over those letters 1w by

1% V7 ¥ noted agam the place of the paper when they castin 1o
=3 +h + this last place of the paper was

¥ on two

and three quarters o1 u end
of the 1mage by a greater refraction converge and mect n the
red end But in trytng this the chamber was as dark as T could make 1t Tor
1f these colours be diluted and weakened by the misture of any adyentitious
bght the distance between the places of the paper will not be so great This
distance in the second expenment where the colours of naturyl bodwes were
made use of was but an meh and a half by reason of the imperfection of tho e
colours Here 1n the colours of the pnsm which are mamfestly more full m
tense and lively than those of natural bodies the distance 15 two inches and
three quarters And vere the colours still more full 1 question not but thet
the dt tance would be con.iderably greater or the coloured light of the pn m
by the mterfering of the circles de enbed i the second figure of the fifth et
penment {Fig 15] and also by the hght of the very bnght clouds nest the
Sun s body mtermiung with these colours and by the hght seattered by the
1mequalities i the polish of the prism was so very much compounded that
the speetes which those famnt and dark colours the mndigo and violet cast upon
the paper were not ¢ ta  olf observed

Exrer 9 A pnso ~ nother
and half nght ones Suns
m the

hight let into & dark chamber througn o 1o
thurd expenment And turning the prism slowly about tts aus unu all the
1~ ohone of sts angles and was refracted by 1t began tobe

of thepla s I observed t,h'\t

n

n

3

the rest 1 coneuv o
were most refrangible did first of all by & totwes o
1n that Light than the rest and that afterwards the rest also by & tota
flevion became as copious as the ¢ To try this I made the reflected Iight pass
through another pn m and being refracted by 1t to fall afterwards upon 2
sheet of white paper placed at some distance behind 3t and there by that
5 ¢ ton to pamt the usual colours of the pn m And then causing the first
+ axig as above Iob erved that when tho o ray
~n and appetred of a blue
and s1olet kightontle
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A4 +h second pn m recaved a sensible in

which yas least refracted and after

«asgreen yellon andred begantobe

1ght of those colours on the paper re-

cerved 35 great an ncrea a8 the 110 et and blue had done before Whence tis
manest that the beam of light reflected by the base of the pn<m being aug
— A4 hoth le srefrang

that all such

vincidence on
the base of the prism no man ever douutey wg b o allowed that
It.ht by <uch tefl suffers no 1n 1ts modificat: and proper

ties. | do not here take notice of any refractions made 1 the :des of the first
prm beeause the b_ht enters 1t perpendicularly at the first 1de and goes out
perpendicnlarly st the econd mde and therefore suffers none So then the
Sunsincident It bt being of the same temper and con.titution with hus emer
gent beht and the last being compounded of rays differently refrangible the
firt mu ¢ be 1n kke manner compounded
Itre-teamion Inthe tnenty first Figure ABC1s the firet pnsm BCits base
B and Cits equa) angles at the base esch of 4o degrees A 1ts rectangular
vertex FM a beam of the Sung
b At fet mto a dark room through
a hole ¥ one thurd part of aninch
broad, M itsicadenceon the base
of the pnsm MG a Jess refracted
r23 MH s more refracted ray
MM the beam of hight reflected
from the base VXY the second
prism by which thyy bearr 1n pass-
iz throughit . refracted, \¢ the
less refracted Light of this beam,
«nd \p the more refracted part
the-eof Whenthefirct pnem ABC
Fea 1= turned about 1. ax1. according
\et 1 \H exmorms to the arder of the letters ABC
@ve w.d move obliquely out of that prem, and .. length

“Tod tp oo bewe BC conzoz g thees
u&nz 10 Tro recm wooh were T} 3 e 3s
T A evromt sdee berng et they pased =Lele,
L:L.- = **zumc‘::‘k”éim i Sat Priviondd i
::;Tlhﬂ_.md._..p:*_'}«-o—:;w’meﬁ;:x
i
:=&tnpr—-":r‘._;t:-~md.h'r-_‘_m be peepesdal to the
TEen o B s v, btng pme e PR tom £ mde of
T O @ crordh b wo o mdes of both pren wn;
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emerge out of the last side of the second prism This sde being parallel to the
first side of the first prism caused the emerging light to be parallel to the 1
cident Then beyond these two prnsms I placed a third which might refract
that emergent hight and by that refraction cast the usual colours of the prism
upon the opposite wall or upon a sheet of white paper held at & convenent
distance behind the pnism for that refracted light to fall upon 1t After this I
turned the parallelomiped about 1ts axas and found that when the contiguous
sides of the two prisms became so oblique to the incident rays that those rays
began all of them to be reflected those rays which in the third prism had
suffered the greatest refraction and pamnted the paper with violet and blue
were first of all by a total reflexion taken out of the transmutted hght the rest
remaining and on the paper pamnting their colours of green yellon orange and
red asbefore and afterwards by continuing the motion of the two pr1 ms the
rest of the rays also by a total refleion vamished 1n order according to their
degrees of refrangibihty The hght therefore which emerged out of the tno
prisms 1s compounded of rays differently refrangible seeing the more refrang
1ble rays may be taken out of 1t while the less refrangible remain But this
hght being trajected only through the parallel superficies of the two pnsms 1f
1t suffered any change by the refraction of one superficies 1t lost that impres
ston by the contrary refraction of the other superficies and so being restored
to1ts pristine constitution became of the same nature and condition as at first
before 1ts incidence on those prisms and therefore before 1ts mcidence was as
much compounded of rays differently refrangible as afterwards
IutusTrATION In the twenty second Tigure ABC and BCD are the two
prisms tied together 1n the form of a parallelepiped their sides BC and CB
being contiguous and theirsides AB ; E
and CD parallel And HJK 1s the
third prism by which the Suns
light propagated through the hole
Finto the darh chamber and there
passing through those sides of the
prisms AB BC CBand CD 1sre
fracted at O to the white paper PT
falling there partly upon P by a
greater refraction partly upon T
by a less refraction and partly up-
on R and other intermediate places
by intermediate refractions By
turning the parsllelepiped ACBD
aboutitsaxis accordingtothe order R
of the letters A C D B atlength
when the contiguous planes BC
and CB become sufficiently oblique

Fig 22

to the rays FM which are incident upon them at M there will vamsh totally
out of the refracted Iight OPT first of all the most refracted rays OP (the
rest OR and OT remaing as before) then the rays OR and other intermedt

ate ones and lastly the least refracted rays OT Tor when the plane BC be-
s sufficiently oblique to the rays incident upon 1t those rays will begin
reflected by 1t towards N and first the most refrangble rays will

come:
to be totally
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fected plamed 1n the preced t) and by con
e totally reflected (as was 1n G ext hey are m order
atRand T Fo

'

ih.e rav- ure separated out of the emergent hight MO agree 1n colour anu w a1l
euber properties <o far as mv observation reache< and therefore .re desery
ediy reprted of the same pature and constitution and by consequence the one
1 comnorzded .S well as the other But after the most refrangible ravs bemn
tobe to.llv reflected, and thereby ceparated out of the emergent hight MO
ths Leht eha mesit eo'our from white to a dilute and fant yellow s pretty
red ot 3 verr full red succesaivelv and then to.ally vam hes. For sfte
the roos® refranziie rav= which pamnt th pape « P watha purple colour are
brato.]_exon taken qut of the beam of Lzht MO the rest of the eo'ours
wieh e, onthepsrera Rand T ben mixed m the Light 30 eompound
Cepaf.x vellow _nd after the blue .nd part of the green which appear on
the pare- between P .nd P Lre taken swav th. re« which sppes. between P
2d T (s o the vellow o~ance red and a L tle green) bemz rmuxed 1 the
tes2 MO ecovmocnd thews .0 cracge ond when all th ravs are by refenon
t.ken o o2 the beam MO extep* the seas* refraccib e which at T appea. of
sf.red ter eolrmry the same mm thy beam 310 o fterwards. T the
e o e o HIK e g oobv to <epars e the dferently refran,
PersT Tl pakensr v L emationm therr edonrs Ls bl be move fully
Froves bereazer AT ghied: eceSrms o5 well toe Fre Proposaon o the second.
NEIIE Lk experrmer smdthe formerbeern amed ndmdecne by
=, fwml eme VXY [Fiz 297 to refract the mefemted beam M to-
2 teeer 2 e Wil ke dearer For then the Ezh \p wheh i the

f

- mermyied Lrt L OT vamsshes | T tee boss resracted
‘\J_r._t o orrened a7 Fe more reoacted Brn L pr-rrtesz:otfi
r-;:v——:»_.:x-‘:_.._p:::wedhﬂ_:l O remdoren bov-of en hs
r;;m.aw_:ugmmmciwﬁ:hmm&e
_:_ ‘tvnl‘*pw:z'xkrzlﬂxa.mc:rzz-m_.w;hm
L’;J:“::"md__pcr.bv:w:mum&e;n'eftfcrtﬁg:
L)ﬂ_‘_-r:_mm-:_--r; . mfemrn tken o of the besm MO
i I CL oo crames eclo e erress i thore v 1 the -
L“)———ﬂ:ﬂrz.Y:m.eu.eTrlétx:Em_:‘.L‘"_e_ P moee f2lt b
T t-—-;r-_-_" oz M\ mocoe B e velnmss ool o the Scmos Feh
il vv;i:r.::-zm P oot anierward rerpe 1. velam b oner
L—-—-\H’ ‘:_J-:'cx.,em;.«-::‘fﬁ&:. 3 0T x relacted.
:A.,n,—?"..:h:L"“mqm whatker e trmal be
=T i’&:.:r‘m.mmm:;—_bﬁsﬁ_:.‘z‘:_‘d
= dm’“ﬂ__.crrrmz:wzne:-_t,cn:bm’:ed._:dm
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e ther before the unequally refracted rays are by diverging separated from one
L. hich they have altogether appear ev

or after they are eparated

~atha  and appow sixth seventh and eighth

'' = rficies destroying each

which

d that
T

refleaon

asmine el o oo uffer un
equal refractions and those sorts are more renae « . r epars
tion which were more refracted before 1t asn the sinth and following cxpen
—ant andf the Sun s hght be trajected through three or more ero s pnsms
Y Ret o m are refracted more than others

¢+ and
proportion as appears uy o ms
hght 15 an heterogeneous munture of rays some of whicn ate ¢u wore

refrangible than others as was proposed
Prorosrtion 3 THEOREY 8

The Sun s light consists of rays difiering wn reflexsbilily and those rays are me~
r flezible than others which are more refrangible
v - =% oand tenth expeniments for i the mnth ex

{ kot whichin

f ~ hatha e
Ty
mon base of the two pu
Prorostriov 4 PronLey 1
» n1e rays of compound light
~nth by
nt

~J
that separation In tnost Yo 4
becomes perfect But in all places between those reciniu o em
numerable exrcles there desenbed which are severally lluminated by homoge-
neal rays by interferng with one another and beng everywhere commised
do render the hght sufficently compound But if these circles whilst therr
centres heep their distances and positions could be made less i diameter
therr interferng one with another and by consequence the mixture of the
heterer neous rays would be proportionally dimimished In the twenty third
I ~ ™ T T\ be the aircles which so many sorts of
! A ~vnenment illumt

! 1 1m & continual

1 8 oblong image
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t 1mace 23 composed as was explained the fifth expenment And let
Zyr!,?aq dk ¢l fmbe omanv less aircles Iyngin & Iike continual enes be-
tween two parallel nght hnes of and gm with the same distances between their
centres and lluminated by the same =orts of rays that1 the arcle o7 with
the same <ort by which the corresponding errcle AG was lumunated and the
arcle bk mith the .ame sort by
whichthecorresponding etrcle BH
was lummated and the rest of
the circles ¢y dk el fm recpecm;i

minated. In the fzure PT com-
posedof the greatercurcles three of
those arcles AG BH CJ are <o
expandsd 1to cne another tha the three <ots of rays by whuch those curcles
are illumiated, tomether with other innumerab'e <orts of mtermediate ray<
sreryed 8 QP 12 the muddle of the curele BH. And the Lke mixture hap-
pes. throuzhout slmost the who! length of the figure PT Butin the £zure
F comaposed of the loss carcles the three less aureles ¢y b, ¢7 which ansver to
b ee three gmes er doro extend 1nto one wno.ke. nor are there anvwhere
. edsomy h.. any tvoof the three sorts of rays by which thase curcles are
Lum.a ed, und whieh m the frure PT (re all of them mterminzled ot BHL
Nov keth. hlthe conside~1t will easdllv unde~t.nd that the mixture1s
&z ed 12 the sume proport.on weth the dam tere of the arcles. If the
Gazeters of the erreles whil+ ther centres reo.n the samme be made three
tzeles b nbefore the ruxture willbe o three times less 11 ten times les.
tor mxrere wil be ten txmes less wod <0 of cther proportion. The 1, the
mxtire of e ravs 1z the gren er £xure PT will be to thet, rmoxure in the less
Fatelrude ¢ the peser fxmre L to the Latude of the less Fo- the
b descfthee Lzures re eqand to the diume €= G thesr careles And hence
teromily—ths e mrwe o toe mve i the refracted epecteum pfLto
Lo mame ¢ e e ke @roer and immed e L7k of the S.n s the
t_“ -~ tth. eetramr o the ESerance borumen the lenzth _d bresdh of

e et

So.ten Lowm worA Emz B the mrwerze ot the rarx we o ]
Ecrm o e e New ot 70 b o e ted W e e
‘"—-—hr‘\'T—re:cm. temsdelstiang 1 o= (whon come totkemme
i;m Lxterdioee | Lpen Enre feom the py toward the am,
- :fn.:r\k:‘—;-f-;b-—dr_h_w:‘éhrkmth-ul-c 1., toiter

o= Bz o mmen & cormwy o e mdfa oF ks
b:n:m“z.:h‘:w:._krwmiemf'mtbcx&.iG BH .od
el P‘_nr{nm:rkmm.n_pwt > & cof the Sen bt ool to
muxw__r':r;mx‘tvso;frxzmpm:._-vz:t}; Earth. 113
m‘rﬂ:_r:n_-_:::-épa___mmrﬂw‘fm:b:px:kth Looe
rcw!im:a—t;tr_n:rmkrk zlez t tobrpuced bt
Piyptatod ~rrma fuek e L. eeT coe of the eedes AG BH
PGl ST L 2 L BT asmenimoves | gyl lensploed

TSI et ermas £ oL prr popond _oe o Exuzeddy Tpon o papem
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within the room and the rectilinear sides of the oblong solar image m the fifth
exvpertment became distinet without any penumbra If this be done 1t will not
be necessary to place that hole very far off no not beyond the windon And
therefore nstead of that hole T used the hole 1n the window shut as follows

Exper 11 Inthe Sun s hight let into my dirhened chamber through a mall
round hale in my window shut at about ten or twelve feet from the window I
placed a lens by which the mmage of the hole might be distinetly cast up{on a

i

same distance from the prism as before moving the paper either towards the
pnism or from 1t until I found the just distance where the rectilmear sides of
the 1mage became most distinet For 1o this case the circular images of the
hole which compose that image after the same manner that the circles ag bh
¢ &c do the figure pt [[1g 23] were terminated most distinctly without any
penumbra and therefore extended into one another the Jeast that they could
and by consequence the mixture of the heterogeneous rays was now theleast of
all By this means I used to form an oblong 1mage (such as1s pt) {Fig 23 and
24] of circular 1mages of the hole (such as are ag bk ¢y &e¢) and by using 8
greater or less hole 1n the window shut I made the circular images ag bh ¢ &¢
of which 1t was formed to beeome greater or less at pleasure and thereby the
mixture of the rays in the 1mage pt to be as much or as hittle as I deuired

ILLUSTRATION In the twenty fourth Tigure F represents the crreular holein
the window shut MN the lens whereby the image or spectes o_f’tb,at hole 18

F

é/ Fig °t
cast distinctly upon a paper at J ABC the prism whercby the rays are at their
emerging out of the lens refracted from J towards another paper at pt and the
round 1mage at J 1s turned into an oblong 1mage p¢ falling on that other paper
This image pt consists of ercles placed one after another in a rectilinear order

tly explamed in the fifth expenment and these eircles arc equal
asmassuffcently pent ~ t~tnlel and there-

hed whlst therr
1th of the image
tthanats length
nm b oand MT
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a P N

wses to be refracted rregularly by the mequahities of the pn=m
Yet mstead of the crcular hole F tis better to substitute an Obztgl'g‘ 1:?15
od R

UL Y T

empler and the image will become much broader and therefore more fit to
—_— - - oL

mediste ones an_wering to the tnangular bole in shape and bigness and ving
one after another m a continual senes between two parallel Lines of and gm
These tnangles are & httle interrun
b 4 f gled at thetr bases but not at therr
vertice and therefore the hght on
» , the bngoter ide af of the imnge
vhere the bases of the triangles are
15 a little compounded but on the
At A e — —
[ I m
Fe

tonal to the dustances of the places from that cbscurer side gm And having
2 rpectrum pt of ~uch a we may try e either 1 1ts
e‘ronger and less simple It ht near the tde af or i 1ts weaker and sumpler b ht
nes. the other sde gm a1t .hall <eem most converent

ut in malan expenents of this kind the chamber ought to be made as
durka eanbe Jest any foreign hight min lextself with the bght of the spectrum
Phand render sy d especially if we would try exp s 10 the more
zple light mext the sde gm of the pectrum which being famter wall have 8

Propartion to the fore gn hight and so by the mixture of that hight be more
g:‘_b'ﬂd, 22d m3de more compound The lens al:0 ought to be good such as
o &:rrfv ;or optical uses and the prism ought to have a large angle suppose
i“:ma mddkgmes‘_ e ‘:né to be well wrought being made of glass free from

d

and;y
holes
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within the room and the rectilinear sides of the ahlane 1
Byname — 1

1 “ telueIn the window shut as follows
1w

1
LxrER 11 In the Sun shight let inta mv a4 l
- -

H vwalite o six eicht tena a1 !
the lens Fe ~ -

which I thn

I placed » s tedtiled ught might be refracted exther up-

wards or sideways and thereby the round mage which thel n lanadd +
upon the paper p» ~+ ©
third experiment
same distance fr B, uias Utlore moving the paper either towards the
prism or from 1t until T found the just distance where the rectimear 4 f
the image o ma mn 4 -

ole
q &e
penun Y Uty Into one another the least that they could
and by consequence the mixture of the heterogeneous rayswasnow the least of
all By this means I used to form an oblong image (such as1s pt) [Fig 23 and
24] of crcular mages of the hole (such as are ag bk ¢ &c) and by usinga
greater or less hole in the window shut I'made the circularimages ag bk ¢ &e

F

é,ﬁ’“ Fig 24
cast distinctly upon a paperatJ ABC the prism whereby the rays are at their
emerging out of the lens refracted from J tow A nan oo -

vuvtuLQULIILLY answ er tn magnitude to thehole T’ and there-
fore by dimmishing that hole they may be at pleasure dimimshed whilst thetr

pttobeforty times and sometimes 81Xty or seventy times less than its lcnz}f;’
As fornstance 1if the breadth of the hole I' be one tenth of an inch and \
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e Estance of the lers from 1l ¢ hole be 17 feet andif pB or pM the d tance
o theras~e ¢ from the prismar len. be 10 foct and e refractirzang! of the
s be 62 degroes the bresd.h of the imare pt wall be one-twrlfth of an tnch
2.4 the length about mix inches, and therefoe thelen~th tothe brradtha =
1 ae e~ b 1chpef th 1mare ~1 tiryes Jes compound than

]

) b
!
perverved by acnse exeept perhaps in the ind go and vo'et. }or these being
dok eolors doeasily sufera senst leallsy b that httle seattenagl ght which
ses to be refracted irremularhy by the inequal ties of the priem
Yet rstead of the arcular hole F - tis better to sulstitute an oblorg Fole
thaped Bke a long paraliclorram with its len~th paralicl to the priem ABC For
if th._ bole be an1nch or tno Jong and but a tenth or twentieth part of aninch
bread, or rarrower the L 4t of the imaze p will be asrmpea brfor or
sxmpler a.d the imape mi] become much broader and therefore more fit to
Bave exnenments tned tn 1ts light than tefore
estead of thus parsliciogram hole mavy be substituted & tnangulsr on of
equi des, whose base forn tance 13about thc tenth part of aninch andits
bexcht aninchor more Fortvle mean if theau of the pnem be paraticl to
the perpe.dicular of the thangle theimage p [Fig 29) milno be formed of
equerunt tran les & A, ¢ db o fm Q¢ and 1anumenble o her inter
meda e ones answenng to the tnangular ho e in thape and bignee  and Iving,
2 ater another in a eontipual senes betwren two parallel Lines af and gm
: 4 e f ‘The<e tnangies are a hittle intenin
gled at their base< but not a2 thetr
veetices and therefore the bght on
the bagnter 1de of of the image
where the bases of the tnangles are
18 & little compounded tut on the
L by ~ darker side gm s altorether uneomn
TFig o p;)unddc;ls n:d 1m all places between
the ¢ the comporition ts propor
t:tm.l tothe d.stances of the places fram that obscurer ¢ de gm \ndp!un":x:
Fmdﬁl ol:uth 3 composition we may try expeniments either 1n its
R i e s ersnd s
dﬁ‘;";‘:ﬁ}n‘é !xmnrmems of this kund the chamber ought to be made as
any forergn light mongle 1tzelf with the Light of the speetrum
Paadrendert compound e<peenalls f we would t e
“ths‘:tnzxnheqde,m,f Ko . ;‘b:r‘tr;monumthemm
lese o0 10 the forerm bgbs Pgﬂ“ll’m‘;: ! ng fanter wall have s
lm.b] led,; Ma“udme mom E: gl ;u’;; ¥ the mixture of that ] ght be more
£ orve o optical pacs mdp:::n e lens also ought to be good such as
o ror 0 ot ‘nnbe e prism ought to have a large angle suppose
E"b‘a‘ and ;E’“Am A to be wel_l wrought being msde of glasa free from

o~

a
he
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of very hittle coniex polite nsings Iike waves The edges al<o of the pnsm and

lens so far as they may make any irregular refraction must be covered witha

black paper glued on And all the light of the Sun s beam let into the chamber

which 15 useless and unprofitable to the expenment ought te be mntercepted

with blach paper or other black obstacles I'or otherwise the uselesshht ben

reflected everv way in the chamber will mix with the oblong spectrum :;‘nd
- T+ ant

mcrease the refraction I sometimes impregnited tue o "
saccharum safurny

ProrosirioNn 5 Tieones ¢
Hamoaeneal luaht s refracted reqularly unthout any dilatation splitting or shaller
£ 4 nnhodies by
of rays
The first part of this 1 roposition has been sutauy uw N 1 the
2 e =n m nt  ndwll further appear by the experiments which i'ollo\::‘“h
! 1
1

from the pnsm I found that the specuuim v

was not oblong as when tis made (n the third expeniment) by refracting the

Sun & compound hight but wnas (so far as I could judge by my eye) perfectly

crrcular the length bemng no greater than the breadth Which shews that this
A am1 v inthout any dilatation of the ruys

d

another paper circle of the same biLness & u po » 1
~ ¢ T nn od bath circles through o prism The cxrcl‘c I”ul,

tinctly defined as when tis viewed wun t o [
whole Proposition

Txrer 14 In the homogeneal hight I placed flies and such ke mmullc
objects and viewing them through a pnism I saw their parts as di tinctly
defined as1f T had viewed them with the naked eye The same abjects placed 1n

unrefracted heterogeneal hght which was white T viewed also
:i:solslul?lsl p“  that I could not
; so the Jetters of 8

distinguish
Comnt one whife 1o LL DUl vy« o the heterogenesl
~ Val ttorea o oconfused

r they appeared 80
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them asdi tinet aswhen
& tinct that T could read readily ond thought I saw \
both cases 1 viewed the same objects
Tvie od them with my naled ye In b cascs 1 Ve e e wame it
y which th objects were Ml
\n the other compound and
¢ and confused in the latter
Mlerence of the higtts Which
the whole Propoaition
pWA\:; m:h‘;c l?m‘e ry;cnmonts it 18 furt? or vers remarkable that the eolour
of homo~eneal hight was never changed ty the refraction

Proro rrios 6 Trrorex

The 1ne of incsdence of every ray considered apart 18 (o 1.3 e of refractionsn g
gieen ratio

That every ray conadered apart 15 con tant to steelf 1 rome degree of
refrangibility 1s sufeiently mamfest out of what has been paid Those ravs
= mestpd e lgin

leaxt

n Yerel

T The of every ray apart s regular and nhat
rule that refraction obrerves we are now to st ew

The late wniters tn Optics teach that the sines of 1na i nce are na mven
Proportion to the sines of refraction a8 was exy tamned m th e fifth Axtom and
sote by 1nstruments fitted for measunng of refractions, or ot crwise exprnn
wentally examimnin, ths proportion do acquaint us that they have fwund st
sccurate But whilt they not und dis,, the cifferent ref, tality of
eeveral ravy, concetved them all to be refracted aecordine toonc and t sam
Proportion, tas to be preeumed that they adapted their measures only to the
euddle of the refracted Lizht £o that from their measures we may conclude
02}y that the rays which kave a mean degree of refrangibility (that 1s, those
wh.ch when sepers ed from the rest appear green) are refracted according toa
Bven proportion of their sines And thereflome we are now to hew that theile
ertamrgomm nbt_.srxn m f‘“ the rest. That it should be 20 13 very reasonable

re b, ever ernformable tohereelf but an expenimental proof 1a desired

*;ds.&m;rw(nﬂbbaddnmshcwlh:lthermsofn[mrmo(nys
€Eeenty refra_zhe are 0oe toanotherina @ en proportion when thetr mnes
of tnezdener 2re enst For of the mnes of refraction of all the Taysare 1n given
Propretions to the £1.4 of refrartions of a rav wluch bas 2 mean degree of
ozt v 24 gy £0° 1310 2 pven propotion to the equal spes of 10
Qdenoe thoes other enes of refraction mil also Le1n aven proportions to the
:;‘Aa;;_sc{x{mdm» Now when the £oe of inadence ar equal 1t wll

ma:;mrmm 1Lt the tines of refraction aretn a Even

Exrre 1 TheSune g3 02 dark chomber throuzh a Little round hole
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m the window shut let 8 [Tig 26) represent Ins round white mage pamnted on
the oppostte wall by his direct light PT his oblong coloured 1mage made by
refracting that hght with » pnsto placed at the window and pt or2p 2t 3p3
s oblong coloured 1mage made by refracting again the sime light sidewars
with a second prism placed iamediately after the first 1n & cross powtion tost
a3 was explamed i the fifth experiment that 1s to say p2 when the refraction
of the second prism 1s small 2p 2¢ when 1ts refraction 1s greater and 3p 3t when
1t1s greatest For such wall be the diversity of the refractions if the refracting
angle of the <ccond prism be of various magmtudes suppose of fifteen or
twenty degrees to make the image pf of tharty or forty tomake the image 7p 2!
and of sixty to make the 1mage 3p 3t But for want of solid glass pnsms with
angles of convenient bignesses there may be vessels made of polished plates of
glass cemented together tn the form of prisms and filled with water These
things being thus ordered I observed that all the solar mages or coloured

~ - 7 very nearly conerge to the pince S on nhich

3 R - %
The aws of the spectrum PT (that \\ \\

3s the hne drawn through the . et Lo

rmddle of 1t parallel to 1ts rects ¥ % I H
hinear sides) did when produced
pass exactly through the middle
of that white round image 8 And '
when the refraction of the econd

prsm was equal to the refraction

of the first the refracting angles \

of them both being about 60 de-

grees the aws of the spectrum 3p 5
3¢ made by that refraction did \
when produced pass also through

themiddicof thesame whiteround

mmage S But when the refraction

of the second pnism was less than \m
that of the first the produced o ”
axes of the spectrums tp or 2t 2p Fig °6
made by that refraction did cut the produced as of the spectrum TP sn the
pomtsmandn a httle bey ond the centre of that white round image S W henee
the proportion of the e 3(T to the line 3pP nas a httle greater than the
proportion of 2T or 2pP and this proportion a hittle greater than that of (T to
pP Now when the ight of the spectrum PT f 11 neww ~

wall -

refrac
of the uce L proportions of the anes buing

derived they come out equal so far as by siewing the spectrums and using
some mathematical reasoming 1 could estsimate For I didnot make an aecurte
computation So then the proposition holds true in cvery ray apart so far a;
appears by expenment And that it 18 accurately true may be demonstrate

upon this supposition That bodses refract hight by acting upon sis rays win lines

yeud s white round mmage
when the prisms were takenanay
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perpendicular fo therr qurfaces But 1n order ta this demon tration Tmu td s
tipmw h the motion of esery 1y inta tno mot ns the one xx-rrrndncu‘larlm
' - e Telar

' \ on
ni
Ter
an
of
that space shall be always equal to the square ront of the rum of 1 e £ Juan of
the perpend cular velocity of that motion or thing at ita 1ne1] nee on that
tpace and of the square of the perpendicular veloeity which that motion or
thing would have at sts emergenee 1f at its inerdence sts perpen heular veloaty
was infimtely httle
And the same proposition holds true of any motion or thing perpendicularly
retarded 1n 1ts passage t} rough that space if in tead of the sum of the two
rquares you tale therr difference Th d mon tration mathematicians will
eanly find out and therefore 1 shall not trouble tte reader withat
Suppese no'w that a ray com ng most obhiquely in the line MC [Fig 1 be
refracted at Chy the plane RSanto the ine CN andif it be required to £nl
thelin CE, mto whuch anv other ras AC shall be refracted 1 £ \IC AD be
the cimes of incaderee of the tworav< and \NC FE their moesof refraction anl
let the equal mo 10ms of the inerdent rays be repeented by the equal inea MC
22d AC and the motion MC being conidercd as parall 1to th  refractin~
pace let the other motion ACbe di tir—u1 hedinto tnomotions A\Dan1DC
oze of which AD 15 parallel and the other DC perpendicular tatt  refracting
surfsce InLke manper let the motions of th e emergng v be d. tingut ted

intatwo whereof the perprnd.cular ones are ¥ CG and %? CF \ndiftle

force of the refracti g plase bae.s to act upon th e ravs e theran that plan or
#acertun distance fromit onthe one 1de andendsatacertain di tanos from
itentke other ade a.d 11 all places between thase two Limuts acts upon the
13v3 12 Lae< peepend cular to that refracting plan  and t! e actions upon the
:‘::f eq-al deta ey foom the refractiog plane be equal and at unequ 1 ones
o :"’\:l:; uzequal Lecomd.em to aus rate whatever that motion of the my

- - -

L2 emegg rav U\ vou n:TIIOGuaMW then the perpend.cular
\'elom\-tiaz\-o.}rc:.o-:::.‘ rav CE wh.eh was %gCF will be equal to the

sare o £ CD-CT 06 vt b equaning thewe equsl. and adding to
m_‘*m & e AD~ 2 4 MCA—CD~ and dinidin, the rums by the equals
4~EF A 0G~~\C~ vou »ill bave ’\Lf}” eqnl to i\T'l Whence AD
g‘rﬁimﬁﬂt}zwe’nlnnlm £ MC10 G thatss 1na
reetrsam ber g geneal W hout determuning what
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ight1s or by what Lind of force 1t 15 refracted or assuming any thing further
than that the refracting body acts upon the rays in hines perpendicular to its
surface I take 1t to be a very convinaing argument of the full truth of this
Proposition

So then if the ratio of the sines of tnerdence and refraction of any sort of rays
be found 10 any one case tis given 1n all cases, and this may be readily found
by the method 1 the following Proposition

ProrosiTioN 7 THEOREM 6

The perfection of telescopes 1s vmpeded by the different refrangibility of the rays of
hight

The 1mperfection of telescopes1s vulgarly attributed to the sphencal figures
of the glasses and therefore mathematicians have propounded to figure them
by the conical sections To shew that they are mistaken 1 have mserted this
proposition the truth of which will appear by the measure of the refractrons of
the several sorts of rays and thesc measures I thus determmne

In the third experiment of this first part where the refracting angle of the
prism was 6215 degrees the half of that angle 31 degrees 15 mmutes 1s the
angle of meidence of the rays at thetr gomng out of the glassinta the mir and the
sine of this angle1s 5 188 the radius beng 10 000 i hen the as of this pn m
was parallel to the horizon and the refraction of the rays at their incidence on
this prism equal to that at their emergence out of 1t I obseryed with a quadrant
the angle which the mean refrangible rays (that 15 those which went to the
muddle of the Sun s coloured 1mage) made with the horizon and by this angle
and the Sun s altitude observed at the same time 1 found the angle which the
emergent rays contained with the mcident to be 44 degrecs and 40 minutes and
the half of this angle added to the angle of tncidenee 31 degrees 15 minutes
makes the angle of refraction whichis therefore 53 degrees 35 minutes andits
sine 8 047 These are the sines of incidence and refraction of the mean refrangt
ble rays and therr proportion in round numbers s 20 to 31 This glass wasof &
colour inchning to green The last of the prisms mentioned 1n the third expent
ment was of clear white glass 1ts refracting angle 6315 degrees the angle which
the emergent rays contained with the inerdent 45 degrees 50 minutes the sine
of half the first angle 5262 the sine of half the sum of the angles 8 157 and
therr proportion in round numbers 20 to 31 as before

Trom the Iength of the image which was about 934 or 10 inches subduct its
breadth which was 214 inches and the remamder 734 inches would be the
length of the image were the Sun but a pant and therefore subtends the angle
which the most and least refrangible rays when incident on the pnsm 1 the
same lines do contan with one another after therr emergence Whence this
angle 13 2 degrees 0 7 Tor the distance between the image and the pn ﬂ/l
where this angle 1s made was 181 fect and at that distance the chord 734
inches subtends an angle of 2 degrees 0 7 Now  half this angle ts the angle
which these emergent rays contamn with the emergent mean refrangible rays
and a quarter thereof (that1s 30 2 ) may be accounted the angle which they
would contan with the <ame emergent mean refrangble rays were they co-
ncident to them within the gla s and suffered no other refraction than that at
their emergence For 1f two equal refractions the one at the mcldcn:(:’of the
rays on the prism the other at their emergenee mahe half the angle 2 degrees
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P » 1 make about a quarter of that angle and
efraction of the mean
fes of refraction of the

LY R T RIS drgrr«nl 55 whoe

refraction = and “§ the remataders *7 and 25 shew that in san ruad o 1S
— =~ ah et anof the most re-
' Iractions

1 part of
the whole refraction of the mean refranmble rave

Whenee thes that are shalled 1 Opties will casly undertand that the
breadth of the leat crrcular space into whiel object-g asses of telracopes can
eollect all sorts of parallel rays, 1s about the 2714th part of half the aperture of
the glass, or 5oth part of the nhole aperture and that the focus of the most
refrangible ravs 1 nearer to the object-glass than the focus of the leat re-
franmble onee by sbout the 7} 4th part of the d.. tance between the object
glass and the focus of the mean refranpble ones.

Andf nys of allsort  flowing from any one huad pont 1n the aus of any
convex lens be made by the refraction of the lens to converge to ponta not too
remote from the lens the focus of the most refranmble rays shall be nearer to
{he Jens than the focus of the lca t refranmble onee by a ditance which s to
the 77} th part of the dutance of the focus of the mean refrangble rays from
teelec as the distance between that focus and the luaid pant from whenee
i;;:ys flow 18 to the distance between that luad paint and the Jens very

y

_::ow to examine whether the difference between the refractions which the

- e o o

Exrez 16 The lens which | used 1o the second and esg} th Expenients
beo placed mx feet and an anch distant from any object collected the epecies
of that cbject by the mean refrargble ravs at the di_tance of nix fect and an
tnch from the lens on the other ade And therefore by the foregog rule 1t
:i;hl 1o collect the species of that object by the lea. t refranmble rays at the
tance of e1x feet and 333 inches from the lens and In the most refrangmble
;mts 4t the du tance of five feet and 1014 1nches from 1t So that between the
‘:: Places nhere thewe least and most refranmble rays collect the speeies
m::ﬂyhbe the di.tance of about 534 inctes For by that rule as six feet and
Iy ; (& e di_tance of the lens from the luexd objeet) 1s to twelve feet and two
— e di.tance of the lucid abject from the focus of the mean refrangble
A, ;;s 2sone1stotwo soisthe 7" 14th part of aix feet and ananch (the
by tween the lens and the same focus) to the distance between the
Tt ‘; most refranmible ravs and the focus of the lea.t refrangble ones
hethe un:rvl’ow 54 inches that 1s verv nearly 514 inches \ov toknow
wthed measure was true I repeated the second and eighth expenment
loured ight whuch was less compounded than that I there made use of
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For I now separated the hets ~~ -
An

1 - PAVIVEE S
men from this spectrum to ec
same distance on the atha

i o
1 ates with indigo and viol

could not read them whereupo o p s Lroundit wasfull of vewns
runmng from one end of the glass to the other so that the refraction M
not be regular 1 took another pnism the af~ !
mstead of the 1= -

the strohes o upult tnese lines m such man
ner that the « arung the colours from one end of the spectrum to the
other I found that the focus where the indigo or confine of this calour and
viclet cast the species of the black hines most distinctly to be gbout four
mches or 414 nearer to the lens than the focus where the deepest red cast the
species of the same blach lines most distinctly The v1olet was so faint and dark
that I could not discern the species of the hnes distinctly by that colour and
therefore conmdenng that the pnsm was made of a dark-coloured glass nchm
mg to green I took another prism of clear white glass but the spectrum of
colours which this prism made had long white streams of famt hight shoating
out from both ends of the colours which made me conclude that something nas
anmuss and viewsng the pnism I found two or three hittle bubbles in the glass
which refracted the hght wrregularly VWherefore I covered that part of the
glass with black paper and letting the hght pass through another part of it
which was free from such bubbles the spa t 3
those nrregular + -

the violet so d

violet and no i was next the end of the
spectrum Isu .. o tuerefore that this faint and dark ot~ -

layed by that scatterning [ oht -

t yui 1t veng of a whate colour
1 < tuiesensesostrongly asto disturb the phenomena of that
weah and dark colour the violet and therefore Itned (asin the 12th 13th
and 14th expenments) whether the light of this colour did nn ¢ 3
sensible mixture of heterogenen

f

3

} » uut and thinness of its hght
n - vitt e s of the lens I divided therefore those parallel
black inesmnto equal parts by nhich I might readily hnow the distances of the
colours 1 the spectnim from one another and noted the distances of the lens
from the foct of such colours as cast the spectes of the lines distinetls and then
constdered whether the difference of thoe distances bear such proportion to
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teet ifference of th e di tances whichtte foci of tt e decpest
i}émc}{rﬂ :ﬁ:su‘:hl to have from the len as the ditance ol‘ the otrerved
- ~oe of the
m (that
wbovests
d my obeervations were & lou

bm\:%‘:: ;\:l»crzcd and compared the deepest sensible red sn 11te colourin
"W~ Tum Wwas
“ nfin of
wearer to

y about
metimes
nch For

le erreee

it rectt
from the
Lo incles

But here 1t 8 to be poted that T could not see the red to the il end of the
spectrum but only to th e centre of th e semeircle wiuch bounded thatend or
alttlefartier and therefore 1compared thus red pot wath tl at colour wi «ch
was exactly 1n the midd e of the spectrum or confine of green and blue but
wath that which verged a 1 ttle more to the tlue than to the green And as T
rechoned the whale lenth of tl e colours not to be the wiole length of the
spectrum but the len~t} of 1ts rectil near & de= g0 comp ! ting the sermcircular
endsinto eircles when esther of 1t e obeerved colours fell with in 1 oe errclea 1
measured the i tance of that eolourfrom tt  <crmcircularen 1 of the spectrum
2nd eubductin half 1} 1s di tance from the mea ured di tance of the t vo eol
ours 1 took tt e remann ler for thetr corrected b tance anlin these obeenva
tieng set down thus corrected d tance for the difference of t1 d tances of
their foc from the lens For asthe length of the rectilinear £ dea of th e spee
trum would be the whole 1 ngth of all the colours were th ¢ etreles of which (as
we shened) that epectrum con.  ts contracted and reduced to phy<ical pownt
2010 that caze this corrected di tance would be tte real di tanee of the two
cheered colours

When, therefore 1 furtt er ob erved the deepest senaible red and that blue
whose corrected di tance from it was '/ parts of tte length of t} ¢ rectilinear
&ides of the epectrum 1} e difference of tte d tances of their foo) from the Jens
wasabout 315 inetes and as 7 to 17 s0 1331, to o4
dl\\'hen Tobeerved the deepest senible red and that indigo shoe eorrected

tance was /4 or 2§ of th length of the rectilmear sades of th ¢ epectrum the

A rence of the dist nces of their foc from the lens was about 355 1nct es and
& 103 £0153% to 51

n;‘x;l obsersed the deepest <en 1 le red and that deep indigo whoe cor
— tance from one another was % or 3 of the length of the rectilinear
. sof the pectrum the difference of the di tances of th eir foct from the lens

a;!\;buuumche« and 853104 so1s4 to 514
o :1 Lobserved the deepest sen.ible red and that part of the violet next
tndi 0 whose corrected du tance from the red as /s or % of tl e length
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For I now separated the heterogeneous ray s from one another by the method I
desenbed i the eleventh expeniment so as to make n coloured spectrum sbout
twelve or fifteen times longer than broad Tk = - !
bock and placing the above mentic

nch from this spectrum to collect t

same distance on the other side 1§

nated =~ *

about

minate

couldr o p w 1rounditwasfoll of vems
running,  ww oue ¢nd of the glass to the other so that the refraction could
not be regular I took another prism therefore which was free from vemns and
mstead of the Jetters T used tw o or three parallel black Imes a little broader than
the strokes of the letters and casting the colours upon these hines in such man
ner that the hneg ran along the colours from one end of the spectrum to the
other I found that the focus nhere the mndigo or confine of this colour and
violet east the species of the black hnes most distinetly to be about four
snches or 414 nearer to the lens than the focus whe atbad -

species of the  ma W

that I cou

therefore - uue 01 3 dark coloured glass mehn
ng to green L took another prism of clear white glass but the «pectrum of
colours which this prism made had long white streams of faint Iight shooting
out from both ends of the colours which made me conclude that omethmg was
amiss and viessng the pnsm 1 found two or three httle bubbles in the glass
which refracted the light wregularly Wherefore I covered that part of the
glass with blach paper and letting the hght pass through another part of 1t
winch was free from such bubbles the spectrum of nnt~ - i
those wrregu! =+

the violet so

wviolet and 1 po v 1L woich was next the end of the
spectrum I suspected therefore that this faint and dark colour rmght be al
layed by that scattering hight which was refracted and reflected srregularly
partly by some very small bubbles n the glasses and partly by theinequalities
of their polish which light tho 1t was but hittle yet 1t being of & white colour
mught suffice to affect the sense so strongly as to disturb the phenomena of that
weak and dark colour the violet and thercfore I tried (asin the 12th 13th
and 14th expenments) whether the heht of +h i
sen, hla w~

frac
ast snu by consequence out of this

o
viol  ugut nad it been senstbly compounded with white ight And therefore
T concluded that the reason why I could notsee ttr ne ~ v
1y by this colour nas only the darkness of

wel 4 -
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% ¢ erwth ther than st d.d with me For I d reetedtbesw 1 nea v aslec 'l
t themiddle of the cooure and then the fant end of the nectrum bem= e
owe from the ax ea.t thewr «pecies Ieas & tinetly on the paper than tley

. d kave doze had the axis been suceessvely dorected to them

Now tv what hag been «ud 1t s certain that the ravs which d.ffer 1 re-
fru~bility do not converge to the same forit  but 1f th 3 fow from a luesd
pact & farfoom thelensonone ide . the rfoczarc on tteo he thefocuned
the mast refrarmble ravs hall be nearer to the lens than that of the leat
te r_sible by above tte fourteen h part of the nhole di_ance anlif they
fow fromalued paint <0 ven remote from the lens that before therranet Ienee
thev sy be accounted parallel the focu «f ¢t mce refrangil eravestallbe
pearer to the lens than the focu. of the - t refranmtle Ty about ¢ 27t or
Shpartof ttear who! di .arce fromat Anlthe diame erof thearclemtte
.dde space between thowe tno g which tt vall immate wlen thev fall
there 0n anv plane perpendicular to tte au (nhicharcet theleatant
wh.ch they can all be patl ered) 1 about the Suth part of the diam ter (f Ve
srerture of the pla. Sothat tr a wond rtl st telescopea represent of jeet <0
ditzetasthey do But were all the rave of | ght equallt refranmt! theem
snare colv from the plencalne< of tt figures of £ a2 < would le many
l‘.‘:.nd:td tunes less For 1f the of ject-glass of a t lescope be planoconvex, an §
‘«:Pm nde be turned toward the of ject anithe d am terof the nlee
wheeof the. gla sisa segment be ealled D and the serud ameter of the ape
tore of the glass be called © and therin of incid nee out of glassinto mrbe to
the *'x:ekol refractionasIto R theravs hu h come parallel to th e axw of the
gase halin the paee where th e amage of th objectt most di tinetly made
be ~attered all over a Ltt!  circle TgXSew v
pexdr a5 gather b Ig¥Dgad 7
£ e Father by computin the crrore of the rays by the method of in-

‘

Yoe d ameter 18

Ix‘xUU teet of 1°00 1nches and S the semudiameter of the aperture be 1 o
thes the dameter of the httle exrel (ﬂut 18 [M) wll be
31x31x8 1axb quad
-

o —2 2 Nno - & D

W
u\ﬁlﬁm‘eﬂ: teretore the error an ing from th e sphencal figure of the
Ll TTOr an m% from the different refranmbilits of the Ravs as

)
e AUty a0 | answer tis bee: H
oy 15 because the ernng rvs are not seattered
e tentre‘:}:;:g that n}r}cuhr space but collected mfinitels more densch tn
1o the o1 3 any other part of the cirele andin t} e way from the centre
ference lo"umfx:em grml\ continually rarer and rarer £o as at the cireum
become mfinitely rare agd by reason of t! eir ranty are not strong
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of the rectihmear sides of the spectrum the diffe on a ~2 2
foct from the lam

sometimes

the blue an = u utn dun shone clear and I
held my eye vury pear to the paper on which tha t

hines Yot o~

violet nhic i By nbote

half thevio un L Lnese experiments 1 had observed that the species
of those colours only appear distinet which wesa nn - T

50 that1f the W

and then LIUILIL 1 con
trved to wp ulut 0t colours shorter than before so that both its

ends might be nearer to the vas of the lens And now 1ts length was about 214
mches and breadth abaut Y5 or Y6 of aninch Also instead of the black hneson
which the spectrum was cast I made one black line broader than those # +1
mught see 1t species more e Iy~ 3

1 au vl tue spectrum and made the ¢
fa  wu observations
When 1 observed the deepest senstble red and that part of the violet showe
corrected distance from 1t was about 34 parts of the rectimenr sdes of the
spectrum the difference of the distances of the foet of those colours from the
lens was one time 424 another time 434 another time 474 1nches andas8109
s0 are 435 434 4% to 54 6'%4 574 respectively
Yihen 1 observed the decpest senstble red and deepest sensible violet (the
corrected distance of which colours when all things were ordered to the best
advantage and the Sun hone very clear was about 2 or %/ parts of the
length of the rectilinear mides of the eoloured speetrum) I found the difference
of the distances of therr foct from the lens sometimes 434 sometimes 534 and
for the most part 5 inches or thercabouts and as 11 to 12 or 15to 16 sosfive
inches to 534; or 534 mches
And by this progression of experiments T sabisfied my<elf that had the hight
at the very ends of the spectrum been strong enough to make the species of the
black lines appear plainly on the paper the focus of the deepest violet would
have been found nearer to the lens than the focus of the deepest red by about
514 mches at least And thisisa further evidenee that the simes of incidence and
refraction of the several sorts of rays hold the same proportion to onc
another in the smallest refractions which they do in the greatest
My progress i making this nice and troublesome experiment I have et
down more at large that they that shall try st after me may be sware of the
circumspection requisite to make it su ool 1 annot make 1t
he proportion
the distances
= uu v DL Lne suceess in the more distant colours
by = better trtal And yet 1f they u e a broader lens than I did and fixst tos
fong strait stafl by means of which 1t may be readily and truly directed to the
colour whose focus 18 desired T question not but the expeniment will suceeed
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darker colours than these and much more rarefed may be neglected For the
dense and bnght hght of the eircle wall obrecure the rare an § weak hght of th e
- Ten 1 th malmast meaen He The senatle

[
round sbout 1t which & spectator will searce regned  And therefore 1n n

evpenence for some astronomers hase found the diameters of the £xed stare
11 telessopes of between 20 and GO fect 1n lengt! to be about 5 or € or
at most 8 or 10 seconds But 1f the eyeglas be tinted faintly with the
emohe of & lamp or torch to obscure the L ht of the star the famter
bght 1n the eircumference of the star crases to be v2ible and the star (of
the glas be sufficiently soiled with emoke} appears romething more like a
mathematical point ind for the same reason t} ¢ enormous part of the ligtt
1 the ewrcumference of every lueid point ought to be leas discermtle 1n
iortcr telescopes than 1n longer because the shorter tranamt lees light to

e eye

“Now that the fived stars Ly reacon of t} eir immen. ¢ di tance appear hke
pants unless zo far as thewr ligtt 1s d lated by refraction may appear from
bence that when the moon passes over them and echipees ttem their hight
vaoLhes not gradually hike that of the planet tutallat once anlinthe end
of the eclipse 1t returns into 1ght all at onee or certainly 1n less time than the
eecond of a munute the refraction of the moon s atmosphere a hittle protracting
the time 1n which the Light of the star firet vam tes and afternards returns
wto ght

Now 1f we suppo<e the sen.sble image of a lucid pont to be even 2.0 times
Pimww than the aperture of the glass yet this image would be still much

H:"s::‘h:; sphencal figures of glasces but the different refranmbility of the

tanders the perfection of teleecopes

1
b Huus lengths ma;

the abyect gmfy with equal distinctness the apertures of
glasses and the charges or magmfyin
‘hembcsorthesquarerootso(l o oo uEht to o o

hesr lengths which doth not &

o nswer to expen

“":"hf:! lrltle errors of the rays ansing from tl e different mfmnmbnh!}pim

sl Pertures of the object-glasses and thence to make telescopes of van
magnfy with equal distinctness their apertures and charges ought
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enough to be visible unless 1n the centre and verv nea + Te 4T m 4
represent one of *
AC and Jet BYG
errcumference the
N and by my re y U oue ugnt
any place B will be toits density in N as AB to BC
and the whole hight wathin the lesser aircle BTG
will be to the whole hight within the greater ALD as
the excess of the square of AC above the square of
AB 18 to the square of AC Asif BC be the fifth part
of AC the bght wmill be four times denser in B than
m N and the whole hight within the less circle will be
to the whole hght within the greater ss nine to  E D
twenty five Whence 1t sevident that the hight with
m the less ercle must stnke the sense much more Fig 7
strongly than that famnt and dilated hight round about between 1t and the
crrcum{erence of the greater

But 1t & further to be noted that the most luminous of the prismatic colours
are the yellow and orange These affect the senses more strongly than all the
rest together nnd next to these mn strength are the red and green The blue
compared with these 15 a faint and dark colour and the indigo and violet are
much darker and famnter so that these compared with the stronger colours are
hittle to be regarded The images of objects are thercfore to be placed not 1n
the focus of the mean refrangible rays which are 1o the confine of green and
blue but 1n the focus of those rays which are 1n the middle of the orange and
yellow there where the colour 18 most luminous and fulgent (that 15 1n the
brightest yellow that yellow which inchnes more to oranea th nénme = =
by tha of -
are
mea 1 v pac Lieimage of the object 1n the focus of the ¢
rays and all the yellow and orange will fall wathin a circle whose diameter 13
about the 250th part of the diameter of the anert 1 o of tho =t - t

14 #ha Lol

v cotours will fall vith notha
Afh o~

wa u wiow preen) about one quarter will fall
within this eircle and three-quarters without and that which falls without will
be spread through about four or five tumes more space than that wich falls
within and so1n the gross be rarer and if compared with the whole hight within
1t will be about 25 trmes rarer than all that taken in the gross or rather mDn;
than 30 or 40 times rarer becau ¢ the deep red in the end of the ne trrm o

Aln mgen A B e
al L litLl L sense €S

c the deep red and willow green of this hght are much darker

pecully s the rest And for the same reason the blue and violet being much

colours than



Boox I Farrl 421

magmfed tut 50 or %o times 1t would have made the of ject

:ﬁdmgzdbik and pleasant Twoof thee 1 made abott 1€ vears a=o and

have one of them till by me by which Tean prove the truth of what 1 wnte

Yet 1t 15 Dot €0 good as at the firt For t} ¢ coneave has been dners tives

tarn. hed and cleared agun by rubbiog it with vers =oft leathe \\'lhen [ made
r - s 1 e o hor e

L

1

iehestn dameter the one convey, the other concave ground very tru to ene
anotber On the convex 1 ground the object metal o concave wlich mastobe
pelshed, till 1t had talen the fimure of the convex and was readv fora po' b
Then I pitched over the convex verv thinh b dronming meted pitch upon it
224 warming 1t to keep the ptch roft whilt 1 ground it with the concave
cower wetted tomaket <pread evends all over the convex. Thus by norhin
atwell T madk 1t as thin as & groat and after the convex wa cold I grouniat

1 1

P — N - e

1 "

21 ¥ motion for about 1wo or three minutes of time leanin, hard upen it
Then I put fre<h putty upon the mteh and pround 1t agun till st had d ~e
mak. saeose and sfterwards ground the of ject metaluponit & before Ard
tuswork I repes od tall th e metal was po' hed grind rxat the 1t ime wath
tlly  ren<th for s good wl e togett er and frequently breathung upon the
£ ¢h tokeepitmor t mithout laving on.ny more fre<hputts The of ject etal
wastwoinclesbroad andabout onet? ird part of aninch thack toleepat from
bendin,. Thad two of thewe metal. and when 1 had vl hed them both § tned
';Lch was bes  and ground the otl er azan to zee 1f 1 could makeat better
tanthst which Tkept And thusby many trials Tlearred the way of poli] ing
wl l::*.sde those two reflectin,, perpectives I epale of above For thie art of
iir....., will be better learned by repeated practiee than by ry desenption
ore 1 ground the object metal on the pitet [ alwavs ground the putty onat
:-E the coneare copper tillit had done maling a notee beeausesf th e particles
brk:ﬂl‘:us were not by the. meansmade to tick fa 410 the pitch they nould
iy & up snd down grate and fret the object metal and 6l 1t full of httle

“Bct beease metal 13 more difficult to polt h than glass and 1s afterwards
q'xzkﬁ o be spotled by tarm hung and reflects not <o much lght as glass
sr‘v‘x.nd vered over does T would propound to use 1. tead of the metal a glass
@-\tk-s’lm:d“ on the foreside and as reuch convex on the bach.ide and
— mﬂh&owr on the contex ude The flass mu t be evervmlere of the
e ;3 exactly Otlen1se it will male objects Jool coloured and
b v such A glass 1 tned about five or s1x years ago to make a reflecting

lescope of four feet 1n leneth to magmfy about 150 times and I st fied

Eyself that there wants not!
fection, For the Ny l:::: hing but & good arta t to bnn,, the de<ign to per

wTou ht by one of our London artists aft
as'-"—*&!w thev grind guasces for telescopes thou bt seemed 2. rellc\l\.'::\fx}:lh:
1et-glasses use to be yet when 1t was qu eh-sily ered, the reflexion



420 Orrics

to be as the square roots of theirlengths and this wnswersto expenence as1s
wellknown For mstance a telescope of 64 feet 1n length with an aperture of
2,4 mches magmfies about 120 times with as much distmetness as one of a
foot i length with 14 of an inch aperture magnifies 15 times

Now were 1t not for this different refrangibility of rays telescopes might be
brought to a greater perfection than we have yet deseribed by composing the
object-glass of two glasses with water between them Let ADIC [Fig 28]
represent the object glass composed of two glasses ABED and BLFC alike
convex on the outsides AGD and CHF and alike concave on the
wnsides BME BNE with water n the concavity BMEN Let  ABC
the sme of incidence out of glass into air be as I to R and out
of water into air as K to R and by consequence out of glass in
towater asIto K andlet the diameter of the sphere to which
the convex sides AGD and CHF are ground be D and the di G "
ameter of the sphere to which the concave sides BME and BNE
are ground be to D as the cube root of hlv—hI to the cube
root of RK—RI and the refractions on the concave sides of the
glasses mll very much correct the errors of the refractions on
the convexsides so far as they anse from the sphericalness of  p§F
the figure And by this means mught telescopes be brought to Fig §
sufficient perfection were 1t not for the different refrangibihty of
several sorts of rays But by reason of this different refranmbihity I do not yet
see any other means of improving telescopes by refractions alone than that
of mereasing thewr lengths for which end the late contrivance of Huygens
seems well accommodated For very long tubes are cumbersome and scarce
to be readily managed and by reason of therr length are very apt to bend
and shake by bending s0 as to cause a continual trembling 1n the objects
whereby 1t becomes difficult to see them distinctly whereas by his contn
vance the glasses are readily manageable and the object glass beng fixed up-
on a strong upnght pole becomes more steady

Seemng therefore the improvement of telescopes of given lengths by re-
fractions 1s desperate I contrived heretofore a perspective by reflexion using
instead of an object glass a concave metal The diameter of the sphere to which
the metal was ground concave was about 25 Enghsh inches and by conse
quence the length of the instrument about six inches and « quarter The eye-
gla s was plano-convex and the dismeter of the sphere to which the convex
side was ground was about # of an mch or a hitle less and by consequenee 1t
magmfied between 30 and 40 times By another way of measuring I found that
1t magmfied about 35 times The concave metal bore an aperture of an inchand
athird part but the aperture was imited not by an opaque circle covenng the

Limb of the metal round about but by an opaque circle placed bct\,\‘ccn t;hi
0]

xed
on
de

1 Id d at er distance with my own
with a concave eye-glass cou read at a greater st own

x
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«tn from the speculum be such that the ravs of the hight PQ
I‘i:‘i:rv::::!{‘:m ncid ot upor::l e speculum in hines paraliel to thenxts lhtm;
of may enter the prum at fende I} and be refected by the sude FC and

- hew hith 4 CF tothe pont T which mu t be the

ex eyegla s H

aysat thar com

% 1ean themrh a rmall round hole or aperture made in a

11« 14 to be covered which
1 enough to pass through
which t1s made mntercept

nes from the verpes of the
oo foetln ¢ lreeloning

vement that the speculum be an inch or tno broader than the aperture at the
least and that the plass of the speculum be thick that it bend not 1n the
worling The prim LFG must be no bigrer than e necesaan and itaback
mde FG mu_t not be quick=ulvered over For wathout quick-slver it wall re-
fleet all the Light incadent on 1t from the speculum

In thisin_ trument the object will be inverted but mav be erccted by making
the quare s1ides FF and G of the pn m I FG not plane but sph nieally con
vex that the ravs msy cross as well before they come at it as afterward. be-
tween 1t and the eye-glass. If 1t be desired that the 1o trument bear a larger
aperture that may be also done by composing the speculum of tno glasses with
water between them

1f the theory of making telescopes could at length be fully brought 1nto
Practice yet there would be certaun bounds beyond whach telescopes could not
perform For the air through which we ook upon the stars 1s 1n 3 perpetual
tremor as m3y be scen by the tremulous motion of shadows cast from high

w .

2part and by means of their vanous and sometimes contrary tremors fall at

one and the same tune upon different ponts in the bottom of theeye and their

trembling motions are too quick and confused to be pereerved severally And

ﬂ;:e‘e lllu‘mms!cd points con_titute one broad lueid po ot composed of those
¥ trembl

wnts confusedly and bly mixed with one anotl er
::ry short and swift tremors and thereby cause the star to appear brom;)c’;

;“ cl!l:m's of the atmosphere Ihe only remedy 15 a most serene and quiet air

a_: :?:: d:e haps be found on the tops of the lughest mountains above the
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discovered innumerable nequalities all over the glass And by rezson of these
mequahties objects appeared mdistinet i this mstrument For the errors of
reflected rays caused by any wequality of the glass are about sis times greater
than the errors of refracted rays e ed b % §
« wu Ly sensivie prejucice tot and by
cut sequence that nothing 1s wanting to perfect these telescopes but good
workmen who can grind and polish glasses truly sphencal An object glassofa
fourteen foot telescope made by an artificer at London I oncem ni 4
siderably by gnnding tanw % -
grinding lest
enough for pol wes  o¢s 1navenot yet tried But he that
shall try erther this or any other way of polishing which he may think better
may do well to make Ius glasses ready for polishing by grinding them witheut
that violence wherewith our London workmen press therr glasses n grinding
Tor by such violent pressure glasses are apt to bend a httle in the gnnding
and such bending will certamnly spoil therr figure To recommend therefore the
constderation of these reflecting glasses to such artists as are cunous n figunog

glasses 1 shall desenbe this optieal instrument Y
1 the following Proposition lc —0
L Q g
ProrosiTioN 8 ProsLEyM 2
m
4 « vu e sorestde AB and as much

convex on the backside CD sothatitbeevery
where of an equal thickness Let1tnot be thicker
on one side than on the other lest 1t make ob

Jects appear coloured and indistinet and let 1t i
be very truly wrought and quich silvered over
on the backside and set i the tube V\YZ !
which must be very black within Let EFG rep-
resent a prism of glass or crystal placed near
the other end of the tube 1 the muddle of 1t

by means of a handle of brass or iron T'Gh to
the end of which made flat 1t 1s cemented Lot
thus prism be rectangular at £ and let the other f
tno anples at T and G be accurately equal to
each other and by consequence equal to half
nght ones and let the plane sides I'L and GE i
besquare and by consequence the third side I'G
a rectangular parallelogram whose length 1s to ! !
1ts breadth in a subduplicate proportion of two 7‘
to one Let 1t be 50 placed 1n the tube that the FemE 1

avas of the speculum may pass through the mid n
die of the square 1de ET perpendicularly and T
by consequence through the middie of the side .
F(atan angle of 45 degrees andlet the side I'F v‘

be turned tonards the speculum and the dis- Fig 2

7
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- tohen  af Am Pedlatthatthe
Yass large
wtie veasl
« with salt
t clear ol
“i!lexrrotn. © The Sun s ight let intoa datk chamber lhmugh'lhc r('vundl hole ‘Ii
- S - - -

’ ”

DL If that paper was perpendicular to that hht intdent upon it s L
,K/XV

Fz
reprecented 1 the posture DF all the colours upon it at O appeared white
But af the paper being turned about an axis parallel ta the priam  became very

[y

[
of the prisra 10 all the<e cases remamed the same

lég;ﬁ:::h :ngthcr cxpcnx:z:nt may be more ezmly tned as follows Let

posture de or into blue and vrolet
asin the posture & Andif the hight
before 1t fall upon the paper be

Fe3 t ace refracted the same way by
o paralle]l prims these colours

:{‘llmr]?e the more conp cuous Here all the middle parts of the broad beam
i ght ahich fell upon the paper did vathout uny confine of shadow to
Lh”_)x thbemme coloured all over with one umform colour the colour being
‘¢ same 1n the middle of the paper as at the edges and tht colour
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Part II

Prorosrtion 1 Toeoren 1

‘THE PHENOMENA OF COLOURS IN REFRACTED OR REFLECTECD LIGHT ARE NOT
CAUSCD BY NEW MODIFICATIONS OF THE LIGHT VARIOUSLY IMPRESSED AC
CORDING TO THE VARIOUS TERMINATIONS OF TifL LIGHT AND SHADOW

The Proof by Cxperiments

~ - =4 1ol wha 1 nughanoblong

inch or some-
ry large prism

ABG diStant abOUL 2V IELL VML L vy @ wia o then (wmithits

white part) through an oblong hole H, whose breadth 1s about the forticth or

sixtieth part of an inch and which 1s made 1n a black opaque body GI :ind
1

mitted through the hole H fall afterwards upon a white papet p j a ww T
that hole H at the distance of three or four feet from 1t and there paunt the

lE

Fig 1

usual colours of the prism (suppose red at £ yellow at s green at ¢ blueatq
and violet at p) you may with an wron wire or any such kke slender opaque
body whose breadth 1s about the tenth part of an nch by intercepting the
raysatk | m noro take away any one of the coloursat t s r gorp whist
the otber colours reman upon the paper as before or with an obstacle some-
thing bigger 3 ou may take away any two or three or four colours together the
rest remaimng So that any one of the colours as well as violet may become out-
most 1n the confine of the shadow tonards p and any one of them as well asred
may become outmost in the confine of the shadow towards ¢ and any one of
them may also border upon the shadow made within the colours by the obstacle
R intercepting some ntermediate part of the hight and lastly any one of

v %anel ft alone mav border upon the shadow on either hundLAll’tl:f

fines of shadow wherevy nguts  u oy -
:ﬁz or;l:cmlon of philosophers In trying the<e things tis to be ob erved that by
how much the holes I and H are narrower and the intervals between them and
the pnsm greater and the chamber darker by so much the better doth the
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htut the
t their common axs all th e colours were made to vani
w‘m( which males that red being feft alone sppeared o!_ Uxf w-r)'

refraction of

2t modifiea

v This un

changeableness of eolour 1 am now to descnbe i e 1o v Uy 1 roposition

Proro mmos ® Turonex ?

All honogeneal ight has 1.5 proper eolo 7 answeerang fo tfs decree of refrangibils »
¢ d tha. colour cannot be changed by reflerions and refractions
In the expenments of the fourth Proposition of the first part of this fret

1
knew by refracting with & priem somettmes one very hittle part of this 1 ght

<ometimes another very little part a. 1sdesenbedinthet clfth expenment of
the first part of this book. For by this refraction t! e colour of the hight was
vever changed 1n the lea.t If any part of the red hight v as refmcted 1t re-
mained totally of the same red colour as before o orange rovellow nogreen
orblue no other new colour was produced by that refriction N\either did the
colour any way change by repeated refractions but ontinued alwavs the same
redentirely asat first The like con taney and immutatilits I found al oin the
blue green and other colours So aleo 1f I foohed ti rough A& pn m upon amy
body #lurinated 1th any part of this homogeneal hight & 1n th e fourteenth
experiment, of the firet part of th1s book 13 deeribed T coul 1 not perecive any
mew eolour generated this  ay  All bod es illuminated  1th compound hight
appear through pnisms confused {a. vas sa 1above) and tinged with vanous
ew colours, but these 1b d with } T 11 ght d through
Premsnetherlessd tinet nor otherwise coloured than when viewed math the
pakedeyes Theircolours ere notinthe lea tchanged by the refraction of th ¢
interposed prism 1 speak here of a <en 1t le change of colour for the hight which

Exrer.
were they

Brass blu
©0ek’s fea
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changed according to the -
change n the refractions ¢
And therefore these colo v Vil some other cause than the
Bew modifications of hight by refractions gnd shadows

If1t be asked What then s their cause? T an m
turede be n -
gible ones
therefore
wherever
M1y 10 some measure apy = 1 upusition of the first part of this
book and w1 more fully appear bereafter Ang the contrary happens 1n the
Posture of the paper ¢ the more refrangible rays beng then predommant
which always tinge Light with blues and violets

PER 4 The colours of bubhle 1. 1
L RN

8
t uauon even whilst the eye
any ight or cast any shadow rem. wuiiovea And therefore therr colours
anse from some regular cau ¢ which depends not, on any confine of shadow
What this eause 1 will be shewed 1 the next book

To these experiments may be added the tenth experiment of the first part of
ths first bool, where the Sun 5 hght in a dar), room being trajected through
the paralle] superficies of two prisms tied together i the form of a paralle!
epiped became totally of one uniform yellow or req colour at its emerging out
of the prisms Here n the production of these colours the confine of shadow
canhave nothing todo For the hght changes from white toyellow orangeand
red successty ely without any alteration of the confine of shadow And at both
edges of the emerging hight where the contrary confines of shadow ought to
produce different effects the colour 15 one and the same whether 1t be white
yellow orange or red And 1n the middle of the emerging light where there 1s
no confine of shadoy at all the coloyr 1S the very same as at the edges the
whole light at i very first emergence being of one uniform colour whether
white yellon orange or red and going on thence berpetually without any
change of colour such as the confine of shadoy svulrarh nneat .
refracted ight afte ¢ e
newr
from - “ 1Le e reiractions remain the same
and a1so because the refractions are made contrary ways by parallel superficies
which destroy one another g effects They arise not therefore from any modi
fications of light made by refractions and shadows byt have some other cause
Vi hat that cause 15 ne shewed above 1n this tenth expeniment and need not

here repeat 1t

There 1s yet another matenal errer m + w or this

swards
ellow
pnsm
. UL ignt before its inerdence on that

pnsm Andjet in that experiment we found that when by turning the two first
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hincar s bos
des AF and G\ And therefore 30 those reetd
‘h!?@ ?.(ti};::l” :i‘cﬁuncd there 18 no nev colour generated by refraction 1
e ? =1 m hntrenen the t vo outmost errcles TME and
»oth enda to fall
ne and the ram

whil-t an assytant whose eves for di tingut iy, volowis VUL u 1

than e = lhc

couﬁamﬁ the

vellow l:c
-

1

[
Tines divided after the manner of a musical chord Let GAL be produced to \
that \[\ mav be equal to C\{ and concene GX AN % o\ & '1‘\ ‘:\
X tobe 1n proportion to one another asthe numbers 1 '/,,_:/.“. 243 é:

fesst refrangible rays out of glass into air was (by & method descnbed above)
found 11 proportion to their sines of refraction as o0 to =7 and "8 divide the
difference between the snes of refraction ™™ and “B as the hine GM 1s divided
by thosetnterval and youwillhave ™7 "73¢ 774,771 7714 T3¢ U4 8

the nes of refraction of those rays out of glass1nto mr their common sine of in

adence being 50 So then the mnesof the incidences of all the red making rava
Et of glass into mir were to the sines of their refraetions not greater than 50 to

— »
%4 unto that of 50t0 "7}/ And by the Like | mits abot e-mentioned were the
refractions of the rays belonmng to the rest of the colours d fined the snes of

the red making rays extending from = to ““3¢ t} ose of the orange-making
fom 1 =7 *

et 7 S AN

made out of air into glass are caaly denned
Exrer. 8 1found moreover that when hight goes out of mir through several
contiguous refracting medims as through water and glass and thence goesout
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homogencal hight appeared totally red 1n blue ight totally blue 1n greenlight
totally green and so of other colours In the homogeneal ight of any colour
they all appeared totally of that same colour with this only difference that
some of them reflected that hight more strongly others more famtly I neser
yet found any body which by reflecting homogeneal light could sensibly
change 1ts colour

Trom all which 1t 1s mantfest that if the Sun s light consisted of but ene sart
of rays there would be but one colour 1n the whole world nor would 1t be
possible to produce any new colour by refleions and refractions and by
consequence that the vanety of colowrs dependsupon the composition of hight.

DETINITION

The homogeneal hght and rays which appear red or rather make objects
appear so I call rubnfic or red making those which make objects appear
yellow green blue and violet I call yellow making green making blue-
making violet-making and so of the rest And if at any time I speah of hight
and rays as coloured or endued with colours 1 would be understood to speak
not philosophically and properly but grossly and accordinplv ta b o

cont nn -

t

1

a

th

sC wa UL oLJELL aTe nath ne b
that sort of rays more copiously

therr dispositions to propagate t

the sensorum they are sensations of those mations under the forms of colours

ProrosiTioNn 3 Proprey 1

To define the refrangibalily of the several sorls of homogeneal ight ansirertng (o the
several colours

For determining this Problem I made the following expeniment

Exper 7 When I had caused the rectilinear wide AR AT [F =~ 1106 T2

Ao n__x. 6. i S B F

1

iy

=
Fig 4

1
bat au Vit G wiien e speetrum of compound hight PT s compo~cd
and which 1n the middle parts of the pectrum nterfere and are intermixed
with one another are not intermived in therr qutmost parts where they touch
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those rectilinear edes AF and GV And therefore 1n those rectihinear sdes
when distinetly defined there 1s no new colour prnerated by refraction 1
cheerved #ho that of anywhere bet veen the two outmost arcles TME and
FGA & nght Line as 78 was cross to the speetrum 20 s both ends to fall
perpencheularly upon tts reetilinear nde there appeared one and the rame
- 1o fevmoneend of thishin tothe other 1delineated
CMT and intrang
he paper eo that the
gree with 1t exaetly
whilet an assistant whose cves for distinguy tung, to vurs were more entical
thanmine didby nght hinesa3 y3 ¢ dc dmwn croes the spectrum note tle
confiaes of the colours (that 12 of the red MoSF of the orange av83 of the
vellow « 48 of the green e, of theblue @ of the indigo dur ani of the
v -~} mme
hwith
Jerows
Eines divided after the manner of 8 musical chord Let GA be proaucd to N
thet \I'\ mav be equal to GV and caneenne GX AN X g\ X 4\ o\,
MY tobe n proportion to one another asttenumbere 1 84 44,3, ¢34 Y.
14 andsotorepresent thechordsof thekey andofatone at}irdmnor afourth
a£ith 8 nxth major a seventh and an eighth above that key And the inter
valsMa 8y 7¢ e ¢ & and 3G wll be the spaces which the several colours
(red, oranpe yellow green blue ind go wolet) take up
N\ow these intervals or rpaces subtending the differences of the refraetions
of the rays going to the Limits of thore colours (that1s tothe Pownts N\ a 7 «
% X, G) mav mthout anv senable error be accounted proportional to the
————
Al
focad 1n proportion to their eines of refraction as :0 ta 77 a;
g’f&mm between the mnes of refraction ~ and "8 as ll:Zh:c:ngtﬁ‘(}d:;z;
asenterval and vouwill bave ™ 3¢ L4 ~ig <"l 26 74,78

 torlessthan W0 to =14 but thev vaned from one anoth
er accord.ng t.
:‘:m’dlue Proportions. And the sinesof th nedenees of th grreen gn;x:x;
_K"v'uo tbesnesofihm refractions 1n all proportions from that of J0 to
I, m:mu :;hi‘”}:[ 010734 And b the like Limits sbove-ment oned were the
fractions oft _r'::s L:lonnng tf't_b-__m o_{_lhc colours defined the mnes of

Thare =
’

RN
— . . -

cont. e
L mn’m.g:r&._«utbm_;‘x“mmdm and thence gors out,
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agamn into arr whether the refracting superficies be parallel or melt 4 4~
nnother that hght os often ashy pnn —

ane
1

H b U

prisms of glas « vl water Now those colours

argue & diverging, and separation of the heterogeneous ravs f om o=
by means of ther unequal ro*
And onthecontrary thep
the rays there 1s no such se
no mequahty of ther whe w U palier the two
following theorems

1 The excesses of the sines of =f
common sine of incrdence when 1
medums immediately into one ar wu  atul incdim (suppose of air) are
to one another In a given proportion

2 The proportion of the sine of mmcidence to the me ~f
the same sort of
portion
mto any
sime of re — w u u Into the second medium

By the urst theorem the refractions of the rays of every sort made out of any
medium into air are known by having the refraction of the rays of any enesort
As for mstance 1f the refractions of the rays of every sort out of ram water
mto arr be desired let the common »

=

B

1 L casl ol the &xce
the common sine of o+ alerntomr to which sine (if you
add all the above mentioned c‘{cesses) you will have the desired sines of the
refractions 108 10814 1084 1081% 10814 10824 108%% 109

By the latter theorem the refraction out of one medium into another 18
gathered as often as you have the refractions out of them both into any third
medium  Asif the sine of merdence of any ray out of glasssnto air be touts smc
of refraction as 20 to 31 and the sme of 1ncidence of the s mo
water be toits sme of
of glassnto water w
that

v 18188 necessary to the srgument
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hat to lum who
by the successes T met with in the tnal T dare promise t!

:hnall imc truly and thea try ali things vath good plasses an | sufferent oxr
cumspection the expected event wll not be wanting But he 14 first to know
what colours will anse from any others mixed 1n anv as.tgned proportion

Prorosirion 4 Turorex 3
Colours may be produced by compont on which shall be Like lo the colours of

&r; of the colours of komogencal 1 g4t

For 2 mixture of homo~eneal red and yellow compounds o orange like 1n
a~nearance of colour to that orange which in the senes of unmixed pn matic
colours lies between them but the hight of one o=an~e 14 homorrnral 2. to
refrangibibity and that of the other 1s heteromrneal and tle colurof tt or
i viened through a pnem remnmns unchanged that of theott rischan~~dand
re<olved 1nto its component coloure red and yellow And after the sam man
zer other per hbounng homo~rneal colours mav compoun 1 new ealoure 1 ke
the imtermediate homorrneal ones as vellow and green e colour between
bez both and afterward. 1f blue he sdded there will be mad a greentle
ed e colour of the three which enter the compoation For the vell w and
blae 0a esther hand if they are equal 1n quantity t} ey draw the intermediate
green equally towsrds themsel o3 1n composition and to keepit a. 1t werein
¢qiilbruzs that it verge not more ta the vellow on t} ¢ one hand and 1o the
Else o the other but by th ir mixed actions reman ettll a mudd ¢ colour To
this mired green there ma  be further sdded some red and viol t and vet the
£reen wll not pre<ently cease but onlv grow less full an i vind and by o
¢ress, thered a.d w0 et 1t will grow more and more dilute untal by t}
prevsleace of the 3ddd colours 1t be overcome and turned mto whit nees
o ome 0.k reolon. So1f to the colour of anv homoreneal I 4t the Suns
whi e lizht composed of all rort. of ravs be added that eolour wil} nat van: h
or chanze ity eperiee but be dluted and by addin more and m re wt tn
lh’i":'lb‘f‘.! ed moe . more perpetualiv La v if red and wiol t be
2.oled, toeve will be geoers ad accordin= to the ¢ vanous promortions van
O pmse ench as zre pot LL 1n spwarsace to the edour of any homo-

5:;?;1;;&& trse purpas rmred wih veldow and bla may be made

- Proros—ion 5 Trrorrw 4
Perery end el meey colirars botern whie o 4 Mack
™2y be compounded of
40TV v Lo b of Ur < -
ecloers eppt naﬂyrv,‘zr‘;'\ ot -menpy ddof all s prney
'n,c.-mpr'ﬂ{tﬂh?—m“

EICEX SR 622t 2 &k ehamber thro gh a bttle round
tg;xz::_» e AL L2t et gthe reirared bn s priem to cast
o 3:. z:..z:[-’n v SRt oo swald [Lr dawhite papery to

e Tt - P2 !’E_:__u«dbylbco!mdLg}n



432 Orrics

reflected from thence and yet notintercept any part of that light 1 1ts passage
from the prism to the spectrum And I found that when the paper was held
nearer to any colour than to the rest 1t appeared of that colour to which it
approached nearest but when 1t was equally or almost equally distant fromall
the colours so that 1t might be equally 1luminated by them all 1t appeared
white And in this Iast situation of the paper 1f some colours were intercepted
the paper lost 1ts white colour and appeared of the colour of the rest of the
hght which was not intercepted So then the paper was illuminated with hghts
of various colours (namely red yellow, green blue and violet) and every part

P B

| !

T

Fig 5

of the hight retaned 1ts proper colour until 1t was ineident on the paper and
became reflected thence to the eye so thatif 1t had been erther alone (the rest
of the light being mtercepted) or af 1t had abounded most and been predom
mant in the hight reflected from the paper 1t would have tinged the paper with
1ts own colour and yet being mixed with the rest of the colours m a due pro-
portton 1t made the paper look white and therefore by a composttion with the
rest produced that colour The several parts of the coloured light reflected from
the spectrum whilst they are propagated from thence through the air do
perpetually retan their proper colours beeause wherever they fall upon the
eyes of any spectator they make the several parts of the spectrum to appear
under their proper colours They retun thercfore their proper colours when
they fall upon the Paper V and so by the confusion and perfect mivture of
those colours compound the whiteness of the hight reflected from thence

Dxrper 10 Let that spectrum or solar image PT [Tig 6] fall now upon the
lens MN sbove four inches broad and about six feet distant from the prism
ABC and so figured that 1t may cause the coloured hight which divergeth from
the prism to converge and meet agun at 1ts focus G about six or cight fect
distant from the lens and there to fall perpendicularly upon a white paper DT
And 1f 3 ou move this paper to and fro you will pereenve that near the lens as
at de the whole solar 1mage (suppose at pf) will appear upon 1t ntensely

<
[=

A
2D
' w>< 7
P/v“’ T ¢
E E W, X

[ e

‘ L K Y
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1 eannd efromilelens

35d thereby make tle eolours to appear agan LULHLL LA L 7
eprase at & where the red £1s now above ! ich before was below anithe
valet p ts below which before was above

T TN et g} focus C where the 1 bt appeans total ¥

e whiteness will ecce and degenerate into that colour whicn dinet hiuty ¢
compess 102 of the other colours 1 Fich are not intercep od Anlttenaftie
1= evcep od colours be let pa. s and fall upon that compound colour tlev mit
with 1t and by therr mixture restore the nhteness <o Af the violet tlue and
greenben ercepted the remaiming yellow orargean Tred willecmpoun lupen
the paper .n oran-e and then if the mtercepted colours be 1 t pas< they vil}
£20l upon this compounded oran—t and to~ether mith 1t d~compound a white
Soaloifth red and wiolet be intercepted tie remaimeg vellow green anl
e mil compound a green upon the paper and th ntle red and wiolet being
%t pass wil fall upon this green and togetter sathat decompound a v hite
Andths 1o ths compoettion of white the several rave d ot suffer any clanen
1 thesr colonfic qualiies by actin upon oae anothe  but are only mixed and
by s mixture of their co ours produce white may further apprar by thewe
Argumen.s.

1f the paper be placed beyond the focus G suppose at & and then the rd

t‘d?! at the lens be alternately intercepted and let pas n—un the v1 et
~ ~ T

lethin pass the violet which crosseth it

m\nél{;hr:upapcrh placed at the focus G and the white round ima~eat G be
ey zh the prism HIh and by the refraction of that pn m be trans-
- :‘ e place re and there appear tinged with yanous colours (nam 1y the
i z:md redatr and others between) and then the red colours at the lens
poby m!:lmuppcd and let pass by turns the red at r will accordingly diappear
o asoften but the violet at ¢ will not thereby #uff rany change And
m“m‘:gll;mg and letting pass alternately th e blue at the lens, the blue st v
The et 1 xd}' diappesr and return wathout any change madesntheredatr

hlchmth:!(' w:fcd:pﬁzis‘zn one =ort of nt:;: dnnd 1} e blue on another sort
CY are commixe
there 15 the same reason of lhey other colour. onotacton one snother And

ml_eo!:.xdemd further that when the most refrangble rays Pp ard the least

w
uzed i that focus with the eclour of the predominant rays provided those
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ry s severally retamned their colours or colonfie quahties in the composition of
white made by them in that focus But 1f they did not retan them 1o that
white but became all of them severally endued there with a disposttion to
strike the en e with the perception of white then they could never lose ther
whiteness by such reflevions Iinehned therefore the paper to the raysien
obliquely asinthe econd experiment of this sccond part of the first book that
the mast refrangible ray s might be more copiously reflected than the rest and
the whiteness at length changed suceessively into blue indigo and volet Then
Inclined 1t the contrary way that the least refrangmible rays might be more
copious 1n the reflected light than the rest and the whiteness turned ucees
sively to yellon orange and red
Lastly I made an mstrument XY 1n fashion of a comb whose teeth he

number sixteen —
teeth about two1
mstrument near
tooth winlst the v tuem weng on through the mterval of the teeth to the
paper DE and there painted a round solar image But the paper I had first
placed so that the image might appear white as often as the comb was taken
away and then the Comb being as was said interposed the whiteness by rea
son of the intercepted part of the colours at the lens did alway s change mto the
colour compounded of those colours which were not intercent 4 nd th ¢
colour was by *
of every tooth
purple) did alt wy, u ctu vk another 1 caused therefore all the teeth to
pass successively over thelens and when the motion was slow there appeared
a perpetual succession of the colours upon the paper but if I so much aceeler
ated the motion that the colours by reason of their quick succession could not
be distingwished from one another the appearance of the single colours ceased
Therewasnored noyellon nogreen noblue norpurple to be scen any longer
but from 2 confusion of them all there arose one umform wlite colour Of the
hight which now by he—
part really white C
blue » fifth purple . v s PLopurs cotour titl it stnhes the
sensorum  If the impresstons follow one another slowly so that they may be
severally percerved there 1s made a distinct sensation nf 11 #1a ealn veon

PR

N wu w1 wuinuurerently to them all and thisis a sensation of white-
ness By the quickness of the successtons the impressions of the several colours
are confounded 1n the sensonum and out of that confusion an cth a mived
sensation 1f a burming coal be mmbly mosed round 1n 2 circle with gyrations
continually repeated the whole ercle will apear hike fire the reason of » Tnchis
that the sensation of the coal in the everal places of that eircle remasns im

pressed on the sensonum until the coal return agam to the same place And ©
1n o quich con ceution of the colours the impression of every colour rematns ":
the sensorium until 4 revolution of all the colours be campleted and that firs

colour return agun The impressions therefore of all the successive colours arc
at oncen the cnsonum and jomntly stirup a sen ation of them all andsoitis
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0, e by thi expenment that the commised impre< ons of all the eol ure
dyerrvpand beret a <en.ation of white thath that whitencesss compounded
of all the colours

1.4 1f the comb be now taken away that all the col yurs may at onee pass
from the to 1o the paper and be there intermixed and tomrther refiocted
the e to the spectator s eves thetr impre ton on tle sen. num bein, now
more « bty and perfectly commuxed there ougtt much more to stir up a
sczeoen of whitenese,

Yoimay 1. ead of the lens uee two pr ms HIK and TMN which ty re-
f2eh1,, the coloured Light th e contrary wav tothat of the £t refraction may
ke the diverpee ravecomerpe and meet arainin G ey ou see represented
mtheceve hFimure Fornlesethey meet ard rux thes sill ¢ rmpoe awhite
Lt swhenalensis ued

Exrre. 11 Let the Sun s coloured ima=r PT {Fi. 8] fallupontlewallof a
drkchamber asintie third expenirent of the £ Lok anilet the same be
veredthre hapnsmee b ldpanall Ttotlepnm ABC by w!owr refre
l;ﬂnth( wagewasmad andl tit nowappearnerthant fore suppree1n
eplceSoverazun tthered eclour T An §1f vou go near to the imas PT

“ //E%;’ ‘\?lf

o/\‘
VA

te

- Fi.8

the epectr,
"N:f;":mmoblmgand coloured L:ke the ima~ PT butif vou
s becih 'x&‘:o{lhe“\'cxmmSmchrommctulmo-eandmw
o1 )'!ML.'IM t epectrum S beeorung perfeetly round and white and
\ow Icede the colours mll emer~e a=un but in s contrary orwr
bat case when the rays of severl

18t ey,
serts Uz § appears white 1n ¢
'hémT&rbmtbemmlpansonhempPT to the pnem ghe
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are so refracted unequally by it that in thair passage from the pnism to th
t}‘_xcy may diverge from one and the  ~ -

utuner 1f the comb be here made use of by whose tecth the colours at
the image PT may be successively intercepted the spectrum S when the comb
1s movedslowly will be perpetually tinged with successive colours But when
by accelerating the motion of the comb the suceession of the coloursis so quich
that they cannot be severally seen that spectrum S by a confused and mixed
sensatton of them all will appear white
Ixrer 12 The® n ¥ ~ v

XY pt
mterstt
1

v

~ X

B
]
A
(2
2E Y

Fig 9

cistant from the comb the light which passed through 1ts several interstices
panted so many ranges of colours A2 mn op gr Le which were parallel toene
another and contiguous and without any mrxture of white And these ranges
of colours 1f the comb was moved contmunlly up and down with a reciprocal
motion ascended and descended in the paper and when the motson of the
comb was 50 quick that the colours could not be distimgwshed from one an
other the whole paper by therr confuston and mixture m the sensorum ap-
peared white

Let the comb now rest and let the paper be removed farther from the pn m
and the several ranges of colours will be dilated and expanded into one another
more and more and by mixing their colours wall dilute one another and at
fength when the distance of the paper from the comb 15 about a foot ora little
more (suppose 1n the place 2D 2I') they will so far dilute one another as tc
become white

i 1th any obstacle Jet all the light be non stopped which passes through any
one nterval of the teeth go that the range of colours which comes from thence

may be tahen away and you will see the light of the rest of the ranges to be
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exvadd into the place of the rarge taken awny andtlereto be coloured 1rt
thentercepted range fax onas hefore and its eolours fallir, upon th e eolouss
of the © ber ran~rs and puung with them wll re<tare the whitenees

Letthe paper D.F benow vers muchinehined tath e rave o that the mot
refesnitle rvs mav be more coprou b reflected than tl e re<t and the mhite
et wr of the paner throush the excess of t} ase ravs will be charzrdanto tlue
2.d nctet. Let the paper be as much inchined th e contrany nay thattlelea t
refre.sible rave may he now more copiou v refiected than the rat snd by
terexcessthe whitenes wall e changed snto vellowan 1red Thesrvr alrav
treefore 1n that white | glit do retain therr colonfe g :alitice by wh ch thee
of 2av <ort whenever t! ev become more eoprous than the rost do by thear
exress a.d pedomnance cause therr proper colour to apprar

4rd br the same wav of argu rg apphed to the thind expenment of thic
weeend part of the £t book, 1t may be coneludad that the whate eolour of all
e -acted bebt at st vens fint emergence where 1t appears aswhite as tefore
. zadeare 18 compounded of vanou. colours

Exree 13 In the foreporn~ expenm nt the reveral interval of the teeth of
e eomb do th office of to tman® pnsm  every interval poducieg the phes
coxenon of one pnom Whenee instesd of th ase intervalsw in - several pnems,
I:h'd tocompourd whitences by mixieg th eir eoloure anid datby v ingonly
threeprimn. asalobvuan onlh twos follows Lettwopnsn ARCandche
[Fiz 10] whose refracting angles I3 and bare equal be so placed parallel to one

]

13
=
2]

Feg 10
refract n~an le Bof th ¢ one mav tou hibeanJeeat the base

2aother that the

of the other and thes

Ereets t pl nes CD and b at which the ravs emerge may [

ﬁm‘:i\m&esu let the Light trajected throu h them fall upon the [upt’r \K;{n

Ltemor ! Ic;r 1°1nche from the pnms Andth e eo'oursgen mted by tle

mpoand s n;:d ¢ of the two prisn. will be miccled at PT and there

o oy or if either priem be taken awav t} e eolours made by tle

ooy lh:ﬁtclle@h:r: :;’L:m‘;’r ?ng when t;xe pnem s restored toats place

v there

o Qf:bcm Both wag ey ther “:;u lu‘;:; the colours of the oth ¢ the mix

prem u:‘l:‘l;lgvnl <uceeedsal:o as 1 have tried when the an 'e b of the lower
Erexter than the angle B of the upper and between the mtenor
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angles Band ¢ there mtereedes soma n ~

and th

anot

than v 11\a upon the paper ip the
place wusy retrangible S comung from the SUDPCrIOr prism tahe y

rays through the space MR and 5 |1 S, tuem through the space \IS
the same sortg of rays coming from tha tn .~ .

remaip ne - -

of all ¢

unmiforr

mixed1 ¢ gynan -

MPand T2 v Wumtenorspace PT Thisys the
reason of the composition by which w hiteness wag produced m this experiment
and by what other w 2y soever I made the like composition the result wag

Lastly if with the teeth of o comb of a dye stze the coloured Iights of the two
Prisms which fa]) upon the space PT be alternately Intercepted that space PT
when the motion of the comb 15 slow will ply S appear coloured but by
accelerating the motion of the comb somuch that the successtye colours cannot
be distingmshed from one another 1t wy) apear white

Iittle thickened with soap be 1g1tated to raise 1 froth and after that froth has
stood a hittle there w1 PPear to one that shal] viay ¢ w o
everywhere 1n tha
far off that he ¢
will grow winte
Lxrer 15 Lastly 1n attemnt ne
~nl '
which they
thetr own
“ UL colours more sparingly and yet
they uonot reflect the hght of their own colours go copiously as white bodies do

Leed the hight reflected by the red
ead 1n 8 much greater proportion \nd the ILe happens i pouders of other
olours And therefore by mrung syeh pPowders we are not to expect o strong
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and full white such asq that «f paper tut some du hy obecure one such as
& *arefromam stureof b htan tdarknes orfr m white andtlack that
agev ordun of ruset brown euch ns are the coloursof amananal fa
e of ahee of ondinary tones of mortar of dit and dirt in highimaye

of orpim nt

tineture an

becamme perfectly dun But the expenment succceded best without minum
thas Toorpiment I added by hittleand little a certun full L nght purple which
pastersuse until the orprment ceased to be vellow and became of a pal red
Then ¥ diluted that red by adding a lttle nnide aris an i a hittle more tlue

b ce than etndeams until 3t beeame of guch a grev or pales hite s verped to
znoone of the colours more than to another For thusit became of & vol wr equal
1o whiteress to that of a.tes or of wood newly cut or of amanasiin Tle

of powders of the same hind  Accord ngly a 1l ¢ colour of any powd r1 mcre
or{r\n full and lurmnou 1t ought to be uwed in a lees or greater properti n
mmzxr cgmdmn" that these grey and dun eclours may be alwo prodiced ty
iy neq“ l{((’s and black_ an i by consequence dffer from perfect wiites n t
. nuﬁu(:O colours but only 1n degree of luminou ne< 1tismanifest that there
Y mﬁ}:ﬂmorlv requ ite to make t} em perfectly 1 hute than toncrease th ar
bt oy m(’nlﬂ) and on the contrary 1f by increvingt ir light they e be
bl n‘tp‘c ect 1 Hiteness 1t wall t} ence al o follow th at th ey are of t} e xame
N \xl::l(xll;x‘ iththebests hi e« and differ frnmtt emonly mt}  quantity
s s :hl:tmd as follows I took tte ttird of the abose-mentione 1
e lm:)snd( M:c:!\luch was compounde 1 of orpiment purple Lice and
thone upent “ru y 1t thickly upon the floor of my chamber where the @ in
pecootay :mug the opened eascment and by it in the shadow 1lmda
o159 18 kcl; pC: of the same bigness Tt n going from ttemtott e dr tance
ponder oy (hes(; hat I eould not discern tl ¢ unes enness of ttesurfaccof the
Povder apmcand ttle hadovs !t fall from the gntty particles thereof tle
hitenen, -~ Il?tcnwl} whte £0 as to tranccend cven the paper it elf in
couds gud b 1ally 1f the paper nere a Intle £} aded from the bgl ¢ of the
colous g en the paper compared with the pow der appeared of such

e ponder had done before B " the
thines throg b i ; one before But by laving the paper where the Sun
“un might ehigy :lg ass of the nindow  r by shutting the window that the
Teass of meren o rou h the glas upon the powder and by euch otter fit
were lh e ‘l; :rl d;cre:rmg the bights where 1th the powder and paper
;!umnc lmr unn.‘ °d ight w} ere mith the powder 1s lluminated may be made

na

trym
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told him what the colours were orvhatIw Anwe v
two white L
distance

that he ¢

1f you cor ue DLesunch naw o
of the coloury v hich the component pow

a’r;.;) hz;)ve 1}1]1 the same sunshine you my

well as by the former that perfect whitew 5 nay p

1 f{om what has been St 15 050 evncdans 10+ <OMPOURded o colours
ig] o

of ths
from ¢ Y ULl winte bodv whereon they fall

tFl; t:)rs et r:;: Lolf}:xrtsh (byt{’rop I'I Part 2) pre unchangeable and wheneyor all
w1 0se therr colours are
white e EviNe mned agam  they reproduce the same

Prorosrrioy ¢ Probres 2

In a muzture of Primary colours the uanfafy
and qualy; Y
Anow the coloyr of the compoung Fuenity and qualty of cach g goen f

arches CI' I'G GA AB BC and CD
Tespectively and about those centres of
gravity let cireles proportional to the
number of rays of each colourinthe given
mixture be deseribed that 1s the crele
P proportional to the number of the
red making raysmthemixture theerrele
¢ proportional to the number of the
orange making rays 1n the mixture and
50 of the rest I'ind the common centre
of gravity of all the cewcles pgrast
u z Let that centre be 4 and from the
centre of the eircle ADFP through /7 to
the cireumference drawing the nght hne
OY the place of the pomt Y n the cir
cumference shall shew the colour ans-
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~ % meemen 4w oanlitheline
r that: to
and C the
e middle to-
wardsFor G the compound colour shall accord nzls Do a yeliow VErRIng to-
- — e st Y lbe
the
« such

couour as would be rnade t y diluting the intensest yellor withan equal quan
t v of whiteness and 1f 1t fall upon the centre O the echur shall have lost all
\tsintersenes. and become a wlite Butit1stabe noted thatof the pomnt Z fall
1orneartheline OD the man ingredients being the red and violet the eolour

1 the aircle are opposite to one anther be mixed 1n an equal proportion
the pount Z shall fall upon the centre O and yet the colour compounded of
those two shall not be perfectls white tut some faint an nymous colour For
I eould never yet by muwing only two pnmary col mrs produce a perfect white
Whether 1t mav be compounded of a muxture of three taken at equal dis-
taces1n th ewreumference I do not know tut of four or e I dlo not much
Guestion but it may  But these are cunosities of hittleor o moment tote un
dertanding the phenomena of Nature For 10 all whites produced by Nature
there uses to be a muxture of all sorts of rays and I+ consequence a compoa
tion of all eclours.

ke To give an 1n tanee of this rule suppose a colour 19 compound «d of th e<e

oogeneal colours of violet one part of indigo one part of tlue two part

of green three parts, of vellow five part  of orange six part  and of red ten
f::ls Proportional to these parts descnbe the earcles z £ £ 8 7 ¢ p respec-
to ‘;h\hst 13 50 thatf the circle 2 be one the eircle e may be ane tle aircle t
e e circle $three andtheairclesr gand p five € xandten TlenIfnlZ
o0 t?hx;mou centre of gravity of the<e circles and through Z drawing the line
s pEomt 1 falls ypon tle eircumference between ¥ and F something
lbse‘;nzml:m to F and thence 1 conclude that the colour compounded of
Ao Tfog h:ts will be an orange vermng a little more to red than toyello v
wity that OZ 13 a hittle fess than one half of O} and thence I conclude
wzeon s O'?!Dz\’- hath a little less than half the fulness or intenseness of an
by ms;;ll“eionn"c thatistosay thatitis<uch an orange as may be made
Line O to the '-lu‘nl;'ezn;callgmnge with a good white m the proportion of the
wange and whate Soey lls)propomon being not of the quantities of muxed
e ponders but of the quantities of the Light. reflected from

Th rulel concerve
accurate enough for practice though not mathematicall:

m“fh:ml‘l the truth of it may be sufficiently proved to sense by stoppm):;

of the egy of:—s V‘\:r; n‘: the lens 1n the tenth expenment of this book For the rest

ere cons ch are not stopped but pass on to th ¢ focus of the len. will

'pound esther accurately or ve colour as b
o y 1y nearly such a colot th
¢ to result f; 'y y thus rule
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Prorosrron 7 THEOREY 5

Al the colours 4 the unuerse which o -
Ppower of -~
these ang,
problem

Forit}.,,, Proved (Prop 1 Part 2) that the changes of colours made by
refractions do not anse from any new modificitiong of the rav  mreee 41

those refractions and bv they - '
) B

¢ 13 44100 o Part 2) and that ther
4 v langiolisty cannot be changed by refractions and reflevons (Prop
2 Part 1) ang by consequence that those therr colours qre Iikewr.e immutable
It has also been proved directly by refracting and reflecting homogeneal ights
apart that their colours cannot be changed (Prop 2 Parg 2) Tt has been
broved also that when the ey eral sorts of raysare mned andin Crossing pa s
through the Same space they do not et on an 1
other g nnlanze

sensorn

whateve
of rays 4 BUILS OI 38 those

U
Tavs hay - b begmming therr sy erg) colonific qQualities as well as therr
several refrangibilities and retaming them perpetually unchanged notwith
standing any refractions or reflexions they may at any time suffer and that
whenever any sort of the Sun s 83315 by any meang (asby reflevion in I rore
9and 10 Part 1 or by refraction = 1 -
the rest they then manifest
proved and the sum of g) this LIt propo 1tion here to be proved
For 1f the Sun s hght 15 mixed of everal sorts of Mmoo h
onginally their cag et
g therr refract
Leep those then
then all the colo
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smoler or muxed torether o otLerwiee to find out what sorts of ays aren
L T4t by whoch that colour 1s made anlin what proportion andtlen Iy
tels probem toleamnth colour which ou ht1oan«ety mixng thoe mve
{er theer eouours) 1o that pronortion Tepeal Y ere of colodrs <o far as they anse
froa L1t For thev apnear sometumes by other cauees as when by the poner
el pos..as we see colours in a dream or A ma fman goes thingy before 1im
% harero. there o when we see fire by stnkin tieeve orseecolourslhe
the eve of a peacock s feather by pres 10~ odr eves in either corner whil { we
= = T~ thewe and such ble canees interpoeno  the colour

- al

ol <n

thisin

Prorostrion § Propuru 3

By the d wprered properiies of I 1t to exp oin the eoloars ricde t g prirms
Ir APC{F 1 | reprecent a pnem refracun, the L ght of tte Sun which
eoezes Lto a dark chamber through a hote Fé almoet as broad 89 the prim
L%t M\ represent a white paper on wiich the refracted [ ghtsea t and
;"-ase the aost refranzid ¢ or deepes<t viol t-maktrg mve fall upon the sprre
1:.«"")‘- lex. refra.mble or deep<t red raking rays upon the spare Tr t}
& ;1;‘0'1 btetween th indigo-realun, and Ll ~-maling rava upan the ace
= mddesort of the green-malangray uprnt! spareR U midde 1t
ween the vellow-maling and orangera.dung ravs upon the epace So and

Fg1

othe
mﬁlg:geed:lte <orts upon tntermed ate emaces For £o tle spaces upon
i vof G :ms adequately fall will by reasonof th different refranm
arth pn:_ns&gz thbc one fo cr than anotter Now 1f the paper M\ be o
Extapee et (}m;m PT and =7 do not interfere with one another the
s oty th will be slluminated by all 1} e sorts of r2 s 1o that
W&"’W ua.nd o azother which they have at their very fir coming out of the
il mt be Wml be white But the paces PT and =+ on either hand
Mvmﬂvmamz nate by them all and therefore will appear coloured \nd
. be the Gremey ere the outmost violet mahing ravs fail afone the colour
T arm e ;I’;:s olet At Q nhere the vaclet making and wdigo-maling
mut be & violet incluung & uch tondigo 3t R where the
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violet-making e me ~
rays arc mixed 1{
compound ~ mid
mixed e~
same rm
the prog
tillat 1 L v it tne colc B
So agan on the other siue o tne wmte at + where the least refrangble or
utmost red making rays are alone the colour must be the deepest red At o the
muxture of red and orange will compound a red inchming to orange At p the
minture of red orange yellow and one half of the green must compound 8
mddle colour between orange and yellow At x the muture of all colours but
violet and indigo will compound a faint yellow 1 ermmng more to green than to
orange And this yellow will grow more famnt and dilute continually 1 its pro-
gress from x to = where by a misture of all sorts of ravs 1t wall become white
These colours ought to appear were the Sun s hght perfcetls  hte but
because 1t inclines to yellow thee eby tis
- T will
v ults 1 order from P ta~~ o
vy Iswgo blue vervf = ~ 3
by thec
will find
Theseare it coloursonbothside tha

Pr

o weiome less compounded and by
i uiee more intense then before \nd tlus also agrees with expenence
And if one look through a prism upon 8 white object encompas.ed with
blackness or darkness the reason of the colours arsing on the edges 1s much
thesame aswill appear to one that shall a hittle consider 3t If a black object be
encompas ed with a white one the colours which appear through the prism are
1o be denved from the hght of the white one spreading into the regons of the
black and therefore they appear 1o a contrary order to that when a wlite
object 1s surrounded with black And the same 1s to be understood when an
object 33 viewed whose parts are some of them Jess luminous than others ot
1n the borders of the more and less lumunoua parts colours ought aluavs by the
<ame prineiples to an ¢ from the excess of the hight of the more luminous and
to be of the <ame kind as if the darker parts were black but ¢t to be mare
faint and dilute
What 15 smid of colours made by prisms may be ea iy wpphed to colours
made by thegla es of telescopes or microscopes ar by the humours of theey ¢
Forf the object glass of a telescope be thicker on one side than on the other or
1f one-half of the glass or one-half of the pupil of the eye be covered with any
opaque substance the object-glass or that part ol 1t or of the ey e which 13 not
cosered majy be considered as n wedge with crooked sides and every wedge of
glass or other pellueid ubstance has the effcet of & pri mn refracting the Iight

which passes through 1t

6 rea .
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e b ealers n the unth ard tenth expenments of the firt p:rt“an-c
JESA tt

£.Sce only to bnng that vellon wa it )
2z 1t with & manfestly tlue eolour To obtain thercfore 4 better tlue 1
reed 1. tead of the yellow Light of the Sun the white hight of the clouds, by
vz, alitt] the expenment as follos

Exren 16 Le HFC {Fi  13] represent a pnsein the open aur sndStle
eve of the mectator vieming the cloud. b their | ght corung into the pren at
the paze ad FIGh and refectedinat by 1t base HFIC and ttence gung
o tibrou hts place ede HEFh toth e eve And when the pn-n and eve are
ccavereently placed <o tlat the angles of inaidence and reflexion at the base
rav be about 40 degrees, the speetator mil see a bow M\ of a tue colwur

e e ey

£oki., el than by reflexton of a specular superheres socnr syvuu 3§
€202, and <o diff~ult tobe expluined by the vulzar hvpothea. of phulo~apt ere
N o fae owt

= I3 planccutstiebase us e L8
s SpaniSt tntheargles Spe Hd
\ grees V4. and e 49derrees Yo and
4N 1 the paint pwall be the hmit bey ond

. whichnone of the most refranmble

ravs ean pass through the base of
the prim an i berefracted whose
adencer. such that thev mav be
reflected to the eve and the potnt
£ will be the ble izt for thelea t
refranmble mvs (that 15, beyond
which none of them ean pa s
throuch t} e base} nhose incidenee
Fe1s 15 suct U\éu by n‘lcx:!onbthc\ may
come to the eve And the pont r
‘::E:‘:hthe idde wav between pand t wall be the bike hmt for the x:mn]v
Goton ‘-; ravs And thercfore all the leat refranmble ravs which fall upon
e w ux:xdl (thatt bet veen tand B) and can come from thence to the
Al rv“g:(ed thither but on thise de t (that1. between tand ¢) many
v ;hxchy;u be transitted throu-h the base And all the most refrangble
Toenon o ;IPO!: the baw beyond p (that 1. between pand By andeantv
Ty rom theace to the eye will be reected thither but evervwhere
ol lhe:m;e cmany of thee ravs mill get through the base and be refracted
o the pocy L:‘Ezbe under<tood of the meany refranmble rave on estl er & de
Votween amd D benu: 3t follows that the base of the pnism mu t everywhere
Ld baght Y 2 total reflexion of all <orts of ravs ta the eye look t lute
20d everywhere between p and C by reason of the transmisaon
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of many rays of every sort look more pale obscure and darh. But at r and
in other places between p and ¢ where all the more refrangible rays are re-
flected to the eye and many of the less refranmble v twon

cess of the most refrangible 1n the reflecte

colour which 1s violet and blue And th

anywhere between the ends of the pnsm ¥ u nu 11

Prorosirson 9 Prosrest 4
By the discorered properties of lwht in swn? =
Th L -~

& upon wnese drops certnnly cases
we  uppear to a spectator standing in a due position to the ran and Sun
And hence 1t 1s now agreed upon that thus bow 1s made by refraction of the
Bun s hght o drops of falling ran This wasunderstood by amanf -
and of late more £ 1L 7

Domnt
by Ins fr w  Litten apove 20 years
before 4 o uts vhere how the mterior bow 13 made 1 round drops of

run by two refractions of the Sun s hght and ane reflesion between them and
the extertor by two refractions and two sorts of reflexions between them m
eachdropof water and proves isex s
plications by experiments made with
a phiai full of nater and with globes
of glass filled with water and placed
1n the Sun to make the colours of the
two bows appear 1n them The same
espheation Descartes hath pursued
in lus Meteors and mended that of
theextertor bow But whilst they un

derstood not the true ongin of col

ours 1t 8 necessary to pursuc 1t here
o httle farther For understandmg

thercfore how the bow 1s made let

Tig 14

a drop of ram or any other spherical transparent body be repre ented by
the sphere BNFG [Iig 14} descnbed with the centre C and emy dsimeter
CN And let AN be onc of the Sun s rays wneident upon it at N and thence

refracted to T' where let 1t either go out of tte =t 3

V orba =

flectec !

dent r - Lty meetn & ni oeen 3 1
NI let fall the pe nan? P

circumference at

let the sine of ine «  utivthe sneof refractionas I to

R Now 1if you suppa e the pownt of meidence N to move from the pomt B
continually il 1t come to I the arch QT wall first merense and thcnld‘[‘cn‘:w;

1 the angle ANR which the rise AN and GReo t n_and the arch
un;'i Er?r*m"‘"': W Tkt to v3RR
d which therys

mn



Boox 1 Pant? 47

A\ 20d HS contamn will first Jecrease an | then inerease and grow lea. t when
\Dt to CN as IT=It to /SRR 1 which eae N1 will be to ND na 3R
to] And «o the angle winch the next emerg nt ray (that s the emergent ry
after three refleuons) contains with the anct fent ray AN will come to ats himit
when \D1sto C\ as o/ IT= KT to vIVRI mwlichere Nt willbetoNDras
moT FIRN

1w 10l 81 ts mathematicians wall ey examne
Aow 1t 13 {0 be observed that as when the sun eomes to his tropies days
werease and deercase but & very hittle for a great while toretler sowlenly
wmereasin the i tance D tlese angles come totletrlmt ¢! BN

1 s o1 emergenee an ity consequ nee accord np e gt ar
d.ferent degrees of refranmbility emerge most coproy Iy 1n different angles
2nd being separated from one anot! er appeat each n th eir proper o lours And
what thowe an los are may be ez iy gatt ered from the foreg 1ng theorem by
CU!;]JUMHED.‘

orn the leat refranmbl
105 s oy a4 el ysttesines 1 and R (as wa. found aborve) e
degrees and @
And m the mont
b computation
m;mte»z and tte au vt 1wreeeand  monutes
uppose now that O (B 1 |t t} speetator s eye and OP & bine drasn
gcmllel totte Suns rays and let POI POF POG POH be angles ¢f 40
’eml Tunutes 42 desmers ? munutes o) degreeso minutes and ot d Rrees
oinutes respectively and tf e ang! = tumed about thar comm n s e O1

thall with ther other mdes OF OF OC OH deenbe the verges of two ram
3
>
AY
.
I4
¢
L6~ ' i
.
Y M e ad
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bons AF B and CHDG TFor YET G x be drops placed any where 1 the
conical Superficres described by OC or OG OH and be Muminated by the
Sun g raysSE ST sg SH the angle SEO being equal to the angle POL or 40

degrees 17 Tinutes shall b the greatest angle in which tha me .. e
rayscan after one reflexion he ref . o 3
Imthatle Ae

anc n that regon
A

o » 0 42 degrees
et the least rofranmhla
Bkl Lan emerge oyt of tha 3 .

M s OY e R M e e
r viluediate 1.

& moul gl

the white light of the « @ u lidime to purple
Agam the angle SGy, bemng equal to the angle POG or 50 51 shall be the
least angle 1 which the Jeast refrangible Tays can after tyo reflevions emerge

those rays shall come most con n n the Iine OI
and by the same
1 e anshall stnke the sence with
t e U LOloUrs 1n the order which therr degrees of refrangibihity re.

quire thatis 1p the Progress from G to i or from the ingide of the bow to the
outstde 1n this grdr red orange yellow green blye mdigo violet And since
these four hnes OE or 0G oH may be situated anywhere in tha 3.
Ientioned conica] Superficies nh +

Tna

[
between ;he bows The breadth o y MW LUL measured across the
colours shall be 1 degree 45 minutes and the breagyp, of the exterior GOIJ
shall be 3 degrees 10 minutes and the d + =

8degre~ -

angle
outern b VY ULIS & min ita 1

hang Lo

udineler of the

Wi ve 2 degrees 15 minutes

degrees 2, minutes
e extenior 3 degrees 40 minutes their di tanee 8 de
:ﬁ:"g:)vlﬂlt'cst sem: diameter of the interior bow 42 degrees 17 minutes and the
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~ v 4 hamthe dimennons of the
herr colours appear strong

t 1 measured the greates

nd the breadth of the red
des the outmest faint red
¢ may allow3 or 4 minutes

es more beaides the viclet
¢ % louds that I could not
lue and violet tomett er
whole breadth of ths
ebetncen thisin and
the extenor ins wa about b degrees and ou tan ‘The extenior 1na ws
broader than the intenor but so famt especally on the blue side that Tecoull
not measure 118 breadth du.tisetly At another ime when both bow appeared
more drtinet 1 measured the breadth of the intenor 1ns @ degrees 10 minutes
and the breadth of the red yrllow and green in the extenor ths was to tte
breadth of the same eolours in the intenor as 3 to ?

Thus explication of the runbow 1s vet further confirmed by th Lnownex
perument (rmade by Antonms de Domins and Descarted) of hangng up aov
where 1n the curtune a plass gl be filled with water and viewingit nsucha
posture that the rays which come from the globe to the eve mav contan wmith

- o

-

become less (suppose by depreseng the globe to b ) there wiiap w0t 1
colours yellow green and blue suceessive 1n the =ame nde of the globe Butaf
th an lebe made about w0 d~grees (<uppose by Liftin  up the globe to G) there
will appear a red colour 1n that «ide of the globe towards the Sun andf the
an,le be made greater («uppose by hfung up the globe to 1) the red mill tum
suceesavely to the other colours vellow greenand tlue Thesame thing T have
tned by [etting & globe rest and rating or depreseing the eye or othermse
moving 1t to make the an le of a Ju t magmtude

P

thus were certain the colours of the globe and rainbow cught to 2 n 8
contrary order to what we find But the colours of the m‘ﬂgc being zvx:-‘su;a‘m!
the mt take scems ta anse from t} e dufficulty of dusccrmng what colours fall on
tche eye For ontlecontrary [have sometimeshad oceasion ta chserve in the
uns hieht refracted by & prism that tl e spectator always sees that colour 1
the priema which falls upon his eve And the same T have found true also in
md.Th:ht For when the pnsm 13 moved slowly from tte kne which s drawn
dmﬂme o ¥ from the candle to tl e eve the red apnears first 1n the prnem acd tlen
the ue and therefore esch of them tsecen when 1t fallsupon the eve For the
T‘t’:ﬁ; :)re‘: tl'!:c ese ﬁ:;tm and then the blue
which comes ugh drops of rain by two refrac
:Ecxmn aucht 1o appear strongest at the di tance of about »E‘.‘:’;‘:ﬁ}:ﬁ:ﬁ
dun 204 10 decat gradually both wavs as the distance from hum tnereases and
ecreases. And the same 13 to be underctood of Lght tran mitted through
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sphencal hailstones And if the hal be a little flatted as it of ~ t
transmitted may grow so strone nt
nt

it 1w intercept the hght
uy s has observed) and make the inside thereof more

distinctly defined than 1t would otherw: ¢ be For such b ! 1
spheneal by termmmatine #1at -t 1 r
-
s
vu elitet hines
- unnt passes throuch a 1 an {
threg ormn-- @
those ¢ ws v parnefta it may perhaps
be sepst
Prorosrrion 10 Prosren 5
By the discovered propertics of hight {o explain the permanent enla £ 14
bodies
™
ray
refr s, u tneeappeusred Violets
refle taugiule most coprously and thenee have thoireala -
so of other bodies Lvery body refle + *
-

H
sut 11 0 the homogenesd hghts obtuned by the solution of the
problem proposed 1n the fou th P ~1osition of the first part of this booh you
~t vill find as 1 have done that cvery body

1

the lirht of t
1 e -
less resplenc
most resplet i
B
i
£
t
ashame t « u st and most vty
compared together Thus for nst avar and ultra manne blue or

some other full biue be beld together in the red homogeneal hght they wili both
appearred but the einnabar will appenr of a strongly lumunous and re plendent
red and the ultra marme blue of a famnt ob cure and dark red and if they be
held together in the blue homogenesl ight they will both apne 3}

ultra marnne will appear of
cinnabar of 2 famt and da
bar reflects the red ight m 5 n e ultra martne doth and
¢he ultra marine reflects the blue light much more copiou 1y than the cinnabar
doth The <ame experiment may be tried succes fully with red lead andndigo
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or with anv other two coloured boies 1f due allowanee be rade for the dffer
of their colour an 11 ght
ot mnpb (::-‘\::ahl(::f coloure of patural bodies1 evad nt v thew expenn
- e
1
r
thence 1t s certuin that some bodie4 it L«
ble rav= raore copiou v
R[?:;lh:t this: mot only a true reacon of the<e colour tut even the only
resson mav sppear furtber from thy con.ideration that th co'our of Lomos
geneal Light cannot be changed v th reflevion of patural bodi
For 1f bod.cs by reflexion cannot i the Jea ¢ charee th colour of a;n ]
cort of rave thev cannot appear coloured by anv other means thant yreectin
those which exther are of t} eiro vicolour or which v mixture ;mu t produeest
But 1o trying expenments of th1s fund care mu ¢ be had that thelghthe
& Sy ntlv homogeneal Forif bodies bealluminated by the ordinary pneriatic
colours thev will appear neither of t eir own das Iight ealours nor of the colour

Yo mmenhoh 2 T} w

e ot th Mlow

omange-makin andielle makir rave thew raveintt reflected hight will e
more 1n proportion to the licht than they were in the ineident green hight and
therebs will draw the reflected 1 1 ¢ from green toward their colour Ani
there oe the red lead mll appear neither red nor green but of a colour bee
tween both

In tranparently eoloured hiquore  tis ob-ervable that their colour uses to
¥an with thir th chtiess Thu  for 1o tance a red 1 quor 1n & comend gla
beld between the L ht and th eve looks of a pale and dilute vellow at the
bo tom where tithn andalitt! tugherwh re 1 thicker grows oran~e and
where t1s <till thicker becorzes red and where tis thickest the red 1s Lrepest
and darles* Foratt to be concerved that such a hiquor tops tle ind po-
makin and o' t-malkee @S mostex N the bue-makine fays more ¢hi™
cultly the green makine rays etall more diff cultly and the red-maling most
dificultly and thataf the thickness of the hiquor be onls <o much as suff s to
<t pa competent number of the v10 ot malun, an i indigo-making rave  1th
out dimum hung much the number of the rest the rest mu t (by Prop 6 Part”)
e - e I
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darker as the vellow making and orange making rays are more and more
stopped by mcreasing the thicl ness of the iquor so that few rays besides the
red mahing can get through

Of this lund 15 an eapenment lately related to me by Mr Halley who m
drving deep nto the sea mn a diving vessel found mn v clear sun hme day that
when be was sunk many fathoms deepinto the water the upper part of mshand
on which the Sun shone directly through the water and through a smallgla 3
window 1 the vessel appeared of n red colour hke that of o damash rose and
the water below and the under part of hus hand illuminated by light reflected
from the water below looked green Tor thence 1t may be gathered that the
sea water reflects back the violet and blue making rays most casily and lets
the red making rays pa s most freely and copiously to great depths Tor there-
by the Sun s direct ight at all great depths by reason of the predomimnating
red makmng rays must appear red and the greater the depthis the fuller and
lntf'" n ™m + h ERN
pen
refl
a green

Now 1f there be two hquors of full colours (suppose a red and blue) and
both of them so thick as suffices to make their colours sufficiently full though
erther hquor be sufficiently transparent apart yet will you not be able to sce
through both togethe T~ & ~et
hiquor and only the b
both This Mr Hook
hiquors and was surpnsed at the unexpeeted event the reason of 1t being then
unhnown which makes me trust the more to his expenment thoagh Thave not
tued 1t myself But he that would repeat 1t must take eare the liquors be of
very good and full colours

Now whilst badies become coloured by reflecting or transmtting this or
that sort of rays more copiously than the rest 1t 1s to be concerved that they
stop and stifle in themselscs the ray s which they do not reflect or transmit I'or
1f gold be foliated and held between your eye and the hight the hght looks of 8
greenish blue and therefore massy gold Ietsntoits body the blue-making rays
to be reflected to and fro within 1t till they be stopped and stifled whiist 1t

fl + LS LIPS - —— 1

i

one sort of light most coprously and reflect another sort and thereby look of
- T - Y -

an Unaln a

the ame colour 1n all positions of the eye though this I cannot yet aflirm %,}
expertence For all coloured bodies so far as my obseryation reaches may he
«een through if made sufficiently thin and therefore are 1 some mcnsurs
transparent and differ only 1n degrees of tran parency from tinged tran paren

liquors these hquors as well as tho ¢ bodes by a suffictent thichne s bcclor'm;uz
opaque A transparent body which loohs of any colour by transmutted bégl

may also look of the same eolour by reflected hight the hight of that colour bewng
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reflected by the farther rutface of the body of by the mrbeyond st Andtlen
the reflected colour will be duminihed and perhaps cease ty maling the body
very thick, and pitching 1t on the backide to diminu h the reflexion of tts

L% 3 hpreficcted from the tinging particles may pre-

1

v
st dipute
that bodies have «uch properties ard . cw
Proro trion 11 Pronurat 6
B munng coloured [ his (0 compound a bear of light of the same coloir anl
~~  expmience the truth of

eSunsh htletintos
-ards the lens M\ and
et blue preen vellow
thislens convergr amuin

< rowmn nin
AY

lens be equal o that the ray= wh ch converged from the insto muws A\ a
without refraction would there have crossed and diverged agun may by the
refrart nofth <ccond prnem be reduced into parall hism and diverge no more

perfectly wiitetothe very ed=esof thel ght andat all istances irom i
Ll
ammuc perfectly and totally white like n beam of the Sun s igt t. For u{l this
b ixthns the position of 1he prizms and lens to one ano her mu_t be corrected
nd then if by the help of 2 lon,. beam of wood asis representedin the Figure
that purpose tiey be
ne experniments in this
ntleSunsdirect hgtt,
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For this compounded beam of light has tha  ~
with alf the same provert » = -~
A
)]
3
t oy ente
ange pot ¢
but frc
mth

So for nsta » it a lens 414 inches broad and two pnisms on
cither hand 614 feet distant from the lens made such n beam of compounded
bight to examine the reason of the colours made by prisms I refracted this
compounded beam of hight WY with another prism HIl 24 and thereby east
the usuel prismatic colours PQRST upon the paper LV placed behind And
then by stopping any of the colours p ¢ r 5 ¢ at the Jens I found that the
same colour would vamsh at the paper So if the purple p was stopped at the
lens the purple P upon the paper would vamsh and the o ¢ ~¢ > 3
would remamn unaltered unles we » -
mip ¢ R
by r
vant
Y u 1Ly ut the fens o the
colou & unuge out of it by new refractions are no other than
those of which its whiteness nas compounded The refraction of the pn m
HIL hk generates the colours PQRST upon the paper not by changing the
colonific qualities of the rays but by scparating the rays which had the very
same colonfic qualities before they entered the composition of the refracted
beam of white hight XY For otherwise the ays which nere of one colour at the
lens mught be of another upon the paper contrary to what we find

So agam to examune the renson of the calours of natural bodtes I placed
such bodtes 1 the beam of light XY and found that they ait appeared there of
those thetr own colours which they have in davhight and that tho e colours
depend upon the rays shich had the same colours at the lens before thev
entered the composition of that beam Thus fo »  ~
by this beam appears of the same red colour ¢
you wmtercept the green mak re -2

ppear whute Ithe ther
{ suews that its yellowness art oq from thee » ~F te
intercepted rays tinging that whitere
<
n

I3
t
t
)

¢ wea blue colour whil tats
u wununs perfect and by the loss of some blue-making rays
b 1t was allayed becomes more wtense and full ind on the con

1

te o
wherewt!
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.1 red, but only transmu 4

Iefop 2 drefiet thoemotrop ou Iy bichwere Uliemalin bel e ud
Jte the am mannerma therwaxn of e teryl non malvexamine] by
tre themin €1 artifosd beamoof T 10 \Y






BOOK TWO
Part 1

Oheerra.ions coneerning the refen ne refractions and
colours of thin transpgrent bod o3

Irba. been cbrerved by others that tran marent subetsrers (& flase water
2. de) when made ver thin by bein,, blown 1nto buttles, o= ot ermree
fomedin oplate  do exiilat vano. colours accod ng to thar vanow. thin
fess altho ata preater thickness thes apnear vers elear and colaurlees Intte
formcer book 1 forbore to treat of these colours because they scemed of a mome
dEculteonsdiation a d  eve not necessary for exaabl bingtt pronerticeof
Lzbt there dscoursed of But becsuse thev may conduce to further duscovencs
forcomp etin the theory of 1 ght e<peaislly as to the con titut on of th ¢ parts
of ratural bod.es, on whueh t eir colours or transparency depend 1have here
«t down an account of them To ren ler this discourse short and d tipet |
Eave £t deenibed the prineipal of my Obeervation. and then con: lend and
made use of them The Observations are thewe

On_zzvamion 1 Compressing t o prism hard together that ther ades
(wkich by chance nere a very Little eonvex) m %t soment re touct one an
other I found the place in nluch thev touched to become abunlutehy transe
parent 3. 1f thev had there been one continted piece of glas< For nhen the
Lebt fell w0 obhiquelh on the air nhichin other p 2wes wa betneen them asto
be all refected 1t «cemed 1n that place of contact tobe  tally transmitted,
Lomueh that when looked upon 1t appeared ke a black or dark pot by
teason that Little or no sensible light was refected from thence a. from other
Paces and when looked throu h it ccemed {as it were) a b ole in that air which
w2s formed 1n o a thin plate 1 v ben  compressed between the plases And
through thes hole objects thst vre bevond rucht be seen e tinetly whch
could not at all be seen through o her parts of the glasses where the air was
mtenacent Althouch the glawses were a Little contex vet this tean patrent snot
35 of & con. derable breadth whieh breadth «cemed prinetpaliy to proceed
;’? the J;ddi mwards o!éhe parts of the glases by reason of therr mutual

=are For by pressing them vers hard togrther 1t w

Vresder th 5 Om;’“‘&‘ 4 o™ ou d become much

Ors. 2 When the plste of arr by

Py

tumnt.,, the prisms sbout therr common = \\
an. became <o Lttle wnchned to the N
toeadi it ays that some of them began
fo be transritted there aroce 1n 1t
many slende ares of colours which at
£irt were shaped a.moct Like the con
chotd, as vou <ce them delinested
the firet Figure And by continung the

435
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motion of the pnsm= these ares increased and bended more and more about

the <aid transparent spot tsll they were comm! 40 - encom
passng it and *

These arcs wug colour a4
between ther sorercle Y Y -

motion of tfa
yellow anc
these colou
bhek red o s uow wlute blue viol
much fanter than the bluc and violet
The motion of the prism st~ 3

1

the rem o~

- s petore
e rings or some parts of them appeared only black and wlite
they were very distinet and well defined and the blackness scemed as mtense
as that of the central spot Alsoin the borders of the nings where the colours
began to emerge out of the wliteness they were pretty distinet winch made
them v1 1ble to a very great multitude 1 have sometimes numbered abore
thirty successions (rechonmg every blach and white ring for one succession)
and seen more of them which by reason of their smallness I could not number
But n other positions of the pnisms at which the nings appeared of many
colours 1 could not distinguish abote exght or nune of them and the extenor of
tho ¢ were very confused and dilute
In these two Obseryations to see the nngs distinct and without any other
calour than black and white I found 1t necessary to hold my cye at a good
distance from them Tor by approaclung nearer although in the same snchna
tron of my cye to the plane of the nngs there emerged a blursh eolour out of
the white winch by dilating stsclf more and more mto the black rendered the
cireles less distinct and left the white a httle tinged with red and yellow 1
found also by loohing through 4 Iit or oblong hole which w13 narrower thin
the pupil of my eye and held clo e to 1t paraflel to the prn ms I could ~ec the
oircles much distineter and v 1ble to a far greater number than otherwise
Ops } To observe more meely the order of the colours wlich aro ¢ out of
the white circles as the rays became less and le s inchined to the plate of air
took two object gla es (the one a plano-convex for a fourteen foot tele ¢ oe
and the other o large double convex fa -

i ue of the cireles and then

£u 3 miiey the upper glass (rom the lower to make them succe sively vant h
agan sn the ame place The colour which by pre sng the glasses together
emerged last in the ruddle of the other colours would npon 1ts first appearance
ook like a arele of o colour almost unform from the circumfcrence ta the
re and by eompressing the glasses still mare grow continually broader

cent
emerged 1 ts centre and thereby 1t became a ning en

until a new colour
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tte

.~ that Ber colour  And by compre=anz the pla <« still moe
tﬁé‘fm‘ﬁ of :hu nxf:\rould ncrease anltlelreadthofst orbitorpenm t s
decrease until ano her rew co'our cmerged 1 the centreof thela t indsro 1
£~ b % Gt} and other followin, pe v m‘uurc‘ un:)\ni‘:l\‘

per gla

a ftf of
1

LY

&. ok their epecies than Leion !
saceesaon and quantity to be as followeth
“ext tothe pellacid central rpot made by th ¢ contact of the gla. s ruceceded
Blie white yellow and red Theblue wa =ohtt] mqntity that T eonl I not
b earelea made Ly the pn o por eoutd Twell 4 ur‘:u; ham
“emed about 2.

o Tie
et
vl
ach more
2 tle
i =t or
purple reemed more
0 was mu h mo~e
to.prcuou. being asbrih and coprouss auy oit o reooure except tte
veliow but the red beman to be a hittle fadrd 1nelrun sery much to purp ¢
Alter thus suecceded the fourth erreutt of green anlred Tie green wa very
copiott. and bvels anclime  on the one £ de to blue and on the other 1de to
yellow But in this fourth errewt there wa_ retthervie ¢ blue n rvellow an}
tbe red was very imperfect and dirty A\l t} & sucerewng eclours beeame move
and more imperfect and dilute tll after three or four et olutions they ended

4
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m perfect whiteness Their form when the glasses nwere most compressed o
s to make the black spot appear in the centre 1s dehineated m the <ccond
figure wherca b cde fgh1/ Imnopgrstizy denote
the colours rechoned 1n order from the center black blue wlite yellow red
violet blue green yellow red purple blue green yellow red green red
greenish blue red greemsh blue pale red greenish blue reddish white
Ons 5 To determine the interval of the glasses or thickness of the inter
Jacent air by which ench colour was produced I measured the diameters of the
first six rings at the most lucid part of their orbits and squaring them I found
their squares to be mn the anthmetieal progression of the odd numbers 1 3 5
7 9 11 And since one of these glas.cs was plane and the other spheneal ther
mtervals at those nings must be 1 the same progression 1 measured also the
diameters of the dark or faint rings between the more lucid colours and found
their squares to be in the anthmetical progression of the even numbers 2 4 6
8 10 12 And1t being very mce and difficult to take the e measures exactly 1
repeated them divers times at divers parts of the glas es that by their agree-
ment I might be confirmed in them And the same method I used 1n determin

ing some others of the following observations
Nn © Thad sman ~F 1 v b s T emn 1 d e wtnf ol $uag

of the arr or acreal interval of the glasses at that nne But some time after
suspecting that in making tlus ob ervation I had not determined the diameter
of the sphere with sufficient accurateness and being uncertain whether the
plano-convex glass was truly plane and not something concave or contex on
that side which I accounted plane and whether I had not pressed the glasses
together as I often did to mahe them touch (for by pressing such glasses
together their parts easily yield inwards and the nings thereby become sen 1bly
broader than they would be did the glasses keep their figures) I repested the
expertment and found the diameter of the sinth luerd ning about 1ys parts of
an mch I repeated the experiment alco with such an object glass of another
telescope s 1 had at hand This was 2 double convex ground on both 1des to
one and the same sphere and ats focus was distant from 1t 8324 inches And
thence 1f the sines of maidence and refraction of the bright yellow hght be
assumed 1n proportion as 11 to 17 the diameter of the sphere to which the
glass was figured will by computation be found 182 mches This glass I Iad
upon a flat one so that the black spot appeared 1 the middie of the nings of
colour without any other pressure than that of the woight of the gla.s And
now measuring the dinmeter of the fifth dark aircle as accurately as I could 1
found 1t the fifth part of an inch preeisely This measure was tahen with the
powts of 3 pur of compasses on the upper surface on the upper glass and my

eye was about eight or mine mches distance from the glass almost perpen

dicularly over1t and the gl s was 3% of aninch thich and thence 1t 13 easy to
roeest -V - ero ter than

there-
¢ semi

parts Now as the dinmeter of the spher (1o« i hes) 13
f this fifth dark nng (3% parts of aninch) so1s thissemi
ess of the atr at this fifth dark nng which 1s thercfore

diameter equal to ¥
to the semidirmeter o
diameter to the thicknd
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. o 122 parts of an inch and the £fth part thereof (nz 81
—1—th part of sn 1nch) 13 e thickness of the sir at the fire of thee dark
LT;‘M «ume expenment T repeated 1ith anoth ¢ double comrex of jectgla 3
r— % bath 1d310 one and the mame phere 1t fruswaad tant fromt
— o t}atsobere s a3 18tgact ex T

dark
wtle
f -t
1
t . §
' b]
A honart
frt

<fthe nng- 83 above
1 tried the <ame thung by layin. these objectglasses upon nat § s ol a
broken Jookm -plass and found 1} ¢ <ame measures of the nage which makes
@ relv upon them Gl thes ean be deterruned move securately 1y plz e
rowzd tolarger epheres thoughin such glases greatercare mu t be talenof s
t. plare
These Comer< 0.8 nere taken 1 Ten my eve was placed almost prrpendicu
Lar'y over the glasse< be n, about sn el or st inch and & qu. rter d tant
{+om the nndent rave and exg} tanches di tant from the glass sot} 3t the ravy
were melired to the gla. 1 an an e of about four degrees Whenee ts the
follomz  Ob-ervation vou will und ~tand that ha{ the rave been perpen
;5"“'-“ to the glases the thickness of the air at the<e nnps would have been
% A to the =ecant of four degrees (that 1 of
= tis
-1

2% 2l ed by the progresaon 1 8 .

-7 2t the moe* lumimmons part. of all the b} test rage vz, —t—

—— e ther snihmetical means —tm 4
-L‘_Oz_ de bet~ 1t thickneswsat the ds ket part of all the dark one~

eyl The niegs were least when mv eye wa. placed perpendicularly over

‘:S 1 the 205 of the ninge and when [ vieved th m obl quelv they

= b :zz contivally swellin,, as ¥ removed my e e farther from the aus

e e he dameter of the szme airele st severalob qu ties

I
PUon ervt—edinthefol wir lab
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Angle of wncuderce Angle of ref action Duamete Thie ness
on the m trlo the arr of the ning of the ar
Dy i
gg gg 00 e 10 10
10 00 101 10,
12 45 20 00 10Q lo/ﬁu
18 49 30 00 10%{ 1134
24 30 40 00 114 13
29 37 50 00 12y 15
33 58 60 00 14 20
35 7 065 00 1534 231
37 19 70 00 16 281
38 33 75 00 Y 37
39 927 80 00 2254 5214
40 00 8 00 29 81/
40 11 a0 [UY 3o 1221/

In the two first columns are expre cd the abliquitics of the madent and
emergent rays to the plate of the awr that 1s their angles of 1neidence and
refraction In the third column the diameter of any coloured rne
obliquittes 18 expres od 1n parts of 1
therays ~r -
the circu v
1ts thichx ays are pernen i

And frem %
ar 1s prap

!

1

sen also ten enm

je1n pro-

<
bigge L 1 refraction 18 made out

of the § wle ot air or from the sine of incrdence when the refrac
tion 13 made out of the plate of air into the glass

Ops 8 The dark spot 1n the muddic of the nings wnerea ed al o by the ob-
liquation of the eye although almost mncensibly But if instead of the object
gla es the prisms were made use of 1ts merease was more mamifest when
siened so obliquely that no colours appeared about it It was Ieast when tle
rays were incident most obhquely on ti e » ~
decreased 1t 1nerea ed more ar

then decreased again but not wwd vtiore Anit - 3
evident that the transparency -
"o~
t
not
¢ o 8t tne penmeter of that spot
w prpenarcutardy was about a fifth or sixth part of their mters alat

o reumference of the sud red
th%;xs 9 Bj leoking through the two contiguous object-glasses I found that
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—  ehghta ly

1 - ot of tte
eolours were yellor +hred bisch vioth aolet tlue
5 yellow red Cc. But thec colours were very famt anl dilute unie &
when the hght was trajected very obliquely shrough 1 ¢ gla. ccs for by that
means they became pretts vaad Only the first sellow hred like the tluen
the fourth Observation was €0 Jittle and fant as searcely to be discerned
Compsnng the colourcd nogs made by reflexion with theee made 1y trans
O ofth hght 1 found that white wa oppoate to Hack red to tlue
" vad and violet That1 thoe

wlich nten looked upan

\hich 1n one case extut sted

of the ott et colours The
magrer you have represcuied u wtere AN CD are tte

eurfaces of the glasses contiguous st T and the tlack ines between them are
therr dutances 1o anthmetical progres 100 and the eolours wntten above are
* A hoee below by | ght tran. mitted

sequently the wntery als of the gla. s 3

ums (water and air) are as about three to four 1 crthapsitmas bea general

rule that 1f anv other medm more of 1ess dense than water be compressed
S

el at the nogs caused theret s wilbetotterr
1nes are which measure the refmction

repa ¢ 1 nrecend the upner

naf the amb ent water 1o U 3t pusce

times <een more than twenty of them whereas mn the open
han them whe r 1 cotla not

Oss 13 Appomting an asustant to
move the prism to and {ro abouf
x:: \:‘; Sgeiu‘m“rxs mght successively fall on that part of the ;apc: :f: }gsi
p m“’r!om that part of the glasses where the eircles appcam(;
ught be successively reflected from the erreles to my e)?
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wiist I held 1t immovable T found the cireles which the red light made to be
mansfestly bigger than those which were made by the blue and violet \ndat
wasvery pleasant tosee them gradually swell or contract

accardingly as the colour of the hight was changed The psrw
interval of the glasses at any of the nngs when they were g sz 4

made by the utmost red light was to their interval at the Red.

same ring when made by the utmost violet greater than cress

8s 8 to 2 and less than as 13 t0 § Bv the vn Sind {8l b Omes
Observatiar - Grers

very nearl wg vy uness Bed___{Blaish Goorn
whentwo,. u were made use of mstead of the object- Gooes
glasses T'or then at a certam great obhiquity of my eye P
the nings made by the several colours seemed equal and ¥
at a greater obliquity those made by the violet would be »
greater than the same rings made by the red the refrac -
tion of the prism 1n thus case causing the most refrangble Yt
rays to fall more obhiquely on that plate of the mr than
the least refrangible ones Thus the expeniment suceeeded s o

wn the coloured ight which was sufficiently strong and o A
copious to make the nngs sensible And thence 1t may be

gathered that 1f the most refrangble and least refranmble Bl k g bt
rays had been copious enough fo makhe the mee B ¥ e B4
without the mixture LN
here was 14 to 9 woul

1434 or 1435 10 9

Ons 14 Whlst the pnsm was turned sbout its axis
with a umform motion to make all the several colours
fall successtvely upon the abject-glas.es and thereby to
make the nngs contract and dilate the contraction or
dilatation of each nng thus made by the vanation of its
colour was swiftest m the red and slowest in the violet
and m the »~ — termediate de-
grees of cele of contraction
and dilatats - v utgrees of each colour I
found that 1t was greatest n the red less 1 the yellow
still loss i the blue and least in the violet And to make
as Just an estimation as ¥ could of the proportions of their
contractions or dilatations I observed that the whole
contraction ot dilatation of the diameter of any ning made by all the degrres
of red was to that of the diameter of the same ring made by afl the degrees
of violet as about four to three or five to four and that when the hight was
of the middle colour between yellow and green the diameter of the ring was
very nearly an arthmetical mean between the greatest drameter of the same
ring made by the outmost red and the Jeast diameter thercof made by the
outmost violet—contrary towhat bappens in the coloursof the oblongspectrum
made by the refractionafapn m where the red 1s most contracted the violet
most expanded and m the midst of all the colourss the confine of green M!“’
blue And hence I scem to coliect that the thichnesses of the arr bcu\("cn f: e
glasses there where the nng 1s successively made by the hmts of the five
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oeen Hue siclet) m orler (that s 1y the
— 1 the

Yloe

oone

ns

' Nrer

crette

s are succesavely made By 1 [uatisg
1m0 violet 1 order) are to one another as the cube

~ =t henotesinsn

quarcsof the

Qrs 15 These nngs were noL o d ntleopen
A yr only with nhich tter were

~olours smmed ately upon tte

Atk spaces whiel were hetween

glasses without any vanation

[ )
of eolour For on 8 white psper placed behund 1t would paint nings of t} e zame
A —— W

et

1
t
Oes. 16 The squares of the diameters of thee
¢ nngs maa LY Auy |t
lﬂ our were 1 anthmetieal progresion as 1o the fifth Olrcr\'nm;’nl Ani l!i
d:;ncter of the mxth arcle when made by the citnne yellow and viewed
nm:"l perpendicularly was about rzy parts of an tnch or a little Jess agree-
_mto the @ th Observation
stes ; precedent Obeervations were made with a rarer thin medium termin
P, 3h:denser such as was air or water compressed between two glasses 1
e \m: t follos are sct down the appearances of & denser medium \hmn:l
Pt t;‘r:rvr such as are plates of Muscovy gla.s bubbles of water and
el s!\tx\) \‘:l\‘:\f}s Leerm nated on all eides with air fome
a bubble be blown with water first mad
1 =t made tenacious by di
e s0ap 1 1t t1s & common ob~ervation that after a \hile 1{ \\l:iloh‘;np:a:
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tinged with a great vanety of colours To defend these bubtla £ om betng

agitated by the external air (whereln # oved one
among anothe as sonn
as I had bloy - 3
s colourser . v

« v 1y and oversn A Y
3 o utaer to the ¥ n
Su wssteely Intha ~
there grew m the
first Obser ation
than Jjor3{ ofa wtont At tirst I thought

there had been no cu trom the water in that place but ob ervung
1t more cursously I saw withmn 1t several smaller round spots which appeared
much blacker and darker than the rest whereby 1 hnew that there was some
reflexion at the other places which were not so dark as those spots And by
further trial I found that I could see the images of some thungs {as of a candle
or the Sun) very famntly reflected not only from the e ¢t 3
{from the hitle darker spot % -
col sues of the bubble Ty
rea + w e subsidtng of t !
blauk spots generated ¢ *
the top of the bubbl

Ops 18 Bo~
than those ¢
distinguishea
were observed in vi
whilst 2 black subst o and they were the e
red blue red blue . wu rd green red yellow green blue purple red
yellow green blue wiolet red yellow winte blue black

The three first successtons of red and blue were very dilute an { dirty es-
e

peeially the first where the red secemed =
3

there was
{and -~
The

after
mneline 3 wosh and good willow

3] ws  abpld to a bluish colour but there suceceded nesther

gree:
blue nor vialet
The fifth red at first inchined very much to purple and afterwards became

mare bright and bnsh but yet not very pure Tinswas o ! s
brght and intense yellow nh ' t
- 1
wu o n LERY
t - 1 quantity than tinat? - b
@ PROR.D] ,
”r

br [ ~ st of off the reds Then
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s 1edtconnee followed an \nter<e brght and copious vellyw which was

A fee tnarmrenthvellow azi

and the tlu was

1agren Tlellue

whach succeedd became My bove . 1+ colour but yet

comethur 1nfenor to the former blue and the violet wa. intense and deepmith

Litle or no rednessin 1t and less in quantity than the blue

In the Ia.t red appeared & tincture of searlet next to vidlet which 000
chan~ed to a brghter colour inchimn,, to an cran™® an} the yellow wheh
folloved was at fint pretts goodland fivels but aften ard 1t grew more dhtate

Lot by derees it end~dia perfect whit ne~ And tht whitenee 1f the vater
ws. vers tepartou. and well tempered would lonly soread and d late weelf

gver the greater part of thebubble continuall gro g pal rattietep wlere
at t~th 1t would erack 1n man places and those crack. as they dilated
would apnear of & pretty good but vet obhmcure and dark ¢ colour the wiite
between the blue pot dumint hn until 1t rescmabled the th rea 1 of anirem
tarpetwork and soon after venited and leftall tt upperpat of ttetubbe
A d1l tlu colour ind th colour after the sfore<atd manner
who'e tubble

bottom and

han tte rest)

r~ahe mats

! nd

Ifthe water wasnot er temaciou thebiach ot (Y he

white without any <emible intervention of the tlue \And =ometimes th ¥

would break forth withun the precedent vellon orred or perhaps within the

E;:c of ;he cccond order before the intermediate colours had tune to duplay

meeives.

Bv this decniption You mav pereene how great an affimty these cof
Bave wath those of air descnbed 1n the fourth Ob=ervation nll!)ough wiod?w:
‘\!X‘n : k«:oz:(mr:l orde by reason lhat] they !x:;xg to appear when the bubble 18
et and are most convement
e e ek y reckoned from the lowest and thuckest
Oss. 19 \iewin~ 1n <everal oblique positions of my eve the nngy of colours
% % were sensbly dilated by
a; l?:? made by thinned
ted 0
:;\r:d most obliquely to amve at a part of the plate more lh;:l:;}::{te t‘:&:(:
Iy lc hxe: than txhh:t where they appeared when viewed perpendicularly wherea.
i T:e 3 \hxckne? of the water at which they amved when viewed mo~t
was to that thick which exinbited them by perpendicul: =
somethun lessthanas§1o5 By the best of mv observations xt' was bctmx:‘l5
- [RRN

£ame appearance of colours m all
Pos tions of the eye And the
:.?:i::m see::h atits apparent errcumference by the obhq\.stex:y‘:‘:\ ;3{:1“1:
from those that were seen 1n other places by rays less oblique toit.
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And divers spectators might see the same part of 1t of duffering colours by
viewing 1t at very diffening obhquities Now observing how much the colours
at the same places of the bubble or at divers places of equal thickness were
vaned by the several obhiquities of the riys by the assistance of the 4th 14th
16th and 18th Observations as they are hereafter explamed I collect the
thicl ne s of the water requistte to exlubit any one and the same colour at
several obhiquities to be very nearly 1n the proportion expressed 3n this Table

Incidence Iefrach Thickness
on the water wnlo the woter of the vater
Dg i Dg Va
00 00 00 00 10

15 00 111 10/4
30 00 22 1 104
445 00 32 2 1%
60 00 40 30 13
75 00 6 25 144

90 00 48 35 15/%

In the two first columns are expressed the obliquities of the rays to the
superficies of the water (that 1s their angles of incidence and refraction) where
1 suppose that the sies which measure them are 1n round numbers as 3 to 4
though probnbly the dissolution of soap in the water may a hittle alter its
refractive virtue In the third column the thichness of the bubble at which
any one colour 1s exlibited 1n those several obliquities 1s expressed mn parts of
which ten constitute 1ts thickness when the rays are perpendicular And the
rule found by the seventh Observation agrees well with these measures 1if duly
applied namely that the thickness of a plate of water requisite to exhubit one
and the same colour at several obhquities of the eye 1s proportional to the
secant of an angle whose sine 15 the first of a hundred and six anthmetical
mean proportionals betw cen the sines of incidence and refraction counted from
the lesser sine  that 1s from the sinc of refraction when the refraction 1s made
out of ur mnto water otherwise from the sine of meidence

1 have sometimes obseryed that the colours which anse on polished steel by
heating it or on bell metal and some other metalline substances when melted
and poured on the ground v here they may cool in the open air_have lihe the
colours of water bubbles been a Iittle changed by viewing them at divers
obliquities and particularly that a deep blue or violet when viewed very
obhquely hath been changed to a deep red But the changes of these colours
are not £o great and sensible as of those made by water I'or the scoma or
witnfied part of the metal which most metals when heated or melted do con

tinually protrude and send out to their surface and winch by covenng the
T ~ = P laa lqg

in

h;z;;tu n;;pmrcd of o contrary colour to that which 1t extubited by mllc}xon
L - 18 nen
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woldbeblie And enth contran whenty refiected ight 1t appeared b ue
I S Y

-2

v
e
eir gheeies N Lo o
:'n':d“c:ungmw?{m%dcpcnds onls on the dennits of tt ¢ plate sndpotontliat of
the armt ent medium. And henee by the 10°h and 16th Obrervations, mav be
fzown the thicknes which bubbles of water of plates of Muscovs glas or
ether substances have at anv colour produced by thm
Ozs.2? A thintransparent body which s denser thanit amb ent medium
ettt more bk asd yid eolours than that wtich1 s muchrarer s 1
tve particulardy obeerved 1n the air and plase Fo tlominz gla sven thinats
Lmp furnace those plates encompa w<dmthard lexhibnt colours ach more
(

men V eeveralrnce 1

[}

)
st detunt tmes 1 th Eret of which the wuietie &p - 1

Ttk eclour snd 1n the otber the whitezess which preceded them 21l
0.5, "1 When the two ouject-gl.sses were 1a1d upos one anothe roa to
ake the s o the colours annear though with v raled eve 1 could no
e auoveegh orrine of thore nnge vet by view. theatlrouhapnm
1k ewcrnsfargreat mul tude 1somuc? that 1 could nuzber moe than
fot beodesman others that weresoven emnall and close tore her that T
ervad not heep mv eye eads 0o them weverally <02 tonumber them butby
{he-r exvent | bave sumetimes e<timated them tobe mo'e than a hundred. And

PButit wa bit one aide of these TLa™s (s
{ that towards hich the refracaon was made) vty h
\\ ) by that refraction wa. rend red d_unet ard tle
§ // © ber sade becare more coniteed than when niewed
vj with my naked eve And their segments o arce
\\—_// which on the other aide spreared <o numeroi. for

= the most part exccedrd not the thied part of s eare!
T3 gL‘:PR‘!nct 01;“? veny great o th prmven

_nt from the objectglace~ th rmds

\‘!_:Qw e b came also coulaed, <0 25 to d,_:v;»:. 2.d cot mieum:v:;
wzese nli oneit sdether end 3. Lo the whole ares furthest from

the cen.re became dctn te than =g
turtn dregzed 1n the ﬂ?h ;__u? tefore eppeanngin the fom 23 you see
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The arcs where they seemed distinctest were only white and black eucces-
suely without any other colours mtermined But i other places there ap-
peared colours whose order was nverted by the refraction in such manner that
1f T first held the prism very near the object glasses and then gradually re-
moved it farther off tonards my eye the coloursof the 2d 3d 4th and following
rngs shrunk towards the white that emerged between them until they wholly
vanished mto 1t at the middle of the arcs and afterwards emerged aganin a
contrary order But at the ends of the arcs they retaned their order unchanged

T have sometimes so lmd one object glass upon the other that to the naked
eye they have all over eemed umformly white without the least appearaince
of any of the coloured rings and yet by viewing them through a pr m great
multstudes of those nings have discovered themselves And in lihe manner
plates of Muscovy glass and bubbles of glass blown at a lamp-furnace which
were not so thin as to exhibit any colours to the nahed eye have through the
prnism exhibited a great vanety of them ranged rregularly up and down i the
form of waves And so bubbles of water before they hor n tne v v
colours to then 1
about witk
necessary t « ot very nearly parallel to the horizon and
to dispose 1t so that the rays might be refracted upwards

Part 1T

Remarks upon the foregoing Obserrations
Having gnenmy ™ - mto
unfold the causes ¢ the
simplest of them (s M ot ¢utn and 2ith)
1 first explain the more compounded And first to shew how the colours in the
fourth and eighteenth Observations are produced let there be tahen m any
night line from the pont Y [Iig 6] the lengths Y4 1B YC YD 1r 1l
%G YH in proportion to one another as the cube roots of the squares of the
pumbers ¥V s ¥4 4 34 5% ¥4 1 whercby thelenptt ~f  ~ i
tosound~" - -
the numb
pomnts A pupendientars \a B8 de be erected by
who e intervals the extent of the several colours set underneath agam t them
1s to be represented Then divide the line Aa tn such proportien as the numbers
1235679 10 11 de set at the ponts of division denote  ind through
6N 70 de
ss of any thin tran parent
1 reflected mn the first ning
« uy e ubenation Hi will represent uts thick
pess at which the utmost red 1s most coprously reflected in the same senes
Al o by the 5thand 16th Ob envations 16 and HN will denote the thichnesscs
at which those extreme colouts are most coptou Iy reflected in the second series
and A10 and HQ the thichnes.es at which they are most copiou Iy reflected 1
the third series and oon And the thickness at which any of the intermediate

thaga 4 =
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) fected most coprou 1y will accord og to the 14th Obeervation
c&z;n::;g the d tance of tte hire AH from the \ntermed te parts of the
8 3 o« ¢ i

).,/p lnes 2k 6\ 10Q fe spunt

which the names of those colours
are wntten below

Dut fart! cr todefivett elatitude
of thewe colours in each nag or
con let \1deaign the teatthick
ne<s,and A3 the greatect thiekness,
at which the extreme violet 1n tte
first senies 13 reflected and let ni
and HI deagn the hike himuts for
the extreme red and let the mnter
mediate colours be himted 1) the
intermediate parts of the lines 11
and 3L agunt which the names
of those colours are wntten and ro
on but yet vath this eaution that
therefleions be supposed strongest
at tl e1ntermediate spaces 7h €N

10Q &c¢ and from theace to de-
Q crea e gradually towards the ¢
hrmt 11 3L 5\ O &e onether
g1de v here you mu t not coneaive
< them to be precisely hmited but to
y deeay 1nd finitely \nd whereas 1
have asagned tl e same latitude to
every seriee I did 1t because al
1t ough the coloursin the first series
scem to be a little broader than the
re-t by reasonofa trongerrefexion
there yet that mequality 185010
senable as scarcely to be deter
mined by obeervation

Now according to this de<enp-

ongmal colours of which the colour extubited 1n the of
PCR 21 18 001
':‘::15) ‘tfh:hreu ;-Eomt tut nof the green in the third senes of colours %epzu;ti:dd
o e ruler as you se—ejt LI andlby 1{5_;:&::11; through <ome of the blue
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The arcs where they seemed distinetest were onfy nkh
stvely wthoyt any other anl~
na - .1

1 &4 5 and tham

1 v oalusmua -~
nne b
Tar |
cor

I nave sometim v Il at to the naked
€ye they haye all v ney umtorml_y white without the least appearance
of any of the coloured Tngs and yet by Viewng them thranel oo ™ great
multitudes of those nngs have 4 . nanner
Plates of Muscov; glass ang 1

Nere not so thyn 4 toesh h+
e

4
<

r  PsLiltel to the honzon apg
t = vldys might be refracted upwards

Part 171
Remarks unn o

Ham ~o m to
un the
sur Yo Aeth bth 20th apg 21th)
If) ihute compoundeq And first to shew how the colours in the

fourth and eighteenth Obsermtlons are produced Jot there be taken in n
right hine from the bomt Y [yg g} the ! ne
IG YH i n -~

Dumbers 1~

i # e e erected by
1 v Ui several eoloups o
13 tobemprcaented T -~
123467910
those divisions from ,
Now 1f AP ha - t

body at
or senies ¢ { fepresent sty ghyel,

ness at w vl nd 1s most copiou ly reflected n the same seney

Al o by the 5thand 16th op enations \¢and frn will denote the thickneases

at which those extreme colours are most coptously refloctod 1n the second serne
'

and 110 and HQ the thichnesses at whi by \
'L L |
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any eclour wilt be 34 of the thickness of air produeing the same colour Andsa
L0 e A9t ¢ Observation. the thickness of z plate of

tundred thousand equal parts.
The thickness of coloured pla.cs and part cles
I A w e

Clas
N ery black t [ 1
lack H 1t
Begomngofblack 14 n
Therr eclocrs of th Erst order o ;,, ;{ ?;l
1ellow "t o} 41
Orange 13 6 51
Red 9 [5] ot
tt 113 51
Mo n g
9
Of the sero d order Gree O o
Yelt w 1wt |1k 10t
Orange 1§ |13 ni
Brigt t red 18y |13, g
;carllel 13 {11 1
urpl 1 15§ 131%
b T
Of the third order - Creen = lS”I 112"‘
el w S S I Y
ot ] [E BT
Bluih red 2 1 "0}
Bl hgreen 34 o}
Ofthe ! urth nder Green ECI L I At
Yellowihgree  3F - 23
R 403 { wp | or
Ofth ffth rde {g:;cn. trblue % l E) l )
PR -
Ofth sxth ord {Greemh blue 58 4 o
Red ! ‘ 4:\ ‘ P
Of the seventh order {ﬁm?h Hlae n ‘ 53} :5!
N  TL v d}"h"e - 5* \4’“

- = v
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Observations For 1f you move the ruler gradually from AH through all dis-
tances having passed over the first space which denotes hittle or no reflewon to
be made by thunnest substances 1t will first arnve at 1 the violet and then Very
quichly at the blue and green which together with that violet compound blue
and then at the yellow and red by whose further addition that blue s converted
mto whiteness which whitencss continues dunnp tha +—-

ruler from X to 3 and after that by

colours turps first +~ o~

cen cth at L Ther

order dunng the ¢~

than before o wsd 1OF thE same ret on
mstead of the - ue toere intercedes between the M -~ 4
mnture of orange jellon pmer ¥ v
avhd

vt of the second order
- u w a reddish purple then the blue and green which are
less mined with other eolours and consequently more linely than hafore

pecsally the green then follows the soll 1

1s dist et -2

red 18 arnous

- et and
there

1 -

verges uie with the colours of the fifth

series . ust, 1xture the succecding yellow and red are sery much dituted
and made dirty especially the yellow which being the weaker colour 13 carce
able to shew itself After this the several series tntn fome ~ i
their colours becama mow

revolutions (in wl
are 1 all places ;. podhia an eten whiteness
And since by t . totn Observation the rays endued with onc colour are
transmutted where those of another calour are reflected the rea on of the
colours made by the transeutted light i the 8th and 20th Obeery ations ts from
henee evident
If not only the order and speetes of thae
ness of the plate or thin body
of aninch that may bealsocb
tions Tor according to thowe t
which between two glasses exh o u Lt most lamnous parts of the e 1
nngs were g7 —2— —3— — .
Q

u ar

€ wy to determuine what thick
o «  mpisented by Gy orby any other distance of the ¥ fonm ¥
But further «ince by the 1043 M
rchness of water
thie ot tun vodies sre not vaned

3 and by the “
;’,i i;:;-:ng the imlncnt medium the thickne s of a bubble of water exintiting
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~ ¢ tthe violet by
! moet of all ex
2~ and become
1rs belonming to
srelr oaw lf by UK Ul w o ~un tontetfere
«1le to so great pumbers
uce of the nngs uhich
ke exhibit Letul o obliquity of tie eye 13
reason that the rays in their pa<aen {1} rough that ae which intercedea tle
glasses are very nearly paraflel to those hinesin which thes were first incrdent
e~ & d consequently the raysendued mith several colours are not

e priems
madered and
tante appear
rathand but
20 yreld 3 violet colour at bothtre eu o ind the rea on

J
13 that the rays  hich enter the eye at several parts of the pupl have several
chlhquities to the glasses and tho-e which are most obbique 1f conadered apart
would repre<ent the rings bngger than those which are th elea t ot hque Whenee
the breadth of the penmeter of every white nn~1s expande 1oat vard 1y the
obhquest ray  andinwardsby thelea.t obl que \nd thus expanaon 450 much
the greater by bow much the greater 1s tl ¢ difference of ti e ot hquity thato
by bov much the pupil 1s wider or the eye nearer to te gluses Anlitle
breadth fibe aolet mu.t be mest expanded beeause the mysapt toexeate a
sensation of that colour are mos obhique to a second or fasthier superficies of
the tunned mirat which they arereflected and have also tt egreatest vanation of
~H e v wh ch makes that colour =oonest emerge out of theed=rs of thewhute

w

which 0 the naled eye seem of an even and untorm g 1at o

without any tenminat ops of hadot s, the refraction of & prem 1 ould make

nogs of eolours appear whereas it usually makes object appear coloured only
Voo e -

- LI

t
breadth of their exrcumferences they so much mterfere and are blended to-

on the other side more compl
plicated nd contracted And where b
tion they are <o much contracted that the seteral nngs become mﬁ?ﬁ
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unless 1t be further desired to delneate the manner how the colours apperr

when the two object-glasses are laid upon one another To do which let there

be descrtbed a large arc of o circle and o straight Iine wh b =~

arc and paralle} tnth + -~

as the numb¢

and 1ts tang wwg  uu s 01 the glasses terminating the

mterjacent air and the places where the occult lines cut the arc will show at

what distances from the centre or point of contact each colour 1s reflected
There are also other uses of this Table Tor by 1ts assistance the thichness of

the bubble 1n the 19th Observation was determmed by the colours which it

exlibited And so the bigness of the parts of natural bodies may be conjectured

by their colours as shall be hereafter shewn Also if two or more very thn

plates be laid one upon another snn #o 2~ I

LN

v ustoy
yellow of t
1t accordin
of the secon v turchness exhibrting
the purple ¢ ¢« uurd order

To explain 1n the nest place the circumstances of the 2d and 3d Ob ena
tions that 1s how the nngs of the colours may (by turning the prisms about
therr common axis the contrary way to that expressed in tho ¢ observations)
be converted into white and black rings and afterwards into rings of colours
agam the colours of cach ning Iying now o an mverted order 1t must be
remembered that those nings of colours are dilated by the obliquation of the
rays to the atr which mtercedes the glasses and that according to the Table in
the 7th Obseriation theiwr dilatation or merease of thewr diameter 1s most mam
fest and speedy when they are obliquest Now the rays of yellow being more
refracted by the first superficies of the said air than those of red are thereby
made more oblique to the sccond na

vetome of equal extent wa
the green blue and viole « « v Unuch dilated by the still greater
obhiquity of therr rys as to become all very nearly of equal extent with the
red that 1s equally distant from the centre of the nngs 4nd then ali the
colours of the same ring must be comncident and by therr mixture exhibit a
white nng And the e white nngs must have black and dark nings betneen
them because they do not spread and interfere with one snother as before
And for that reason al o they must become distincter and visible to far greater
numbers But yet the violet being obliquest wall be something more dilated 1n
propartion to 1ts extent than the other colours and so very apt to appear at
the extenor verges of the white

Afterwards by a greater obhiquity of the r1ys the violet and blue become
more sensibly dilated than the red and sellow and so being farther remotred
from the centre of the nngs the colours must emerge out of the white i1n an
order conteary to that which they had before the violet and blue at the extenor
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1 colours will be
tion of the exreles made succeesinely by the reveral
}iem;«;o?uclgnm repect of one another as 1 have de<cnibed 1n the Fimures obrr
orabav o 2T And by the same method the truth of the explications of
- nnd

of glass
s further
it therr
pretures
s one
it e and
< The rearon s
1hat the cuperfictes of «ueh puat s & o ny cavities and

ewelligs, \\zth how sh:sl\mz‘ ecever doa hittle vary the thickness of the plat
For at the seversl s1des of those cavities. for the reasons perviy descnibed there
bt to be produced waves tn several postures of the pr.m. \ow though st be
bt some verv<mall and parrower partsof the glass by which these waresfor the
meet part are csused vet they may scem to extend themselves over the w}ole
%~ reveset of thowe parts there are colours of severs}

—f

dopemed toveversl places, sogs lotolu u 8
weve divers order< of tolours promuscuot Iy reflected fromthat part of the glass
These are the prinapal phenomena of thin plates or bubbles wlow ex
¢ eat ona depend on the properties of hight wihich I have heretofore dehivered
4nd thewe you <ee do pecessanly follow from them and agree with them even
to their very least ctreymstaaces and pot only <o but do very mueh tend t
thetr proof Thu, by the ®3th Observation )t appears that the ravs of seversl
eo.orrs made as well by thin plates or bubbles as by refractions of a pnem
bave «everal degrees of refranginlity whereby those of each order which at
tt refenon from the plate or bubbie are intermixed with those of oth rorders,
are separ*ted from them by refraction and assot1ated to~ether so as to become
wable by themeelves Like arcs of carcles For if the ravs were all alike refrang
b s impassible that the whitepess whuch to the naked sense appears um
form _bould by refraction have 1ts parts transposed and ranged tnto thasn
blrk and white ares.

It appears ako that the unequal refractions of difform rays proceed not from
22v cotangent trregulanties such as are vetn. an uneven pobh or for
tustols postion of the pores of glass unequal and easual motions in the air or
¢ her the «preadin,, breskin= or dividing the same 13y 10to many dnerging
Fna arthe ike For admittm,, any suchuregulanties 1t would be imposs ble

o nfximum torender those rings o very distinct end well defined as they do
1 the 4th Observation It 1s reces-ary therefore that every ray have its
D:rp:fr r;nudoe::tut degx‘?e of refrangitality conoate wathat aceording to which

e
m_::; Chomac dzg:;) and remularly performed and that seversl ravs haye
what 1s sud of ther ref bility may be al.o und d

:i:ﬂxhtv that 15 of ther diepositions ta be reflected, come at a gr!:otll:rﬁ:nlé
mx: 2t 8 less thickness of thin plates or bubbles namelv that those dipost

are 210 conna & with the ray* and immutable as may appear by the
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to interfere with one another they must appear distinet and also white of
the constituent colours be so much contracted as to be wholly comerdent But
on the other side where the orbit of every nng 1s made broader by the farther
unfolding of 1ts colours 1t must interfere more with other rings than before
and so become less dishinet

To explam this s httle further suppose the concentne circles AV, and B\
[Fig 7] represent the red and violet of any order which together wath the
wntermediate colours constitute any one of these nngs Dow these beng
viewed through a prism the violet circle BX will by a greater refraction ba
farther translated from sts placn th = = 1
~

ay Lt transtated to br s0 as to ap-

¢ v heaer to1t at 2 than before andif the red be farther translate 140 1
the violet may be so much farther —-
and if the red be yet farther transl
farther translated to Bt astopassbe, o u  uty andcomvenc withitateandf
And this being understood not only of the red and violet but of all the other
mtermediate colours and also of every revolution of those colours you wiil
casily pereerve how those of the same revolution or order by their neamnessat

Fig 7

atand T¢ ond the enn I -
tmet ares of cir
severally at o “ e
appear severally .  wul Yot I 2 contrary ordgr to that which they had
before and still retamn beyond e and f But on the other side atab ab orag
the ¢ colours must become much more confused by being dilated and spread so
as to interfere with those of other orders And the same confusion will happen
at T¢ between e and f 1f the refraction be very great or the pn mvery distant
from the object-gla es in which case no parts of the rings will be scen save
only two little arcs at e and f whose distance from one another will be sug
mented by removing the prism still farther from the object glasses And these
Iittle arcs must be distinetest and whitest at their nuddle and at their end.
where they begn to grow confused they must be eoloured And the coloursat
one end of every arc must be 1n a contrary order to those at the other end by
reason that they cross in the intermediate white nomely thetr ends which
verge towards T¢ wll be red and y ellow on that side next the centre and bluo
and violet on the other stde But their other ends which verge from T¢ will on
the contrary be blue and violet on that side towards the centre nnd on the
other de red and yellow
Now asallthe ¢#t »—
way of reasomuing ¢
1n a dark room by ne wroupn 2 pnm by reflexion of the
several pnsmatic colours which an 2. sistant causes to move to and froupon a
wall or paper from whence they are reflected + hulst the spectator s eye l(]he
pn m snd the ohject glasses (as in the 13th Observation) are placed steads
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% nacenth obliquely out of ane medium into ano her which re-

~ s of their refractive

¢ a total reflevon.

T theanesare whith mea ule ne of inadence at
~f hearcle and coequently

¢ greatest difference of the

2o ar where the refraction

al refenion begins when the

In pasang out of glass into

f1honpes 201033 th total

refenon begins when the angle o1 uehite Jegrres 10 munutes and=oin

pasang out of erv<tal or more stron,fy refracting mediums nto air there 1s

o1} 3 I obliquity requiite to cause a total refexion Superfiaes therefore
~ wentontiem and

observing that n
the cuperfictes interceding two tran. parenl I twulls assrearr water ol
tomon glase crystal metallin plasses 1 land plasses white tran_parent ar
sec dumond. de) the reflexion s stronger or weaker accordie 1y as the
superf.cies kath a greater or less refractin~ power For in the confine of air and
sabpem 1o stroneer than 1n the confine of aur and water and all strorrer i

the confine of air and common glass or ery<tal and stronger in tle confne of
]

feam
sull

weell
rectified o1l of %1tno) or <pint of turpentine M water e et 1t Unltu u atwo

parts by anv immamnary surface the reflexon 1n the confine of those two parts
) — 1

accordie, Iv as those mediums differ move or less m L ewr s, po ..
Hence 1 the confine of common gl s and ervetal there ou ht to be a weal
R;Eenon and a stroner reflexion 1n the confine of common and m tallire
glass thouh 1 have not yet tned this. But m the coafine of two glasses of
equal denaity there 13 not any sensible reflexion, 2 was thewn mn tre fint Ob-
servstion. ind the same may be und r<tood of the cuperficics separatin” tno
avtal or two hquore or anv other sub tances m which no refraction 1s
ezused. % then, the reason why umform pelluid medinms (cuch as water
g‘a\: t:; ery<tal) have po senable refleuon but 1 therr external superficies
the: ey are adjscent to other mediums of & different denits 13 beeause all
contiguous parts ha e one and the same degree of denity

Prorostmion 2
The Least parts of ol
the opacity of the ¢
nlernal

part
That this 1» <o has been ob-erved b Eran
¥ others and will eanly be
'g;f!:l ﬂ;:t have been conversant with meroscopes And 1t xn’:l) be akow(lln‘;g
Pplyin,, any cubstance to a hole through which ome hight 13 immitted

mo ¢ all netural bodtes are tn some measure trg ren! And
bodies artse.h from the mults ude of referions m'fsaed i thar



478 Orrics

13th 14th and 15th Ob%nntmns come 2 ‘
By therm 2
mnture of
colours Fe
« nwedd 12th
and 24th ¢ wal 1t that although in the 4th and 18th

Observations there appear no more than eight ormine of t] n o -
are really a far grester number ~?
another as after tho<e eight or n
and constitute an even and sen
that * \

nere 18 4 constant
aud n.xrangxlnht) the most refron~t
violet the least refrangmble ped -2

n
s1o ve the same

¢ « anu retlextbility the nolct bengmit~r

cutnstances reflected at least thicknesse ~f -

greatest th V-

Whence w  ue also connate with

them an v wlu wy consequence that all the n ad

pearances of colours in the ~ 11

Part 11T

Of the » -~

putd
Taun on W tmother ma # of Y
nh -

u ab tney appear of divers

wu Ly as they are di po cd to reflect mo t coprously the rays

ongmaﬂ} endued with tho ¢ colours But their constitutions whereby they
reflect some rays more coptously than others semain to be discovered and

these I shall endesvour to mantfest 1n the following Prepositions
Prorosttion 1

Those superficics of transparent bodics reflect the greatest quantity of hght which
hate the greatest refracting power thet 1s which infereede medums that differ
most in ther refractivcdensitics  tnd n the confines of cqually refracting mediums

there 13 no reflexion
The anslogy between reflewon and refraction will appear by con.sdenng
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edium 1nto ano her which re-

rasonth of ltquely out of one medium ¢ o B factive
¢ a total reflexon.

sne of inadence at

e radius of tl e circle and consequently
re there 18 the greate<t difference of tte
Jut of water nto air where the refmction
3104 t}eto.al refenion bemn when the
s 35 minutes. In pasung out of glss<into
by the ratioof 1} ¢ mnes "0 to 31 the total
~lwm

s

foe

and

observang that 1n
sareair water il

common gla  ery<tal metalline glasses Liand j 3. ¢ ate tran. parent ar
eenie dismond. de) the reflexzon 1s stronger or seaker pecordin !y as the
superficics hath a greater or less refracting power Forin he confine of air and
salgem Uis stronmer than 1n the confine of aur and water and sull stron-er
{ke confine of aur and common glx s or cry~tal and tronger in the confine of
a1r 30d a dismond 1 anv of these and such bile trap parent eo:d Lo 1m
merged 1n water 1ts reflemon becomes much wealer than be ome and still
weaker 1f they be ummerged 1n the more strongly refmetin, hquors of well-
rectified ol of atnol of mnt of turpentine If waterbe ditinvu hedintot o
parts by anv imamnan surface the reflevion in the confine of those two parts
aozeatall In the confine of water andice tisvery hitle mnthat of wa erand
ol tis comethuine greater in that of water and .algem till greater and 1o
that of water and glass or en=tal or other denser subntances s i}l greater
accordin 1v as those mediums duffer more or less 1n their refracting powers.
Hewce 1 the confine of common glass and cry<tal there ougt t to be 8 weal
refleion and 3 troneer refexion 1n the confize of common and metall ne
glos thouch T bave not yet tred this. But m the confine of tno glas<es of
equal denaty there 13 not any sepaible refiexion 28 was stewn 1n tl ¢ fint Ob-
servation And the same may be und r~tood of the superficics separating two
ery-tals or two hiquors or any other sub tances 1o which no refraction s
cawsed. R0 then the reason why umform pelluctd mediums {such as water
gl or ervtal) have o senible reflewon but 1n therr external superficics
where they are adjacent to other mediums of & different den. tv 1 beesuse all
their contiouou parts hnve one and the same degree of den.aty

r Prorostrion
hele < parts of almostall atural bod et are
o n eome measu ¢ fransparent dnd
L opacily of thove bod es rieth f om the mult tude of eflexrons cqused sn terr
That this 15 <0 kas been observed b;
3 others and wli eaaly be t

tbhem d;at have been conversant with microscopes And 1t m’n\ bcg:fofnl;)d

Y 2pplya any <ubstance to a hole throuh which some hght 13 mmytted
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nta el -

» stsusparent 3f it be of a suff
« » vss Uniy white metalhine bodies must be excepted which by reaon
of therr excessive density seem to reflect almost all the hght neident, on therr
first superficies unless by solution m menstruums they be reduced mto very
small particles and then they become transparent

Prorosrrion 3
Belucen the parts of opaque and colon 313
oml T

pa WG 0f bath atr end waler but
» » 1 wps nol wholly vord of oll substance befiveen the mn 1 71
The truth of +h -

secon
bodie
bode s« u Istus between them becau e
reflevious are caused only 1 superficies which separate mediums of a diffenng
density (Prop 1)

Al

But further that this discontinuity of parts 18 the pnine n 1
opacity of bodie v 1~ 1

trans
denst wpp w il water or atl the Qeulus mundi

stone steeped 1n water hinen cloth oiled or varmshed and many other sub-
stances soahed m such hquors as will intimately pervade therr httle pores
become by that means more transparent than othemt »  ~ ~~ he contrary
themostt =~ - separating
‘ H

their par
d §

wy u 1y 1ormed mto m ny small bubbles
wther alone n the fa— vith ot of turpen
tine or which 1t wall not
perfect! u L wie ancrease of the opacity of the<e bodies 1t
conduces something that by the 23d CGhservation the reflexions of very thi
transparent substances are considerably stronger than those made by the same
substances of a greater thichness
Prorostrion 4

The parts of bodies and their wnlerstices musi nol be less than of some definste brg-
ness to render them opaque and coloured

For the opaquest bodies 1f their parts be subtiy dnaded (as metals by
bewng dicolved 1 acid menstruums {¢) become perfectly trin parent And
you may al.o remember that 1n the eighth Obsersation there was no sen 1ble
Treflevion at the superficies of the objeet-glas.es where they were very near one
another though they did not absolutely touch And in the 17th Obcenation
the refleuon of the water bubble where it became thinnest uas almost tsen
ble so s to cause very blach spots to appear on the top of the bubble by the

want of reflected hight
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A4 hile
- e
t
as full of pores or interstices between L ury

therr p.rts and interstiees to be too small to causc reflexions in their common
surfaces

ProrosimioN o

ent parts of bodses aceording lo tharr sereral nes refleet rays of one
Z?;m;ﬁ:mm (}{ae of anoher on the same grounds that thin plates or
bubtles do reflect or transmut (Fose rays And this I lake fo be the ground of ell
therr colours

ad s+t 1 hetne of an even thickness appears

!
natural bodies being like 50 many fragments of a plate mu.t on tue s
-~

ity of their properties The
1larls those of peacoch. tail
of several colours 1n several
poations of the eye after the very same manner that thin plates were found

~ -r o

e
grosser 1a eral branches or fibres of tho<e featters \nd to the same purpose

1 that the vebs of some spders by bewng spun very fine have appeared
coloured as some havc ob~erved and that tl e coloured fibres of some silks by
sarying the position of the eye do vary their colour Also the eolours of sill.

cloths and other sub tances which water or ol can intimately penetrate be-
come more faint and obscure by betng immerged in those hquars and recover
therr 71 our again by being dned much after the manner declared of thin
bodies n the 10th and ?1st Ob<eriations Leaf gold some rorts of panted
glass the infu 0n of ! gnum nephrit cum and some other subetances reflect
one colour and tran.mit anotter Like thin bodiesin th ¢ 0th and "0th Obserna

tions. And some of those coloured powders shich punters use may have their
colours a ittle changed by being very claborately and fincly ground Where 1
see not what can be justly pretended for those changes besides the breaking of
their parts into less parts by that contntion after the same manner that the
colour of & thin plate 13 changed by varying ats thickness For which reason
als0 11 13 that the eoloured flowcrs of plants and sveretables by being bruised

ucually become more tran. parent than before or at least in some degree or
other change therr colours. \or 131t much less to my purpose that by miung
divers liquors very odd and remarhable productions and changes of colours
may beeffected of which no cause can be more obvious and rational than that
the <aline corpuscles of one biquor do vanously act upon or unite with the
tinging eorpuscles of another so as to mahe them s ell or shnnk (whereby
not only thewr bulk but their density also may be changed) or to divide them
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mto smaller corpuscles (whereby a coloured liquor may become transparent)
or to mahe many of them associate into one cluster wherehy two transparent
bquors may compose a coloured one T'or we see how apt those saline men
struums are to penctrate and dissolve substances to which they are applied
and some of them to precipitate what others dissalve In ihe manner if we
consider the v arious phenomena of the atmosphere we may observe that when
vapours are first raised they hinder not the transparency of the arr beng
divided 1nto parts too small to cause any reflewion 1a therr superficies But
when 1n order to compose draps of ramn thet heer see and canstitute
globules of 2 ~ - ¥ become of con
ve constitute clouds
of 2 s And L see not what can be rationally
co «d 1 50 transparent s substance as water for the production of these
colours bestdes the vartous sizes of tts fluid and globular parcels

Prorostrion 6

The parts of bodies on whach thewr colours depend are denser than the medium
which periades thewr aterstices
This will appear by considenng that the colour of o hody {onara -
on the rays which are mncident now - '
1

t

t pa L

of colours 1n so great a

fusedly ~¢

than an « ety tmpetiect and dirty
colour « e umn body or small particle be muck denser than the

ambient medium the colours according to the 19th Ob ersation are so hitle
changed by the vanation of obliquity that the rays which are reflected least
obliquely may predominate over the rest so much as to cause a heap of  h
particles to appear very mtensch of the  ~~

It ernt
cordir
withir v tu Ly the rarer wathin the
denser

Prorosimion 7

The bigness of the component parte of natural bodies may be congectured by thew
colours

Tor since the parts of these bodies (by Prop o) do most probably cdubit
the same colours with o plate of equal thickness pravided they have the same
refractive denstity and sice their parts seem for the most part to have much
the same density with water or gl s as by many circumstances 13 obvious to
collect to determine the sizes of those parts you nced only have recourse to
the precedent Tables m which the thichne s of water or gl s exinbiting any
colour 18 cxpre.sed Thus if it be deared to hno 480 1 — er of & corpy Jlo
which being of equa the third order
the number 1634 &b
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fieulty 1s here to Lnow of what order the eolour of any body
x;'r&h:dg(!:‘l;du?ud we mu.t have recourse to the 4th snd 15th Obeervation
from whence mav be eollected these particulars
~ % hanreandintense are

1order sl omay

1 the orange and

¢

There mav be good greens of the tourthutuel v Ly are of the third
And of thus order the green of all vegetables seems tobe partly by reason of the
Intenseness of ther colours, and partly because when they wither rome of them
tern to a greent h vellow and others to a more perfect v~llo v or oran~e or
perbaps to red passing first through all the alo-eqni termeduate colours

et} omav

Y

doubt 15 of the same order with those colours into which 1t ehangetn betsuse
the chapmes are gradual and those colours thourh tsually not very full vet
are often too full and Livels to be of the fourth order

Blues and purples may be either of the second or third order but the be<t
are of the third. Thus the colour of wiolets scems to be of that ord ¢ because
therr svrup by acid Liquors turns red and by unnous and allalizate tums

- a

PURpSSE - o

o3 green of the second order whuch red and green espectally the green «cem
too imperfect to be the colours produced by these chan~es But 1f the sud
rerple be cupposed of the third order stschange tored of the sccond and green
of the thurd mav without anv incons emence be allowed

1f there be found any body of a deeper and less reddish purp'e than that of
th wiolets 1ts colour most probably 1s of the <econd order But yet there being
20 body commonly Lnown whose colour 1s con_tantly more deep than theire
Ttave made use of their pame to denote the deepest and lea t reddr b purples
uch 2s manfeetly transcend their colour i punts

The bl ¢ of the fir<t order thou~h vrry faint and little may posably be the
co.our of some <ubstances and particularls the arure colour of the skies «coms
tobe of thus order For all vapours when thes bemn to condense and coalesce
m;zosmall parcels become firct of that bignes  wl ereby such an azure mu t be
Yl; eg:d before they can con_titute clouds of other colours. \nd so this being
ﬁf e t colour wluch vapours begn to reflect 1t ought to be the colour of the

est and most transparent hies i which vapours are not amved to that
ENI?'!‘W:S requisite to reflect other colours as we find 1t 1s by expenence
oy eness 1f most 1ntense and luminous 1s that of the firet order if less
r

oid, 1t fohated, 15 transparent and all metal becos
me tran parent if dr
l&;?tgmms or vitnfied the opacits of Iite metals anseth not rm::l‘ﬁ
¥ alone They being less dense than gold would be more tran parent
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than 1t did not some other cause concur with ther density o make them
opaque And this cause I take to be such « bigness of their particles as fits
them to reflect the white of the first order For 1f they be of other thichnesses
they may reflect other colours as1s mamifest by the colours which appear upon
hot steel 1n temperng 1t and sometimes upon the surface of melted metals in
the shin or scoria wlnch anses upon them in ther cooling And as the white of
the first order 1s the strongest which can be made by plates of transparent
substances so 1t ought to be stronger in the denser substances of metals than
m the rarer of arr water and glass Nor do I see but that metallic substances
of such a thichness as may fit them to reflect the wlute of the first order may
by reason of their great density (accordmg to the tenor of the first of these
Proposttions) reflect all the light incident upon them and so be as opaque and
splendent as 1t 8 possible for any body to be Gold or copper mived with less
than half therr weight of mlver or tin or regulus of antimony 1 fuston or
amalgamed with a very httle mercury become white which shens both that
the particles of white metals have much more superfictes and so are smaller
are so opaque as not to suffer
them Now 1t 1s scaree to be
o r are of the second and third
order and therefore the particles of white metals cannot be much bigger than
15 requisite to make them reflect the whate of the first order The volatiity of
mereury argues thet they are not much bigger nor may they be much less
lest they lose their opacity and become erther transparent as they do when at
tenuated by vitnfication or by solution 1n menstruums or black as they do
when ground smaller by rubbing silver or tin or lead upon other substances
to draw black hines The first and only colour which wlite metals take by
grinding their particles smaller 1s blach and therefore ther white ought to be
that which borders upon the black spot 1n the centre of the rings of colours
that1s the white of the first order But 1f you would hence gather the bigness
of metallic particles you must allow for their denstty For were mercury trns
parent 1ts density 1s such that the sine of ineidence upon 1t (by my computa
tion) would be to the sme of 1ts refraction as 71 to 20 or 7 to2 And therefore
the thichne.s of 1ts particles that they may extubrt the same colours with
those of bubbles of water ought to be less than the thichness of the shin of
tho ¢ bubbles in the proportion of 2to 7 Whenee 1t s possible that the particles
of mercury may be as little os the particles of some transparent and volatile
fluds and vet reflect the wlute of the first order
Lastly for the production of black the corpuscles must be Jess than any of
those which exlibit colours For at all greater stzes there 1s too much hight
reflected to constitute this colour But 1f they be supposed a hittle less than 1s
requisite to reflect the white and very fant blue of the first order they will
according to the 4th Sth 17th and 18th Observations reflect so sery httle
Iight as to appear intensely black and vet may perhaps vanously refract 1t to
and fro within themselves o dong until 1t happen to be stifled and lost by
which means they will appear black n all positions of the eve without any
transparency And from hence may be understood why fire and the more
subtle dissolver putrefaction by dividing the particles of sub tance turn
them to black why small quantities of blach substances mpart ther :‘lnlolllr
very freehy and sntensely to other sub tances to wluch they are apphed the
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mnute particles of these by rea on of their very great number eaaly over
spreachng the gross particles of others why glass ground very claborately wath
eand on & copper plate tillat be well polt hed makes the sand together mith
what 15 worn off from e glass and copper become very black why black
e ene A sooneat of sll others become Fot 1n the Suns hight and })ur‘n

3

posable but that m croscopes may at Jength bemprored ol Lu v iy of
fhe part eles of bodies on which their colours depend 1f they are not alrcady

be doubted of excepting this position That tran parent corpuscles of the evme
tbickness and den 1ty with a plate do extul it the sume colour And this I would
\

wee o Vocn aemocelne

covered with microscopes which 1f we shall at len
gth attain to 1 fearit wll
be the utmost 1mprovement of this sense Tor 1t geems impo~able to see l}:c

more secret and nobl
tho tane parency e works of Nature withun the corpuscles by reason of

e ProrostTion 8
cause of reflexion 18 not the smpinging of Light on the solid or imperrious paris

have more 1

ot r‘Y:m(.!.ly reflecting parts than water or glass But 1f that should
€t on

mver
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whenv 7 hight inats passage out of glass ints ¢
e anelo ¢

refl

be 1maginea '

enough m ti v putotit and at another degree of

oblquity showa meet with nothing but parts to reflect 1t wholly especially
considering that in its passage out of air into glass how obhim s s
merdence 1t finds pores encurt n ¢t -~

™ - t
1

t

8 su tusteadofn T

rays I - !

15 ad - swte transmitted where the
water Lo 1t which argues that th n

pends on the ene

strthing of th Wy e
2 prism placc oAt ee-

sh u vour pretty copously trans
mi e retiexion be caused L #1 n -
why agthe -~

parts s¢

measm a

1

1 v suttleandalmot « » fle

« w  ut retlected fron it 3 L]
0

oln uservation
t wult were by turns trinemitted at one thickne s and
reflected at another tinchness for an mdeterminate munber of succe~sons
And yet i the superficies of the thuned body where 1t 12 of any one tluchune ¢
there are 25 many parts for the rays to impinge on as where 1t 13 of any other
thickne « Snthly of reflexion were eau ed by the parts of reflecting bodie 1t
would be impos tble for thin plates or bubbles at one and the same placc to
reflect the ray s of one colour and tran mut tho-c of another as they doaccord
ing to the 13th and 1uth Ob erv itions Fortisnot to be imagined that at one
place the rays which forin tance & 11
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4 parts of bodes, their refl vons from pol.? ed bodies could not be ro

he sl ™ = = Fa 11 polLhing plass w h sand, putty or tapols ‘u lt!no?.
- - slase

e trulv plane o truly sphencss atu oua - ]
ccmnse oe even surface The smaller the particles of ttowe = braancea ave
iy cmaller wall be the scratches by nhuch thev continually fret and wear amay
{he glass Lutil 1t be pout hed but be they pever 5o «mall thev ean wear sway
t.e gLss 2o o.bemwise than by waun, and serstchun,, 3t and beals o the
peiberances and, therefore poluh it no othermiee thaa by bnzming s

To thoess o verv fine grun <o that the seratebes and frettings of the curface

wrrnrefiectedbn improge,,

s much by the mot

problem how glaes

pl_bed by fretung substancescanre o0l 4 1W0M. - ySS1 docx And thus
b = 13 eearce othermse to be solved than by @aviz tha the reflexon of &
nave efected, not bra sncle point of the reflecting body but by <oxe power
o the bod which 18 everly d.fused all over it surface and by whichtac s
oo th rav without immediate contset. For that the parts of bodies do act

tpmlzits 3 distance shall be shewn berealter

—mw o e Wl deart of bodes but

~t 0a

~« For
othermize we mu_t allow two sorts of reflexions. “hould au the 1avs e relected

whech imprze on the 1nternal parts of elear wa er or ervetal those substances
wod ra.ber have s eloudr colour than a clea. transparency Tomake bod.es
lorkblack,1 snecessarvthat manvra sbe opned retured andlostinthem
2.4 1t seems pot probable that anv ravs can be stopred and  Ufled 12 them
which do not wmp.nee on their part

4.d benee we mav understand that bodies are much more rare and porous
thanys eommonly bebieved. Water1 nineteen times! ghter andby conseq serce
£i2¢ eentunes rarer than go d and gold 18 <o rare as vers read.ly and wathout
L les:t opposition to transout tte ma~ue 1c efluvia, and easlv to admt
gock-silver 1820 its poe~ and to let wate pass throuwyk «t. For 8 co.cave
=& re of go d fil.ed wath water and <oldered up ha upoa pressing the ephere
WA vt forre let the mwater equeeze throu, k1t and «tand all over 1ts outeide
‘:‘inkl"«dﬁ of ema]) drop~ Like dew mthout bursting or crackin~ the body
- !gd.ulhawlmwo—mrd by an eve-mitness }rom all which we may
“: Jul!‘.u £0ld has moe pore< than solid parts, and by consequence thst
h ik above forty times more poves than parte. And be that hall find out

[

N remall af e

vg‘*s-.bw \hm{,h tran parent «ube.ances )
AT £ aet. wpon ron through all dense bod:
N €= not macmet;
o n‘lhum ~ov dmnut onof1t wirtte & fo intance through géltqurl\r:g
- @ w‘:‘ K The granitating powver of the Sun 1 tran_mutted throu~h the
o es € planets without any daminut on <o as to act upon all thewr
Partstother yery centres with th same foce and sccordin~ to the am laws
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as1f the part upon wlich 1t sets were not surrounded with the body of th

planet The rays of hight whether they be very small bodies projected or only
motion or force propagated are moved 1n nght hines and whenever a ry of
hght 1s by any obstacle turned out of its rectihinear way 1t will never retumn
1nto the same rectilinear way unless perhaps by very great acaident And ot
hight 15 transmutted through pellucid solid bodies 1n nght Imes to 10m == ¢
distances How bodies can have n enf® -
the eeffect -

Yor the ¢

reflect the

bode -

bet

ma

sp

th

sm t ot umpty spaces between
the r 1wwiany tll you come fo sohd particles such as hase no
pores or empty spates within them and if 1 anv gross body there be for
instance three such degrees of particles the least of which are solid th ¥+1

will have seven times more pores th n ¥ 3 i

degrees of »
more po “ nare one
and thart v parts If sixdegrees the body will have

sty ana toree times more pores than sohd parts And so on perpetually And
there are other nays of concerving how bodies mnay be exceeding porous But
what 13 really ther mward frame 13 not yet hnown to us

ProrastTion 0

Bod -4
war
o> suratconsiderations Tirst because when light goes out of

4
glass into air as obbquely as 1t ean possibly do 1f its inadence be ma L
more oblique 1t becomes totally refis 4o T
has refre
more

pnn
« 3 upft.sion lorhere
t & u Wrmines whether that power by which gls acts
upon hght shall cause 1t to be reflected or suffer st to be tran m tal -
thirdly beeau.e those surfaces of tem -

¢

1 wrosrTion 10
17 light be sunfier wn bodues than sn tacuo sn the p onn
meagure the refrart » =
arly
o and w8 aume gencily

d st
unﬂ::l:\s;vrlcpm - racung plane surface of any body ond IC a may
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bliquels upon the body 1 C so that the angle ACT may be
‘:g_d;il‘vmeo u‘il Jet C‘l‘obc the refracted ray From a mven pont B per
pendicular to the refracting surface ercet BR meetirg
wth the refractin, 13y CRin R an 11f CR repre<ent
—a ad e »1 1 mntontlc

reof

prr
pendicular tort CD hall repre<ent the motion of the
T8 merdent rav and BR the motion groerated by the
refrction as optician. have of 1a e expluned.

e Lenad b

1
o ®
F|

!
tefore ats inerd nee on the first plane hsd po motion towards st o butan
L. elv Little ove and af the forces in all parts of that space betsveen the
plaes be at equal dostances from the planes eq1al to one ano ter bat at
several d_tanee be bigeer or le<s tn any mven proportion the motion gener
2 2d by the forves 1z the whole passa~r of the body or th ng through that space
«alibem a subduplicate proportion of the foree« as mathema 1c:ans will eaaily
t derctand. Ard, therefore 1f the pace of setiitv of the refractin  superfiaies
of the body be con 1dered as such & <pace the mo 100 of the ray ge~erated by
thereflractin force of the body dunn 1ts passage throu h that space (thaty
the motion BR} mu_t be 1n «ubduplicate proportion of that refracting foree
Isav therefore thatthe quare of the line BR and b econsequence the refract

5

1

refretive power in recpect of their denities are <et down 1n <cveral eolumns.

The refraction of the aur in this Table s d dby thatof th neepher
observed by a_tronomers. For 1f 1 ht pass through many refractin~ cub-tances
or mediums gradually denser and denser and terminated with panllel surfaces
tE. sum of a1l the refractions wmll be equal to the angle refraction which 1t
‘fhgﬂd b.ve suffered 1n passing immediately out of the first medium 1mto the

thg thus holds true though the number of the refracting substances be

v

WTREOth lawes AR wopet mnct

NOw alth hgm ta -
Tl (t -
tral ot
“anees
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particularly air which 1s 3 500 times rarer than the pseudo-topaz and 4 100
times rarer thanglass of antimony and 2 000 times rarer than thesclemtis glass
vulgar orcrystelof therock hasnotwithstandingits ranty the same refractine

The proportio; T’”B’ ¥ The

of ﬂ; 1:,’:“ it :’th " c}u l/f‘e, Thedensily refrachie

The refracting bodies of tnardence and refract g and specific  power of

refraction of Jorceof tie %’:‘%"f the body 1n

yellow Light body 15 4 ""’::isf

proportionale v

A pseudo-topazius being a
natural pellucid brttle hawry

stone of a yellow colour 23to 14 1 699 427 3979
A 3701 to 3700 0 000625 0 0012 5708
Glass of antimony 17tc 0 2 568 58 4964
A selemtis 6lto 41 1213 2 %2 5386
Glass vulgsr 3lto 20 1 40°5 2 58 5436
Crystal of the rock 25t0 16 1 445 265 5450
I land erystal 5tc 3 1778 272 6236
Sal gemm:z 17to 11 1388 2 143 6477
Alum 35t 24 1 1267 1714 650
Borax 27t0 15 1 loll 1714 616
Natre 32to 21 1345 19 700
Danzig vitriol 303 to 200 1295 1715 751
01l of vitriol 10to 7 1 041 17 6174
Ratn water 5°9 to 396 0 784u 1 7845
Gum arabic 31te 21 1179 1375 8574
Spint of wine well rectified 100to 73 0 876, 0 866 101°1
Camphor 3to 2 125 0 996 12551
Olne ol 22t0 1o 1 1o11 0913 17607
Linseed o1l 40to 27 1 1048 0 937 1819
Spint of turpentine 25t0 17 1 1676 0 874 1372
Amber 14to 9 142 104 13604
A diamond 100to 41 4 949 34 14006

powner 1n respect of 1ts density which those very dense substances have mn re-
spect of theirs excepting so far as those differ from one another

Again the refraction of camphor olive o1l Iinsced ol spint of turpentine
and amber which are fat sulphureous unctuous bodies and a diamond nluch
probably 1s an unctuous substance coagulated have their refractive posersin
proportion to one another as their densities without any con 1derable vanation
But the refractive powers of the<e unctuous substances are two or three times
greater in respect of their den 1ties than the refractsve powers of the former

substances 1n respeet of theirs
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th mgoesintowater and agreat part remains behind in the form of a dry fixed
earth capable of witnfication

Spint of wine has a refractive power in & middle d gree between thoe of
water and oily substanees and accordingly seems to be composed (:f b;)th“

ailis by fermentation conserted intospint 11 ey findalsothatiious e po 1 d
1n 8 «mall quantity upon fermentating vegetables they distal over after for
mentstion 10 the form of spints

S then by the foregoing Table all bodies seem to have their refmctive
povers proportional to their den 1ties or very nearly) excepting gofaras tley
partske more or less of sulphurcous aily particlea and thercby have ther
refractise power made greater or less Whence 1t seems rations! to attnt ute
the refractive power of all bodies cluefly 1f not wholly to the sulpt urcous parts

th which they sbound For 1t s probable that all bodies al oun ! more or less
with sulphurs And as hight congregated by a burmng-glass acts most upon

Y the action of the reracted OF RLUCLLU It

T have hntherto explained tle po cr of bod es to reflect and refract and
-hewed that thia tran_parent plates fibres and particles do accord ng to their
<eteral thicknesses and denities reflect several sorts of rays and therely
appear of several colours and by consequence that nothing more 1s requate
for producing all the colours of natural bodics than the scveral 1zesandd n 1
tesof their tran_parent particles But whence 1t 1s that these plates f1res and

;1;;11: a:f,:%%ﬁc.‘:'::gf nature of { ght for both must be understood before
1t Propastion depended upoo. the clonty of bt 1 w1l bt
Proposttion of that ind & il begn b a
Lught s propagated from bumt ‘:’:ob::i:""‘:::

L 31 e and spends about seren or erght

4udJup ter happen about seven
oreight minutes sooner than the h
E:E;fx?:t anld when the Earth 15 beyond the Sun they hnppcg' :l:l:u: :eovgg
es later than they ought to do the reason being that the Light of
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the satellites has farther to go m the latter caco th » = * ¢
ameterof theI” # -
tneities of thec
and at all tine
mean motions
nh
v tue earth and i the three
1 o wsssensible as I find by computation from the theory of
their gravity
Prorosrrion 12
F o~
4
. -
next refrac
Th senvations Tor by thowe
r1ys 1t equal angles of
uansparent plate s alternately reflected and trans-
mitted for many succes<ions accordingly as the thickness of the plate mcreases
n grzthmetieal progre sion of the numbers 0 1 23 4 5 6 7 8 &¢ sothatyf
the first reflesion (that wlich makes the first or mnermost of the nings of
colours there deseribed) be made at the thichness 1 the rays shall be trans
mitted at the thicknesses 0 2 4 6 8 10 12 &c and thereby mahe the central
spot and rngs of light which appear by ¢~~~ —
thickness1 3 5 7 9 11 dc and there
reflexion And this alternate reflexion and
Observation continues for above a hundr
tions 1n the next part of this book formany, iwusands being propagated from
one surface of a glass plate to the ather though the thtchness of the plate be 2
quarter of an inch or nbove 5o that this alternation scems to be propagated
from every refracting surface to all distaner #1~ -
Th ' — -

thin v
€
t »u aul und therefore it dependson
tucin voth

1t 1s therefore performed at the second surface forif it were performed at the
first before the rays armve at the second 1t would not depend on the sceond

It 13 al o nfluenced by some action or disposition propagated from the first
to the sccond beeause otherwise at the second 1t would not depend on the first
And this action or disposttion 1n tts propagation intermuts and tetuens by
equal intervals beeause 1n all its progress it mchines the my at one distance
from the first surface to be reflected by the second at another to be transmitted
by it and that by equal mtervals for innumerable vicrssitudes  And beeau ¢
the ry 18 disposed to reflexion at the distances L 3 5 7 9 d¢ and to trans
mus. ton at the distances© 2 3 6 8 10 fr fin ——
e

& u 1¢ tsta beaccounted a return of the
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same disposition which the ray first had at the ditance 8 thatis at its trans-
mscn through the first, refracting surfsee AN which 15 the thing 1 would

W“‘;m Xind of action or 4L portion this1. whetherit const tsina cireulating
¢ 3 vibrating motion of the ray or of tt e medium of something el Tdonot
Lereenquite Those that are averse from assenting toam new wscovenes but
cach 25 they cxn explain by an hypathess mas for the present suppose thatas
stones by falling upon water put the water into an undalating motien and all
bodies by pervussion exeite vibrations 1o the air so the rav=of Lght bvimpng
~~ weafre t pra reflecting surface excte vibrationsin the refracting or
them agtate the sol d parts of

£ them cause the body togron

¢ propagated in the refractirg

.he manner that nbrations are

propazated n the aur for eaunng sounu ana w nefater thantheravs soasto
overtake them and that when any ras 15w that part of the vibration which
consprres with 3is mation 1t exslv breake through a refracting surface but
wtenitis 1 the contrary part of the vibmtion which impedes 1ts motion 3t 1s
exslly refected and by consequence that every ravis suceessively disposed to
be el reflected oreasly transtitted by evers vibration which overtalesit
But whether tins hvpotheas be true or false T do not here con.ider 1 content
favself with the bare discovery that the ravs of ight are by some eause or
oker alternately disposed to be reflocted or refracted for many wicssitudes.

DEFINITION
The returns of the diepontion of any ray fo be refected I will eall sts fi3 of
::1 ¢ ezion ;;indwl.\ou of s dspositon o be transmilted 1ls fils of cary
nemL on o spece al es befireen rdurng 4
Bov ot of e pass erery return @ 4 the next return,
The Prorosmrion 13
Teason why the surfaces of all thick transparent bod e reflect of the
vavientonthem and cfractthe et s that some rasaf Lhnrj:msgvﬂwc{: e x:'ﬁx
s v omognon

Jht reflected
venly white

all over the plate did through a prism appear waved with many sueceszon. of

Zht 15 1n fits of exsv reflevion and eass ¢,
ran_misston befor
ite on traneparent bodies And probably 1t :s put into such Ats at |(smﬁ::

————r

And hence §
wrides

rx;f:.g:cn and transm ~10n of the rs
Favs, which at their entenng

s, the bodv loceth its reflecting power For
misuon, amive at the farthest

nto the bodv are put into fits of easy
tra;
surface of the body bejore they be out of lh:
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fits they mustbet = -~

therr reflecting po u way all opaque bodses
when reduced mtc  , smau parts become tran parent

Prorosirion 14

Thase surfaces of transparent bodies which of the ray be an a fil of refraction do

refract 1 most strongly of the ray be n a fit of reflexion do reficet 1f most caaly
Tor we shewed above 1n Prop 8 that the ecause of refleqion 1s not the

impinging of light on the sohd impervious parts of bodies but some other

pover by nhach those solid purts act on hght at 2 distance We shened al 0 1

Prop 9 that bodies reflect and refract hight by onc and the samn o

varously exerarsed 1 various eire -

strongly refracting sur

evince and ranfy both wu

Prorositiov 15

In any one and the same sort of rays cmerging wn any angle out ol a
surface wlo one and the same 7~
rofl =

-t 1

¢
refraction
This1sr .u  wy the ¢th and 19th Obeervations

Prorositiov 16

In seteral sorts of rays emerging an ea tal ~

the sam h

mtsst

lengt] J
with e mearate dea ¢ o

sor o fa gol T -

o ations
ProrosiTion 17

If -
Sits
ant
the firs twe mediums nlo the second
This 1 manfest by the 10th Ohservation
ProrossTion 18

If the rays which pawnt the colour i th -~~~
A -

5 wtion when the rays pass out of

¢ 1y nuare ine intereals of ther fits

t

L tuly 1 Suussion
™

the fits of €35y
o uny sort of rays refracted 10 any angle into

;:f) medum and thence to hnow whether the rays shall be reflected or tmns-
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rutted at their subsequent incidence upon anv other pelluaid medium Which
thing, bewng useful for under<tandmg the next part of thi. book wa. heretobe
cet down. And for the same reason I add the two following Propesitions

Prorosrrion 19
Ifan sort of roys falling on the polile surface of any pelluerd medium be refected
beck the fits of eary referton which they hare ! the pont of refemion dall 8 U
eo-ttue fo return. and the re wrns thall be a2 d <ances from the point of refezion
11 the arv hretical progression of the numbers2 4 6 8 10 17 &c end be ween
thewe ity the roys shall be 1n fits of eary transmission
- - - an- roemoca noare of A returming

~p®

fonem h tno tma themnfromU and

to what happens when the fits are prop { from points of refr

ProrostTion 0

Thet .orrals of the fits of easy refezion and casy tranemisnon propaga.ed from
Poins of refezion tnlo an y med um are equal to the 1n.errals of the Like fits which
the same rays would hare 1f refracted 1n.o the same medium 1n anrles of refraction
& al to Bhewr ang es of referton

For when light 15 reflected by the second surface of thin plates 1t goes out
t-fe_r_hrds freelv at the firet surface to male the nars of colours which appear

e acpe —

&*s mthun the plate after reflexion were not equal bothinlengthand

:;el!;m 1atervals before it. And this confirms also the pmponf:)ns st d‘;::cx::
bk omer Proposition For 1f the ravs both 1z going 1n and out at the firct
P m‘l:e m lﬁhu of eay transmisaon and the intervals and numbers of these
ey u;en te fli:m. and second <urface before and after reflevion be equal

Jiakios ces of t] :{ﬁu of easy transmission from either surface mu_t bean the
P wm,.,: on after mﬂcx::n as before that1 from (hf ﬁnﬁt <urface which
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Part IV

Olbslertalwns concermng the reflevions and colours of thich transparent polished
plates
THERE 15 10 glass or speculum how well soever polished but besides the bight
which 1t refracts or reflects regularly scatters every way irregularly o funt
Iight by means of which the polished surface when lluminated 1n a dark room
by 2 beam of the Sun s hight may be easily seen n all positions of the eye
There are certamn phenomena of this scattered hght which when I first ob-
served them seemed very strange and surprising tome My Obsers ations nere
as follons

Ops 1 The Sun shining into my darhened chamber through a hole one-third
of aninch wide Ilet the intromitted beam of hght fall perpendrcularly upona
glass speculum ground concave on one stde and cont ex on the other toasphere
of five fect and eleven inches radius and quick silvered over on the convex
side And holding 2 white opaque chart or a quire of paper at the eentre of the
spheres to which the spe 1 m -
five feet and ele
of hght might p
speculum and tl u udek o the ame hole) I observed upon the
chart four or five concentric inses or ninps of caln = 3
ing the hole much after the manner that
Observation of thafime =

La o we¢ Ll sometimes when the dun shone very clear there appeared
famnt lmeaments of a sixth and seventh If the distance of the chart from the
speculum was much greater or much less than that of six feet the nngs became
ailute and vamished Andf the distance of the speculitm £ am ¢ha ~ 1 1
.y v

e

)

« « 3 atwenngsupon the chart And this posturets
alwass to be understood 1n the following Ob crvations where no other 1s
eapres. ed

Ops 2 The colours of the ¢ rainbows suceeeded onc another from the centre
outward 1n the same form and order with thowe which were made 1n the mnth
Ob er ation of the first part of this book by hight not reflected but tran mitted
through the two object gie ses For first there was i therr common eontre &
white round spot of famnt hght somethung broader than the reflected beam of
bght which beam sometimes fell upon the nuddle of the spot and sometimes
by a httle inclination of the spceulum receded from the nuddle and left the
spot white to the centre

This white pot was immedintely encompas cd with a dark grey ornt ot
and that dark grey with the colours of the firstins which colours on the i 1de
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yert the dsrk grey were a httle violet andind o and next tothat ablue which
coth outside grew pale and then enceeeded o Little greenrsh yellow and after
Lst sbehter yellow and then on the outward ed~e of the ins a red which on
tte outede mclwed to purple

Thus 103 we., immediately encompassed with a second whose colours were
1 orde r from the inude outwards purple bue green yellow bght red ared

L wnordt
tthan
tat of the former tns,
The fourth and £fth tns scemed of & blu h-green w.lun and red without
bet oo fathv that it was difScult to diccern the eolours
023 Messumng the Cameters of the<e nogs upon the chart as aceurately
~sTcould, T found them also m the ssme propontion to ooe ano her mth the
rgs rade by Lt tra emitted throt h the two objeet-glasss. For the diam-
e es.of the {or iret of the bnght rugs measured be ween the bei htest parts
o ther or® 1, at the distance of u1x feet from the speculum were 1'%, 294
4 3% ioches, whose squares are i anth ) o of the pumbx
17 3,4 If the white ereular =0 31 the ruddse be reckoned amonpe the
rx a.d 1ts eentral Laht where it srems to be most lamnous be pur equ
pazsttoani._.telv b tle niez, the squares o the dameters of the nopx will
terathe procresuon0 1 2,3 4 &c I rorrcured asothe dame e of the dak
erees between these [umnou omes a.d fornd their squares 13 the progress o0
of the £_mheme 16 [l 7La 314 de. the dametes of tw £ forr st the
Estne of ox feer from the eprcutum, ber 2 1Ve 2/ 24 3V mbes If
the Earce of the chart frem the evenlum was nevessed o domn,_ bed, the
e of the cureles were ineesed or Emn bed pronortionally
0~% £ Bv the _nalney be ween these rigr and those de<eribed 1n the Ob-
s of the foor pors of th s book, [ suspreted the. there weve many mote
of them whah epad 1m 5 one Lonher and by 1 e~femng roxed thear coloure
24E edoom smndwres the thev cor? £0* be aren apart. § viewed the,
Lerefore fhropsh 2 prem L 1 &4 those 1o the 24,5 Obrev2.05 of the fre
N—“Hitl‘_bcrx.A:dttat!z"—.ar.mp‘.xtdkbvn'nm;g(hﬂ_;m
CEﬂx:mdgf_swv@—(;mva-JWhm(mm
it thoer 1o veyranz, Teond them =
Labelore, ot pasily mbee ek crn?c(lbr:..mm Srode
Lotee An be.nor bee Brd beemwvervfom,,

~od sotmetimes twelve o

“-Efn-hmm‘:::v_.“ Iquertionpor but tha 1
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V1V 214 314 Butif the colour nasvaned the w ~ 1

thered they »»

colours (yell

answering to s uw wann green and greater in
green thanin viue And hence I hnew that when the speculum was ifuminited
with white hight the red and yellow on the outside of the nings were produced
by the least refrangble rays and the biue and violet by the most refrangible
and that the colours of each ning spread 1nto the colours of the nechha n =
nings on either side after the manne -~ -

this book and by miang diluted o

’twl?gmshed unless near the centre 3

i 5wy Law muen the colours of the everal
1 o spread nto one another T me  wed » 1
+h

i
1 v Lala o be scen Lo carry on the
Cowpu alion let us therefore suppose that the diffe of the duameters of

eircles made by the outmost red the confine of red and orange the confine of
orange and yellow the confine of yellow and green the ennf- i
blue the confina~f 1

most violet a

which sound t o u Ju a0t la m fa sol thatss asthe
numbers 4 Yis M M. Y Vi A And THaa —
the anefs

'

w3 1 om0 st A (that s asdi-to Y
ut as 1o to 5) And therefore = 34 Addthe
first to 94 and subduet thela dinmeters of
the circles made by the Jeast an LuiL 138 /e and PB4 These
diameters wre thercfore to one another as 75 to 6117 or 50 to #1 and thewr
squares as 2 500 to 1 681 that1s as 3 to 2 very nearly Whichp an~ Jon dif
fers not much from the - by the
outmost red and outmo t part of
this book

Ons 6 Placing m)y ey e where these nngs appeared planest I saw the specu
furn tinged all over with waves of colours (red yellow green blue) lke those
which 1n the Obsery ations of the first part of this book appearcd between the
object glasses and upon bubbles of water but much larger And after the
manner of those they were of vanous magmtudes tn vann pa om o

an wNem -
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over agunst th centre of the concavity of the sprculum (that1s o feet and
~ 1 enwem | 1m) their common ceptre was i & nght line

of tLe clouds propagated to t eeprcutum (5 1 iy !
b 1 the Sun ghone throu, )i that hol upon tl espreulum bis Irght upon 1t was
o theeotour of tt mng whereon 1t fell but by sts 7 lendor ob=cured the nags
madeby the b htof th eloud unle<s whent! sperulum nas removed toa
eat dstsnee from the wandow sc that bas fight upon st mi bt be broad and
f.at. By varyine tt - poation of my eye andmovin it nearer to or farther
from the durect beam of t1 Smslight 11 eolourof tt Sun s refected bight
contuntly vaned upon th sperutum 231t &id upon my ¢ye 1} samec Dur
alwzysappeanng toa bystan | rupon my eye which 1o me apprared upon ti
greetlum. And tfence 1 knew that the nin, s of colours upon the chart vere
.de by these reficeted ¢ lours propaat 1 thid r from the reculum in
tieralanJes 2ndthattt srprodu tion deprnded notupent! ¢ termmatt mof
Lt end shad w

Qs ~ Byth analogy of all t} e<e plen menawth thow of 1 ke nngsof
e 2 *3 desenbed 1 the fint part of this bork 1t seemed 10 e that thes
elrrswere prod seed by thisthick plate of gla. mach aft £t1 manner that
th £ vere prod sced by very ttun plates For upen tnal 1found thatf the
Guek-shyer swere rubbed off from the backsd of tb eeculim th gla selone
'r‘o',.!d caus th em nngs of colours but muchm re fant than b« { re and
thewel ve th ph nomenon depeods not upontt  quick-sthver un'msx)faras
the qu. kalier by 1o reasng ¢! refexiom of the backad of thegl.
ervareathe izt t of th nngs of erlours T found slo that & rpreulum of m tal
without glass made gom  years rinoe for optical uses and sery nell wrught
Pofared o oe of th e nings and th nee 1 undert od that th e rings anse
Etfom o epeeular surfaee sl o but depend upon the two surfares of the

- e [P

L Ydtbey ofsp th rwhenmorectliqs ofapoth rub nstdl mare obliq s

€' 21re And a3 the reason wt
¥ 2 thin plote appeared of several col
:”1! Gulimuties of th rays was that the rays of one and th sam sor‘:tma:?:
w»’x‘!kd” p ol:yh the thin plate at one obliquity and tranemitted at another and
beyoiel ";;mab:‘;mvr:;;wd sh re these are reflected and reflected wt orr
3 reason why th thick plate of gla 3 w} ereof the
£ lim wa. mode did appear of vanous colours 1 vanous obliquities nnt;

Eartase

Pk Z;:bpg«md 2nd acerrdingly 29 th oHiquity became greater and

bl tﬁ «od were reflected alternatcly for many ruecseions and that
£ame ot iqui'y the rays of one eort were reflected and those of
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17 134 214 314 Butaifthecolon w  ~— .
L) PR

) I

1

t « w wuitl by the most refmngble
« It cotours ot each ning spread mto the colours of the et ba wen

nings on esther srde after the manner ~ -

this book and by mrung diluted on¢

tinguished unless near the centr 3

n1

o tuin the colours of the cveral
1, pitau nto one another I measured the diameters of tia arand -4
third nngs and found them w' -

to be to the same diameters wh

to 8 or therenbouts Foritwa

Also the circles made successite

from one another than those m

Tor the circle made by the vio

putation let us therefore su s uicrences of the diameters of
circles made by the ontmost red the confine of red and oranes # -5
orange and velln  +ha pree {
blue
most. 1
1 1e confine
B o the dif
i the con
f H
[

e g1t yn 0 s s (thatis as¥to Vh
oras 16 to 5) And therefore these differences will be 3¢A and 4,0 Add the
first to 9A and subduct the last from 8y »d ~ e dinmeters of

N SN These
11 and thar

€ v uor wnat1s a3 3 to 2 very nearly Which proportion dif

fers not much from the proportion of the diameters of the circles made by the

outmost red and outmo t violet 1n the 13th Observation of the first past of

this book

Ops 6 Placing my eye where the e nngs sppeared plainest I eaw the specu

lum tinged all over with naves of colours (red yellow green blue) like those

which 1n the Ob enations of the first part of this book appeared between the

object glasses and upon bubbles of water but much larger 4nd after the

manner of the ¢ they were of sanous magmtudes myann ne ~

-

a et
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Theee <cem tobe {1 e rea. 13 of thewe nngsin general and this put me upon
— b b Lne< of the glax and conadenng whether the dimen.1ons

)
the ——th part of an1nch and by the Ui uuLivg . \
thin plate of glass tran_muts the same Light of the same ring when its thickness

- = ' o (thaty
ring the
he same
! andso
mi<on

aad s:{d anthmetical means betneen the gines of inaidence and refraction
counted { om the ine of mncidenee when the refraction 18 made out of any

PP s

31387 (the number of fits of the

perpendicular rays in going through t} ¢ glas

tov;ards the white spot in the centre of the nngs) hath to 31,382 3<|,§BI ;4533;‘
- ~ — k3

o

' lth:ﬂu:?\;s bein,, 100 000 000 and the mnes of these an lesare ™67 10 9

s the-:\ dland bt.-he proportional sines of refraction 1172 1659 2031

tato ey ool us beinz 100 000 For since tt e s1nes of ineidence out of glass
oto 0 the sines of refraction as 11 to 17 and to the above-mentioned

raystath -
n pa

2031

of th

3
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another transmitted This1s mamfest by the fifth Obsersation of this part of
thisbook Forin that Observation when the speculum was lluminated by any
one of the pri matic colours that hight made many nings of the same colour
upon the chart with dark intervals and therefore atits cmergence out of the
speculum was alternately transmitted and not transmitted from the speculum
to the chart for many successions according to the vanous obliquities of its
emergence And when the colour cast on the speculum by the pn mwasvaned

the rings became of the colour cast on 1t and vared therr bigness with therr
colour and therefore the hight wasnow alternately transmtted and not trans-
mitted from the speculum to the chart at other obliquities than before It
seemed tome therefore that these ings were of onc and the same ongnal with
those of thin plates but yet with this difference that those of thin plates are
made by the alternate reflextons and transmussions of the rays at the second
surface of the plate after one passage through 1t, but here the rays go twice
through the plate before they are alternately reflected and transmitted First

they go through 1t from the first surface to the quick-silver and then return
throughit from the quick silvertothe firstsurface and therearceithertran mit

ted to the chart or reflected back to the quick-silver accordingly as they are in
their fits of easy reflexaon or transmission when they arnve at that surface Tor
the intervals of the fits of the rays which fall pcrpcn:hculur]y on the spcclulum’

therefore since all the rays that enter through the first surface are in their hts
of easy transmus 10n at their entrance and as many of the e asare reflected by
the second are 1n their fits of casy reflevion there all thee must be again 1n
their fits of easy transm sion at their return to the first and by con-equence
th-re go out of the glass to the chart and form upon it the white spot of ight n
the centre of the nings Tor the rea. on holds good in all sorts of rays and there-
fore all sorts must go out promiscuou Iy to that spot and by their mixture
causeit tobe white But the interyals of the fits of those rays which are reflected
more obliquely than they enter must be greater after reflexion than before by
the 15th and 20th Propowtions And thence 1t may happen that the rays at
their return to the first surface may 1n certamn obliquities be in fits of easy
refleion and return bach to the quich-sthver and n other mtcrmcdx'\!cI

and less and more numerous 1n the more refrangible therctore the i ¢ Je-
s

o e feanmlbln

v
d to be n the fifth Ub~ervauon inu toadue 1 nU
3?g3x:o:x?compmqng the white gpot of light shall be red without any siolet
within and yellow and green and blue in the middle as 1t was found 1n the
sccond Obsersation and these colours in the second ning nnd those that follow
¢hall be more expanded till they spread 1nto one another and blend onc on

other by interfenng
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cons of 1l o nings 1 geaeral and this put me upon

1}? “‘tn (Q:b‘{.r‘\‘c:f;? tle glas and condenng whether the dimen.tons
from st by computation

18 concay oconvex plate of

seh precrely Now by the

n plate of air tranemts the

ellow) when sts thicknessas

rvation of the rame part o

LI IR ¥ TN TR T VIR T T WA wme ning when its thickness
1~ (thatas

wangtle

tte same

rd and 80

oe-quarter of an inch 1t tran mits the same bripit g1ty o

< 1ppave th1s be the brght yellow iht tran mitted perpendicularly from the
re ecticgconvex aid of the glass throu htteconcavesidetotic wiute potin
-t th “thand10th

“0 h Proposs
the glase the
~f % eame
wecant

adred
2nd six snthmetieal means between the sines of 1naidence anu 1 fiaction

counted from the 1pe of ipcadence when the refraction 1s made out of any
pla.ed bodv into any medinm encompasangit thatis in thiscase out of glass
wtawr Nor 1f the thuchness of the gla sbe incressed by degrees soastobear

— - » W h nenart o which

‘ 4

?‘3 lthe radius bein,, 100000 000 and the emnes of these angles are "6” 1079
s 2nd 15,5 and the proportional smes of refraction 1172 1659 031
3 theradius being 100 000 For since the aines of meidence out of plass
1o &1r are to the aines of refraction as 11to 1 and to the abose-mentioned
secsat 3511 to the firet of 106 anthmetical means between 11 and 17 (that s

31183 o3 50
Yoo “Se respectively And therefore 1f the thickness in all the<e cases

of an1nch (asit1s1n the gla s of which the speculum was made)
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the hwetk

1

1 wiLs of retract A ¥ t
of o~ propagated f nm Y

pagt rinee b

light ¢

the an v g speculum and by
conseq ~ = 5 snall be to the distance of the chart from the
speculura as those sines of refrection doubled are to the radus (thatis sl 1™
1659 2031 and 2 345 doubled are to 100 00M A~

of the chart from +»~

the third of these ¢

Tight upon the chr

eters are o six fet tu tue radws
Now these diame v b computation
are the very same with those for wusenations by
measuring them viz with 1'%y 4,y 2 /2 and 334 mches ant V ~
the theory of denving these ringe € ~~ f
wh b+

)

¢ M

other unn 5wy pubiing them to the dim

eters of th » v uw onesin a subdupheate proportion of the intervals of
the fits of the rays of those colours when equally inchned to the refracting or
reflecting surface which caused those fits thatis by puttingthe 1 -~ -
the nings made by the raysin the s~ — v
(red orange yellow green blue in
of the numbers 1 84 54 3{ 24 3 e '
monochord soundipp the -~
the nings of t
one another

And thus [
nal with thosc
3

» u ute put et ta c
wouu 1 auded the fot
Ops 9 If the e nngs thus
diameters at equal distanee s 1% mde of such coneavo-
conex plites of glass as are ground en the same sphere ought to be recin v 1
1 a subduplicate proportion of the t1 1~ f
B

« vtomex plate of gfu s ground
¢ oo u 310 tue same  phere with the former plate Its thichness was o
parts of an mnch and the diameters of the three first bnght nngs measured
betseen the brightest parts of their orints at the distance of six feet from the
glass were 3 414 535 1inches “ow the tiuckness of the other glass being one-

1
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1/ toV% thatis a 31
e numbersare 17 60
stothesecondan tie
3 thetbnnergla 3
fird of these Obscnia
hameters of tle nngs
newses of th e plates of

lass
£ <, then 1 plates of glass whuch are stike concave on one ade and alike
1ered on the convex ndee and
(s are reczprocally
tee And this tens
s.fGcrently that the nn~s depend on both the runiate v glas. They depend
¢2 the convex surface because they are more fuminous wl o that surace is
quck-alvered over than when it 18 with out quick-alver Ther depend also
e ko arfaccaspeculummakest! m
«©
of
of
the surf ces of thoee plates because the bigness of tne nrg, and ro-
portion to one another and the sanation of their bigness anaing from the
vanation of the thickness of the glas. and the orders of their colours 13 such as
ouzht to result from the Propositions 1n the end of the 11 3rd part of thus book
i::ed from the phenomena of the colours of thin plates cet down 1n the fir<t

There are yet other phenomena of these nings of colours but such as follow
from the sxme Proposttions and therefore confrm both the truth of thee
Propoation. and the analogy between these nings and the nings of colours
made by verv thun plates. I hall subjoin come of ttem

Ozs 10 When the beam of the Sun s} t was reflected back from the svweu
kam, ot directly to the hole tn the wndow but to a place a hittle d, tant from
:z(;{d‘.? common centre of that <pot and of all the nngs of colours fellin the
ﬂmeél:m) between the beam of the ineident It hit and the beam of the re-

cht and by consequence i the centre of the phencal concavity of tte
Ec‘uluxn whenever the chart on which the nngs of colours fell was placed at
eededcemm And as the beam of reflected L.kt by inclhinin,, the speculum re-
more and more from the beam of 1ncident light and from the common

2
sequence to their angles of refraction at ther entrance 1nto the glass but
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the bright Iight of the 21 20
172 and that of the

1659 2031 and 2 345 & Ulretraction ghe heht

of these Tings shall pe o% U Irom the Sheculum tq the chart and thero

Pamnt nipgy about the white central roypq Pot of lighy which we Saud wag the

Iight of the 34 386th nng And the Semidiametarg Of theen womn 1

the angleg of refraction made at tha an.

1659 »

of the !
the th

hght ’

eters arp

Now the thurg o5 10und by compupagyen
are the V3t Tound i g, third of these Observationg by
easuring then, ViZ with 1Lz, 23 2ug, and 332 inope and therefore
the t eory of dertying these rings from the thickne ¢ f
which the Speculum v44 mada -

agreegy L~

of the |

made b '
of all ¢o

other ur yyyva ¢

eters of the ' ~EVLHON of the intem gy of
the fitg of ¢ Y UUrs whep equaily nchined to the mfmctmg or
Teflecting surface whyep, €aused those fipg that 15 3 putting the drameters of
the ninggy made by the Taysin the extremitieg and hmtg of the sevon coloury

(red orange 3 ellon green blye mdigo violet) nranna ]
of the numbers 1358 3.7, 1
mana L L
¢ 1
. u lhose
A -

e

x
Lings thus de

diameterg at equal distanceg fi
comvexplate ~r..

1n a subdy Palsolphs anr g
this Ppropor “ vy UNPerienee s 1 1
that the enngs (itn 3

the gliss 1 procun I Heotglq 4 ground
on both sides to th I with the formey phte s thichne g 4 18 oy
parts of an meh apg the diametery of the three first bryghy nngs m ~1
between the bnghtest parts of ther orbit ¢ 1

glasswere 3 41/
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ced thee also vam.ted for the light which coming
Tt s il more mcﬁ.«  the wndow fell upon the speculumn several
v ~1 ndilotied
cif 1
nngy
M be
bagzer

Oss 17 When the colotrs of the priem were ca t sucersively on Lt pecy
km, that o whick in the two lat Observations was wlite wasof the ame
bemes. i all the colours but the nogs without 1t were greaterin the preenthan
1 the blae and <ull greater in the vellow and greatestin ttered And ontle
coatrary the nings within that white cirele were Jeos in the green thanintie
t+ e 2nd etill less 1 the yellow andlea tintteved Forthe anglsof reffex on
of those rays which made this nng bewn~ equal to their angles of mcid nee the
£.sof every reflected ray withun the plass after reflexion are equalin lengthand
tumber to the fits of the same rav within the glass before its inadenee on the
re.ectic, <urface And, therefore «ince all the ravsof allsort at their entraner
mlathe glass were in 2 fit of tranmisaon they weve 31o1n 8 £t of transmisaon
sttherr returmin,, 10 the same surface after refeuion and by consequence sere
— 1 tnthe white nng on th chart This 1s the reaton

a— -

{
thexr colour 11 thesr progress from this while 1nk L
esse ar decrease by the greatest eteps <o that the ringx of thes colour withe
M1 are rreatest and within least ind us i the reacon why o the last

* % yteno
tenor
These are the ph of thick eja s e which

e everywhere of the exme thicknes There are yet other phenomena when
'{ﬁf plates are a hittle thicker on one nide than on the otber and others when
the plates are more or fess coneave than convex or plano-conver, or double
convex. For 1o all the<s cases the plates make nings of colours but after vanous
E—tgl" all which sofarasihaveye obeerved follow from the Propoations
b end of the third part of this book, and <o con. pire to conirm the truth of
ﬂo‘se Propositions But the phenomena are too sanou. and the eslculations

reby thev follow from 1} oee Propositions oo ntnicate to be here prose-

euted. i
by dicontint noy<elf with haning this kand of ph 50 far

therr cause and by discon t
‘h:)lhr;izl’::hof i caue s enng 1t to ratify the Propositionsin
BS. ght reflected by a lens quick-mlsered on 1} e backs:d mals

es the
nzeof mm above described, <01t ought to make the Like nngs of co'ours in
p“"Ei«xé:"p 2 {,h 8 drop of water At the fir<t reflevion of the rays within the
ol m;!k‘ o f:f“"m tobetransmutted & 1nthe case of a lens, and others
. ected to the eye F_ar intance o the dameter of a emall drop or

b redm inpraw
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yet their angles of reflewion were not n the <ame planes with their angles of
1mcidence

Ons 11 The colours of the new rings were 1n a contrary order to those of the
former and arose after this manner the white round spot of hght in the middle
of the nngs continued white to the centre till the distance of the incident and
reflected beams at the chart was about 4 parts of aninch and then 1t began to
grow dark m the muddle And when that distance was about 1345 of an nch
the white spot was become a ring encompassing a dark round spot which mn the
muddle inclined to violet and indigo And the luminous rings encompasang it
were grown equal to those dark ones which in the four first Obeervations en
compassed them thatistosay the white spot was grown a white ring equal to
the first of tho e dark nngs and the first of tho e Juminous nngs was now
grown equal to the second of those dark ones and the second of tho-e luminous
ones to the third of those dark ones and <o on For the diameters of the lu
minous rings were now 134s 24, 2,4 334 dc mches

When the distance betwcen the incident and reflected beams of light became
alittle bigger there emerged out of the middle of the dark spot after the indigo
ablue and then out of that blue a pale green and soon after a yellow and red
And when the colour at the centre was bnghtest (being between yellow and
red) the bnght nngs were grown equal to those nngs which 1n the four first
Observations next encompassed them that 1s to say the white spot 1n the
muddle of those nngs was now become a white ning equal to the first of theee
bright rings and the first of those bright ones was now become equal to the
second of those and so on Tor the diameters of the white nng and of the other
luminous nngs encompassing 1t were now 1’44, 234 2", 334 d&c or there-
abouts

When the distance of the two beams of light at the chart was a httle more
mcreased there emerged out of the middle 1 order after the red a purple a
blue agreen ayellon anda redinchming much to purple and when the colour
was brightest (being between yellow and red) the former indigo blue green
yellow and red were become an 1ns or ring of colours equal to the first of thowe
luminous rings which appeared 1n the four first Observations and the white
ring which was non become the second of the luminous nngs was grown equal
to the second of thase and the first of those which was now become the third
r v 2d so on For their dinmeters
¥ f the two beams of hight and

§

When the e two beams became more distant there emerged out of the muddle
of the purplish red first a darher round spot and then out of the muddle of that
spot a bnghter And now the former colours (purple bluc Freen cllow um}

1 T A

andthe diameter OLLUL WIIL UL (v 1 5 U an v & -

inches
nb’tl)";l"eiolouxs of the nings 1n the middle began now to grow very dilute andif
the distance between the two beams was inerea.ed half an inch or an nch
more they vant hed whilst the nhite nng with one or two of the nngs nextat
on erther ade continued still v1 1ble But of the distance of the two beams of



BOOK THRLL
Part I

wem ofh 1 Perionsof theraysof Lkt and

mtoa dark

[ Light will be

larger than they ought tobef themyswentoniyt = traught lince
UL}

fm wre 1an 1 or rarks of coloured

fraction of the ar but wit out due cxamination ot Lt 3L v [y

stances of the phenomen n <o far as [ hate observed tlem are as follavs
Ops 1 Tmadena prece of lead 8 mall hiole with apin whose 1 readth was
the 4 dpart of aninch for ”1 of those pins tud toget! er tock up th et readth of
batfanineh Through this bole 1 let 1nto my darkened ct amber a beam of the
- weme  fsuch
oader
nght

and at the dy.tance of ten feet was the exghth part of an inch broad (that
3> tumes broader) hth pa m hatis

“;:r 13 1t matenal whether the hair be encompaseed with air or with any
} T pellueid <ubstance For I+ etted & poluhed plate of glass and lad the
voe had af 1

~

o B

bar
GCHIadQR,S the places where the rays fall on a paper GQ 1S the
50
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tance from this middje T2y round ghoyy 1t have 049 fits within the globyt
and all the Ike rys ot & certain fargher distapes - 3
fits and a) thoseat g cert we

trin

4 & WhICh pases
t S vubil 1o be sangple ind 1n e manner
t v Colours will moge Tngs of other colours Sunnn a - t
ma fagr day the Sun shines through 1. ..

hail apg that tha ~

th

4 Vet g that of the econd 101
t u ~ uo Apnd fccordingly pg the globules of water are bg
Berorle s the Tings shall be less or bigger This 15 the theory ang experience
answers 1t Tor 1 June 1692 saw by reflevion 1 2 vessel of stagnating

runbowng concentric tg g bod; The colours of the first or mnerme t crown
were blue neyt, the Sun reg Without anq white 1n the middle betwcen the

T had not time to measure byt they of the first seemed to be aboyt fiveo ¢
degrecs and that of the third 1 J
abe

Is 11t dramant )
abc tLuegree -

about the Moon »

which was of a bl -
witho + w .
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~ = ~t-mofn

obtu &

1¥BM

pass Erecthy throagh the paraffel planes of the s sud Lu upad paper

o
/

o -k
T

Fig

between I and M and all the hight between the ravs GO and HD be refracted
bribe cbliqu planc of the diamond<cut BD and fall upon the paper between
hand L and the b ht which pasees direetls th roush the parallel planes of the
glass .nd falls upon the paper betneen and M wll be bordered with three or
more fnnees 8t M

%o by lookin on the Sun throuch & feather or black nbband b M cloe to
the eve <everal rainbows will appear the shadows w ich the fibres or threads
cast on the tu tea re na being bordered with the Lke fringes of colours

Ozs.3 When the hair was twelve feet di_tant from thusl ole anditssha low
fell o* hqueiv upon a flat white scale of 1ncl ee and parts of anmch placed half 4
foot bevond 1t &nd also when the shadow fell perpendicularly upon tl ¢ same
scale placed mune feet bevond 12 1 measured the breadth of te hadow and
fr.gesasaccurately 2s 1 could and found tteman part of anincha. follows

At the duet wce of

Helf foot N fet
Tb breacth fthe had w

* i
The breadth between th maddles 1 the brightest light { the
~sermost [rioges n ther d tle hadow do09 7
Tee breadth between the middles of the brighte<t Lght ftt
mulllemost fnnges on eithe side th  had w 7
Tie breadth botween the middles { the bn htest Ight [t
cutrost fnnges on e ther d the shadow torty &
Tte d.tance betwee  the middles of the bn } te<t bohtof th
Eret and second fn ges o
The dsnce between th mddles the bngitethight f1h
secod and third fn ges 1t #r
The beadth {thel m ous part (gree  white yellow and
red) of the firct frn e | L W
Th[ breatth of th darker pace between the firt and recond
nozes s (2l
The breadth of the fum o part of th second fringe !

TR T
Terbradth fthedark  pace betweent! eecond and t nl“

Y
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breadth of the shadow of the hair cast on the paper and TI VS two

Tays pass-
ing to the points I and S without bending when the hairis tahen awny zkns its
manifest that all the hight between these two rays TI and V S1s bent 1n pacing
by the hair and turned aside from the shadow 1S because 1f any part of this
Iight were not bent 1t would fall on the paper within the shadow and there
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Fig 1 Q
lluminate the paper contrary to expenience And beeau e when the paperisat
o great distance from the hair the shadow 1s broad and therefore the ravs T1
and VS are at a great distance from one another 1t follows that the hair acts
upon the ray s of hight at 5 good distance 1n their passing by 1t But the action1s
strongest on the rays which pass by at least distances and grows weaher and
weaker accordingly as the rays pass by at distances greater and greater as1s
represented 1n the scheme I'or thence 1t comes to pass that the shadow of the
hair 15 much broader 1n proportion to the distance of the paper from the hur
when the paper 1s nearer the hair than when 1t 1s at a great distance from it
Ons 2 The shadows of nll bodies (metals stones glass wood horn 1ce de)
1n this hight were bordered with three parallel franges or bands of coloured hight
whereof that which was contiguous to the shadow was broadest and most
Iuminous and that which was remotest from 1t was narrowest and eo fant s
not easily ta be visible It was difficult to distinguish the colours uale s when
the light fell very obliquely upon a smooth paper or some other smooth white
body so as to make them appear much broader than they would otherwise do
And then the colours were plamnly visible in this order the first or innermost
fringe was violet and deep blue next the shadow and then light blue green
and yellon 1n the middle and red without The second fringe was almost con
tiguous to the first and the third to the second and both sere blue within and
yellow and red without but their colours were very fant e peenlly those of
the thurd The colours therefore proceeded in this order from the shadow
violet mndigo pale blue green yellow red blue yellow red pale blue mle
syellow and red The shadons made by scratehes and bubblesn polt hed plates
of glass were bordered w 1th the Iike fringes of coloured hight And if plates of
lookng glis. loped off pear the edges with o dinmond-cut be held in the
same beam of hight the hight which pas.es through the parallel planes of the
be bordered with the Iike fringes of colours where tho<e planes mect

glss wll
xvith the diamond-cut and by this means there will sometimes appear four or
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& Aneroncnd pradualls till it became insensible The whole lcn‘gth

—— = ool ruecthanuel v ooa )
wasbehund tt e knife and
ponits cdge and that not
alo when it was without

—~t V% ndle Theshine
arrower than

b £ am

3

t

Oes 6 1placed another knfe by tht sotmavineteu oty "n 1
L % he mafl et mcht falf upon both

ntied: tanee

parted 1o the

Ludle 2nd letl & .Ladu Ll W was =0 black
21d dark that all the light wl ich pased between the knies scemed to be bent
and turmed ande to the ope hand or to the other And a. the hnnves still ap-
;&mch»d one another the ¢ha low grew troader anl tle streams thorter at

ne h ¢ ntactof the
ke

otlenmnard

endsof the stream. passes by the edges of t! e hnuves at the greatest di tance

¢ dthis distance whenth hado bemns ta appear bet cen the stream s

f“m\ the 800th part of aninch And the i ht which pases by the edges of the
Tea - e

- m rm  Im rebent and roes to those

0% 4 In the 6fth Ob~eration the fnn=es did not a
ppear but by reasen of
:lhe breadth of the hole in the windo  became £o broad s to run 1nto one
L ohpem o R

a:de&y the edwe of one hnufe and three on the other side made by the edge of
m? er kmfe They were di.tinctest nhen the hnnves were placed at the
i e<t di.tance from the hole 10 the window and t:)) became more dv tinet

()"mm"_ = th_ holelex. nsomuch that I could cometimes see a faint hineament
— N

hich was 1n the middle between them was grown very broad enlarpng iteelf
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These measures I took by letting the shadow of the hair at half a foot dis-
tance fall so obhquely on the scale as to appear twelve times broader than
when 1t fell perpendicularly on 1t at the sxme distance and setting down n thus
Table the twelfth part of the measures I then took

Ons 4 When the shadow and fringes were east obliquely upon 4 smooth
white body and that body was removed farther and farther from the har the
first fringe began to appear and look brighter than the rest of the light at the
distance of less than a quarter of an inch from the har and the dark hne or
shadow between that and the second fringe began to appear at a Iess distance
from the hair than that of the third part of aninch The econd fringe began to
appear at a distance from the hair of less than half an inch and the shados
between that and the third fringe at o distance less than aninch and the thied
fringe at & distance less than three inches At greater distances they beeame
much more sensible but hept very nearly the same proportion of their breadths
and imtervals which they had at their first appeanng Tor the distance between
the middle of the first and muddle of the sccond fringe was to the distance
between the middle of the second and middle of the third fringe ns three to two
orten toseven And the last of these two distances was equal to the breadth of
the bright ight or luminous part of the first fringe And this breadth wasto the
breadth of the brght light of the second fringe as even to four and to thedark
mterval of the first and second fringe as three to two and to the ke dark
imterial between the second and third as two to one For the breadths of the
fringes seemed to be 1n the progression of the numbers 1 +/% +/%% and thar
mtervals to be in the same progression wath them thatis the fnnges and thewr
ntervals together to be 1n the continual progression of the numbers 1 v/34
VY6 /Y /% or thereabouts And the e proportions held the same very
nearly at all distances from the hair the dark intervals of the fringes bemng as
broad 1 proportion to the breadth of the fninges at their first appearance 83
afterwards at great distances from the hair though not so darh and distinet

Oss 5 The Sun shining into my darkened chamber through a hole 4 quarter
of an inch broad T placed at the distance of two or three feet from the hole s
sheet of pasteboard which was blacked all over on both sides and i the middle
of 1t had a hole about three-quarters of an inch quarc for the hight to pass
through And behind the hole I fastenced to the pasteboard with pitch the blade
of 5 sharp hmfe to intercept some part of the hght which passed through the
hole The planes of the pasteboard and blade of the kmife were parallel to one
another and perpendicular to the rys And when they were ro placed that
none of the Sun s hight fell on the pa teboard but all of 1t passed through the
hole to the hnife and there part of 1t fell upon the blade of the kmife and part

of 1t passed by 1ts edge I let this part of the hight which pa sed by fallona
1 Yatafa nl } m t o trramyof

he
he
n
n

other and pretty nearly equatinngti an ) Litau .
ﬁg:’l}hclrhgm at that end next theSun s direct light was protty strong for the
space of about a quarter of an inch or half an inch and 1n all its progress from



Boox Il Parrl 513

Lo 1 30 of the [t which pases between the kmives where thev are d. tant
¢ 2 160*h part of an meh and th ¢ one half of that Light pases by the edgr of
arirfes ad-tanceno grester thinthe 390+ part of an wch 20d fallizg
T the paner makes the frnges of the ehadow of that kmfe and the o.her
L pess by the edge of the otber knife at a d_tanee not greater than the
$0hperte anr b a.dfaliing unon the paper makes the fnn~es of the thad

oreltbe ok rinde Bataf the paper be beld at a & t_nce from tt ¢ kmves
£ e ban the thurd part of ananch the dark hines above mentioned meet at
l 1 £f } part of an tch from the end of the Light wh ¢k

¢

~ - ha

foves where the edors are dotanl 200 L

Fors _other time when t}e two kruves were dustant e ht feet ard five
1astee fromm the Tittle ho ¢ 11 the window mads with 8 emall pin as above the
B wh.h {1l upen the pape where the aforesud dark bies met parcd
be ween the kraves wh e the ditance between their edirs was as in the fol

inﬁTL‘ne when the d_tance of the paper from the knives was also as
ATES

Douwts of L pamee from Ditancorbeteren ta el T iz b rex
tedn v tn wer wtoermed poticf @ wck
13 001"
3% ¢ 00
&1 0 03t
3 (31 ¥
o ol
131 005

Ldbence I pather that the L bt which mal.

4 es the fri.ms upon the

:&ﬁ Dkt at all d.stances of the paner from the km upon but w‘!::{bl:

e aslh:‘k:z‘;-ékhe frizres ;:c rzade by L ht swhich passes by the

“tance an than
‘2-’8; ;ta::‘e:nx ditance from the km\’e: moebeat when the pape 1s
#n the ftin=rs of the shadows of the knuves fell dl

E?Q Araperata gr:a: distance from the kmves, thev wempxcamtl; f?r‘;‘ E’

e maesam wara fallows T2t CA CB{Fiz 3)represent

1
R
fren the pocnt whe
b Ey e the edges of the knuves meet e1s ft and ¢'r three b
t’kf’:;l: Tepresentin,, the temmun s of the Jhadow of ooe of the km\'l-sn:c!:e

the
e o ¥ ::;tand <econd friz~esof tha  hadow ard the dark line

Lire otber bt fnnges of the same hadow n1p ytg and 2r
e tnts g&gm ht.:s repesenting the termunus of the _hadow of the

20 e Qi ween the fir<t and <econd fnnges of that hadow

Lee between the <econd and third Ineges of the same _hadow
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on both sides into the streams of hght de enbed 1n the fifth Observation the
aboyve-mentioned shadow began to appear in the middle of thisline and divide
1t along the middle into two hines of light and increased until the whole hght
vant hed This enlargement of the fringes was <o great that the rays which go
to the innermost fringe seemed to be bent above twenty times more when this
fringe was ready to vamsh than when one of the knne was tahen anm

And from this and the former Ob crvation compared I gather that the light
of the first fnnge paseed by the edge of the kmife at a distance greater than the
800th part of an 1nch and the light of the second fringe passed by the edge of
the kmfe at a greater distance than the hight of the first finge did and that of
the third at a greater distance than that of the sccond and that of the streams
of hght de enbed mn the fifth and sixth Ob ervations pas.ed by the edges of the
Knives at less distances than that of any of the fringes

Osns 8 I caused the edges of two hnives to be ground truly strught and
priching their points mto a board o that their edges might looh tow ird one
another and meeting near their points contam a rectilinear angle I fastened
their handles together with pitch to make this angle i anable The di tance of
the edges of the I n1ves from one another at the distance of four inches from the
angular point where the edges of the hnives met was the eighth part of an
mnch and thercfore the angle contamed by the cdges was about 1 degree 51
The hnns es thus fixed together I placed in a beam of the Sun shight let intomy
darhened chamber through a hole the 42d part of an inch wide at the dr tance
of 10 or 15 fect from the hole and let the hght which pas ed between their edges
fall very obliquely upon a smooth white ruler at the distance of half an inch
or an inch from the knives and there saw the fringes by the two edges of the
knives run along the edges of the shadows of the knives in hines parallel to
tho ¢ edges without growing sensibly broader till they met 1n angles equal to
the angle contained by the edges of the kmves and where they met and joned
they ended without cros ing onc another But if the ruler was heldata much
greater distance from the kmives the fringes where they were farther from the
place of their meeting were a hittle narrower and beeame something broader
and broader as they approached nearer and nearer to one another and after
they met they cros.ed one another and then became much broader than before

Whence I gather that the distances at which the finges pa.s by the hnves
are not inerea ed nor altered by the approach of the kmves but the angles
which the ravs are there bent are much mereased by that approach and that
the knife which 1a nearest any ry determines which nay the ry <hall be bent
and the other hnife increases the bent

Ops O When the rays fell very obliquely upon the ruler at the dr tane ¢
the third part of an inch from the hnives the dark hine between the first and
cocond fringe of the hadon of one hmfe and the dark hine Detneen the firt
and ccond innge of the hadow of the other hmfe met with one another atthe

1 tance of the fifth part of an inch from the end of the hght which pased

% ode  of the hnives measured from the pomnt ot Lhutr conto i v
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Intbe Rl red Lt thev were totally red without any e able Ly oF viol t
A e drp bln Lzht t ) were to.ally bue without any senstl red or
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And concerve that these throe hyne t A1
and cross them 1n the points z
terminated and distinguished A

ous tringes by the hines ee
nlx:d Zip until the meeting and crossing of the fringes and then tho ¢ hnes eross
the fringes 1n the form of dark lmes terminating the first Jumminous fringes

g 3

:
¢ o Lous vl Luese hy perbolas one asy mptote s the hine
DL and their other asymptotes are parallel to the lines CA and CB Let re
represent 2 ine drawn anywhere upaon the paper parallel to the asymptate DU
and let this hne cross the nght lines AC mm an 1RO« ~ apd the 1xduk
esps ¢t v and
¢ my and doing
ou may findas
now that thewe
3 L ypuoows dittering httle from the conseal hy perbola  And by
measunng the hnes G CA Cl jou may find other points of the e curves
Tornstance when the hnives were distant from the hole in the window t
feet and the paper from the hnives mne feet and the anple cont L
edges of
winch w

h o

on
1

~0  jattuanineh or UO0:5inch) the sumsnp ng nr
were 0 1828 03328 0 1978 inch I measured also the distances of the bnghtest
parts of the finges which run between ppand ot grand & and next beyond r
and v and found them 0 08 and 1 17 inches
©Ops 11 The Sun shimng into my darhened room through a small round hole
made 1n a plate of lead with aslender pin asabose Iplacedattheholeapn m
to refract the bght and form on the oppote wall the spectrum of colourc
de<enbed 1n the third expenment of the first book  And then [ found that the
shadows of all bodies held in the coloured hight between the pn m and the wall
were bordered with fnnges of the colour of that light in which they were held
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re1rotation of the s heels and some uy vis: o
partles come tomether with an smpetus as ol of witriol di tlled from ats
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being contiguous make another broad frnge compo~ed of all the colours and
the outmost fringes of all the colours Iying 1 order and beng contigrion

mahe o third brond fringe composed of all the eolours 1 hese are the three

fringes of coloured light with winch the shadows of all bodics are bordered in

the second Obsersation

T T e dathe forexoing Obseriations 1 designed to repeat most of them

= ones for determimng the

rge by bodies for makung

the fringes of colours win t « em But I was then inter
v nted and cannot now think of taking the e things into further consderation
1 Yom taf mu design T shall conelude with

~

‘ 1

after separation to minL U vo . i

] = tta anflected to make those fnnges

=~ ~d aides of bodies
he that of an eel?
laree from three

Qu 4 Donot 1d are reflected or

refracted begn 4 w1}y not re-
flected refracted andinflected by one anc
o

= 1 thatistosay
1t and hght
‘ating, motion

uwt
than thowe of
ut

until 1t be stitied sy o

Qu 7 Is not the strength and vigor of the wiv
phurcous boadies ob erved above one reason why sulphurcons bodies take fire
more readily and burn more vehemently than other bodies do?

Qu 8 Do not all fixed bodies when heated beyond a certun degree emit
hght and shine and 13 not this ermaaon performed by the vibrating motions
of their parts? And do not all bodies which abound with terre tnal part and
¢ peaiaily with sulphurcous ones emit kight as often as those parts are sffi

i Yether that agitation be made by heat or by faction or
wn on or amy tther cause” s for
r oyt

aeat orneckoxz}: v . - f
1 fish while they putrefs  vapours an iy,

!c\:l(lcfibtgncs Jatus stacks of mot t hay or carn growing hot In fermentat o

glon worms and the eves of ome aninals by vital motions the vulgar phos
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n~iros coof the wheel andsotue s 3

i s eome toce et yath an immetu. as o of vitnol di led from its
¥ot ol rre and then mxed wath twice sty wer ht of o 1 of annLseeds Soalo
sgrtecf glassabot § ¢ 10nckes in diameter bowg put 1aton frarre wh re
1 taav b ctutlr turmed round 1. aw. Wil 1 turn .z e where it rubs
.t thepalmofooe handapp edtort Andafs the cxre timea p e of
w.epaperorwhietloh o theend of one s fo-er be held at the & tanee of
200 aguartercfant.cho half aninch from that part of th glasswheevits
ot oo 100, the electre vsmou. which ts exer od by the faction of the gl
2z thebynd wll by b azuntthe vk epone el ho finve) be
r  ae henymation. toemitl. bt acd make the whi e paper ¢ oth or

1

A
meneshed anlenntiior, thefntontill e pas pe oy

QU 9 Isno Emabod hestedeoko astoemtBih comou! Forwha
:l:c:amd!:o woa than £ And wha el ¢ 3 bum. g conl than red bo*

Q= 10 Isrot fame s vapou. fuze orexhals onlea edredbo thatis «o
totasto.krze Forbowesdsro famews bou em. Lzseoprow fume and
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mented and the fized body of the nitre 15 also ranfied mto fume and the ex
ploston 1s thereby made more vehement and 0 L T
mixed w e e

' - cuon ot the vapour of the gun
pu uut upon the salt of tartar whereby that 1 =e—r
gunponder ances therefore from the
being quickly and s chemently heated
vapour which vapour by the violencc » .+ ncuon vecoming so hot as to
shine appears 1 the form of flame

Qu 11 Do not great bodies conserve thewr heat the longest theiwr parts
heating one another and may not =~ 7 i
bey ond a certain degree et ight s
of its ight and the reflevions and re o uluistays withinits pores to grow
still hotter tillit comes to a certain penod of heat such as ts that of the Sun?
And are not the Sun and fixed stars great earths vehemently hot whose heat1s
conserved by the greatness of the bodies and the mutual action and reaction
between them and the hight which they emit and whose parts ase kept from
fuming away not only by thewr fimtvy but 1~} *
of 1

« o nom them¢ Forif
ov o uwarmn any peliuctd vessel emptied of awr that water ia the
vacuum will bubble and boil as vehemently as 1t would m the open airmn a
ve sel <et upon the fire till 1t concenves o much pre 1o} r
the ne ~1 -
bol
am & pw wpult 8 10A 0OL 1TOR tn tacue eruts o fume
snd fiame but the same mivtare in the open r by reason of the mcumbent
atmo phere does not so much as emit any fume which can be percerved by
sight In lihe manner the great weight of the atmosphere which hes upon the
globe of the Sun may hinder bodies there from nising up and going anay from
the Sun in the form of vapours and fumes unle sby means of a far greater heat
than that which on the surface of our Larth would very easily turn theminto
vapours and fumes And the same great weight may condense these vapours
and exhalations assaon as they hallatany time begin toa cend from the Sun
and make them presently fall back agnm mnto lnm and by that action increa. ¢
Tus heat much after the manner that 1n our Darth the arr increases the heat of &
culinary fire And the same weight may hinder the globe of the Sun from being
duninished unlessby theem 10nof ight andavery small quantity of vapours
and exhalations
Qu 12 Do not the mys of hight 1n falling upon the bottom of the cye excite
vibrations 1 the tuntea retina? Whieh vibrations being propagated nlong the
solid fibres of the optic nerves mnto the bram eause the sense of secing? Tor
beeanse dense bodses con.erve thete heat n long time and the densest bodies
concerve their heat the longest the vibrations of their parts are of o Iasting
nature and therefore may be propagated along sohid fibres of uniform den-¢
matter to o great distance for conveying 1nto the brasn the impres. 1ons made
upon all the organs of sense Tor that motion winch can continue long i one
and the same part of a body ean be propagated a long way from onc part to
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anotker supposing the bods homogeneal o that the motion mas not be
- Venrdered by any unevennes of thetody

nake 13l rationg of severl Dizneses

L] sensations «f several colours much

- [ the air accrrding to their seveml

v 14, the feast refranmt le the larpest tor ma i a s <
the several wntermediate sort of Favs, vibrations of <eyeral intermeduate big
pesses to make <en.ations of tt ¢ several intermediate colour

Qr 14 sy not the harmony an 1 di~cord of colurs an< from the pro-
portions of the vibrations proparated th rougt thefit resof tl cptic nenewinto
the brun, as the harmony and di~cord of soun } an=e from th proports ns of
the nibrat ons of the au? I or some colours «f thes be viewed together are
anreeable to one another a those of ¢ Hlandinlgn an} otl ere disagree

Qu 15 Arenot the pecies of of jects seen with both evesumted s Yere the
opt cherves mect before th ey comeintott et ran thefil eontlengt ts leof
both nerves umting there and after union going thence into the L ramn in the
rerve whichas on e ngt t sde of th e head andtle flrmaentle) it mde of
both nerves uniting 1n th ¢ same place and after union goingnto ttetrimn
thererve which1s on the left 1 1o of the head an 1t e twonenesmeetingin
the bran 1 such a manner that their £ res make but one entire spretes o1
peture half of + huch on the nght side of tt e senconum comes from th nght
<deof both eyes through tt e nght 1de fbothoptic neneatotl e place wt re
the erves meet and from thence on the ngt t sude of the hea §1nto the Erun
22d the other half on the left 1de of the sen<onum comes 1n bike mann r from
theleft ndeof both eyex Fur t1 ¢ optic nersexof uch animal. as {ook the same
w3y mthboth eyes (asof men doge sheep oxen te ) meet before they come
iwlothebrain but the optic nert es of such anunals 23 do not look 1} e same way
;!“:rzog eyes (asof fihes and [ the c} ameleon) do not meet «f Tam nghtly

3 quavenin motion they appear agun Do not t! e colours anse from such
!éi:um exated in the bottom of the eve by t1e pres ure and motion of the
‘hf!‘;::xa! other imes sre exeited there by lght for cru mgvivon? An{d not
i whelm once excited continue about a second of time before th ey ceast?
oy 2 1030 by a strohe upon bis eye scesa 1.} of ight are not the like

otons excited 1n the retina by the strohe? And when o conl of fire moved

U
by%nntlzn ulzf :o stone be thro - 1nto stagnating water the s aves excited thero-
a8 e me time toan ¢ 1n the place + tere the stone fell into the water
Propagated from thence mn concentrie circles upon the surface of the
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mented and the fixed body of the nitre 1s al<o ranfied mto fume and the ex
ploston 1s thereby made more vehement and awek T ¢ 1
mned v ¢ mme T '

- v seuon of the vy apour of the gun

ponder upon the salt of tartar whereby th t 1+ weer ™
gunpovder ances therefore from the
bemng quickly and vchemently heated
vapour which vapour by the violencc v Ludu sction becoming so hot as to
shine appears 1n the form of flame
. Qu 11 Do not great bodies conserie ther he + R 3

P 1 1

! o vy Lt and whose parts are hept from
fuming awny not only by ther fimty but also by the vast weight and den 2ty
of the atmospheres incumbent upon them and very strongly compre~ing them
and condensing the vapours and exhalations which art e from them? For if
water be made warm 1n any pelluerd ves el emptied of mir that water n the
vacuum wiil bubble and boil as vchemently as 1t would n the open air &
ves el <et upon the fire till 1t concerves a much greater heat Tor the weight of
the incumbent atmosphere heeps down the vapours and hinders the water from
boiling untilst grow much hotter thanisrequt ite tomahest boilsntacuo Al o
o mixture of tin and lead being put upon a red hot 1ron tn tacuo emts o fume
and flame but the same misture 1n the open air by reason of the incumbent
atmosphere does not o much as emit any fume which can be perceived by
sight In like manner the great weight of the atmosphere which lies upon the
globe of the Sun may hinder bodies there from nsing up and poinr A = feam
theSunmtheformof -
than that which on the
vapours and fumes Al o wa L giedt wereht max eand =
niat

t -3

culinary fire And the .ame
dimim hed unlessby theem
and exhalations
Qu 12 Do not the rys of ight 1n falling upon the bottom of the eye exate
vibrations 1n the funica retina? Which vibrations being propagated along the
olid fbres of the optic nerves wnto the bran eause the sense of sceme? For
ime and the densest bodies
their part mafni ¢ ©

@ ult alu
mattertoag
upon all the v guus w1 selist 1 or that motton which ¢can continue long 1n one
and the same part of a body ean be propagated » fong way from one part to
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@ everadint el 1 oart Ay wintim of everalin e el
trvatomal snat m ofthesey mlin menla € 0
Qe 14 My ne tb barmony mrd dee e ! imane - tl o pene
priom ot} wieatie pnm  ~dthr PP thefVre {thec ey o
Petrana th + - moand Levtlddn nl anwlomepnr =t » f
Gevitrasn ofthe 1t | rmenrc i if they e virne ] tometler ame
wre) toen an b ra il we (5 Janlirls anl lew  geve
Qe 15 Aren tthe we [ 2yt wenwmtt !t evre nonduber 1)
o crervesmertbel wthey cvn antott tran thefie ntt n ¥y e f
bhoevetni v there andalt £ mong 9 thenaant thelrs aan the
prestihientt ngtt 3 o tlelm) arlthe lore atle bt 3
Y};(hnrr\'rsum(m ntt m pwr niaftrir ag it 1 lruan
5 Tm-h hismthel ftade £28 1 Yanlthewrtn bnestr rean
elmamen b amoann rth tthar Mo msk but ne nline wved
poture kalfofwds b mtt ntt de dth wrwnime = fneith ntt
f“‘lv'o“n(hr\f*\!n Thibergit ade £1 thoott perirst the flame mhee
l‘;'ll:*hx;rmmt anlfromtt nee atlen ¥t 3 f11 1 Lint 2t lram
et thrhalfontl 1t} 4 sncnmmenarinll manserfeen
tnl oft th ya 1l creries ( shanmlal Ltherm
wsywhbothevedta ofmn 1= Yerp vn te)meetlel il s fme
“’:“S‘lg’::mn buttt opienmes { atammia a1 Liler m oway
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EQi::i‘“cnnm:n mth luk preews el reomer (1 oeve watt b
e ‘hlum bt eyeawn frembt fnger b millaeeae rele {eol or Like
nthefeatt r [mpeacwd tal 1111 11t
theee eg) ey anitt fapeerem nojnet
‘ql:\\‘tn’;nx::;“hl:;nm nlmm Uoftm | taftl foverbem vedwatd
tmtt yapper un D Tttt
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water to great distances And the vibrations or tremors excited 1n the mir by
percussion continue a little time to mov ¢ from the place of percussion in con
centric spheres to great distances And n ke manner when a ray of hght
falls upon the <urface of any pellucid body and 1s there refracted or refiected
may not waves of vibrations or tremors be thereby exated in the refracting
or reflecting medium at the point of incrdence and continue to anse there and
o be propagated from thence as long as they continue to an ¢ and be propa
gated, when they are excited in the bottom of the ey e by the pressure or motion
of the finger or by the light which comes from the coal of fire 1n the expen
ments above mentioned? And are not these vibrations propagated from the
pomt of incidence to great distances? And do they not overtahe the rays of
hight and by overtaking them successively do they not put them nto the
fits of easy reflexton and casy transmussion described above? For if the rays
endeavour to recede from the densest part of the vibration they may be alter
nately accelerated and retarded by the vibrations overtaking them
Qu 18 If in two large tall cylindrical vessels of glass mverted two hitle
thermometers be suspended s0 as not to touch the vessels and the air be drawn
out of one of these vessels and these ves. els thus prepared be carmed out of a
cold place inton warm one the thermometer 11 1acuo wall grow warm as much
and almost as soon as the thermometer which 1s not 1n tacue And when the
vessels are earried back into the cold place the thermometer tn tacuo will grow
cold almost as soon as the other thermometer Is not the heat of the narm
room comveyed through the vacuum by the wibrations of o much subtiler
medium than air which after the air was drawn out remwuned 1n the vacuum?
And s not this medum the same with that medium by which hight 13 refracted
and reflected and by whose vibrations light communteates heat to bodies and
15 put nto fits of casy reflexion and casy transmssion? And do not the vibre
tions of this medium 1n hot bodies contnbute to the intensenc s and duration
of their heat? And do not hot bodies communicate their heat to contiguous
cold ones by the vibrations of this medium propagated from them into the
cold ones? And 1s not this medium exceedingly more rare and subtile than the
arr and exceedingly more elastic and active? And doth 1t not readily pervade
allbodt ?An? tn bk + ol afn Alawm w1 11 ~t 1 “?
Qu

of this

denser parts of the medium? And 1s not the density thereof greater in free and
open spaces void of air and other grosser bodies than within the pores of water

glass crystal gems and other compact bodies? Tor when light paa-es through
s

and weahness thereof
Qu 20 Doth not this wthereal medium 1n pas.ng out of water ghss crystal

and other compact and den~c bodies into empty  pices grow denser and denser
by degrees and by that means refrict the rays of light not 1n a point but by
bending them gradually i curs ed Iines? And doth not the gradual conden 1
tion of this medum extend to ome di tance from the bodies and thereby
cauce the infleions of the mys of hght which passby theedges of dense bodies

at <ome distance from the bodies?
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le a than that of water And so small a resistance would scarce make any
scnsible alteration i the motions of the planets in ten thousand years 1f any
one would ask how a medium can be <o rare et hum toll me how the atr 1n the
upper parts of the ntmosphere can be above a hundred thousand thousand
times rarer than gold Let him also tel me how an electre body ean by frction
emit an exhalation so rare and subtile and yet <o potent as by 1ts emi<_ton to
cau ¢ no ensible dimnution of the weight of the eleetnie body, and to be
expanded through a sphere whose diameter 18 above two feet and et to be
able to agitate and earry up leaf copper orleaf gold at the distance of above
foot from the electric body? And how the effuvin of & magnet, can be o rare
and subtile as to pass through a plate of glass without any resistance or dim
nlutlo?n of their force and yet so potent as to turn a magnetic needle bey ond the
glasy

Qu 23 Is not vision performed chiefly by the vibrations of this medurm
exveited m the bottom of the eye by !
the sohd peliueid and umform capil
of sensation? And 1s not heanng per vy e vibrations either of this or
some other medium exeited 1n the auditory nerves by the tremors of the mr
and propagated through the solid pellucrd and untform capillaments of thowe
nerves into the place of <ensation? And so of the other sen es

Qu 24 Is not ammal motion performed by the vibrations of thus medmm
exeited 1n the brun by the power of the will and propagated from thence
through the solid pellucid and umfare =1
muscles for contrmcting and dila
the nerves are each of them solt
tha ~ L

1 . weenuy unitorm I suppose them to be
pellueid when viened singly tho the roflexions i thesr cylhindncal surfuces
mny make the whole nerve {(composed of many capilliment) appear opaque
and white Tor opacity an es from reflecting surfaces <uch as may disturb and
interrupt the motions of this medum

Qu 2, Are there not other onganal properties of the rays of ight beaides
those already de enbed? \n instance of anothero oo tr ~m 1
the refroction of 1 jand crystal descnbed firs
afternards more exactly by Huygens 1n his bo
o pellucid fissile stone clear as water or erystal of the roch and without
colour cndunng a red heat without lowng its transpareney and in a very
strong heat ealeining without fuston Steeped a day or tiwo 1n water 1t Joses
ats natural polt b Being rubbed on cloth 1t attrcts preces of straws and other
light thing  hihe amber or gliss and w 1th aqua forhs it makes an ebulbtion

' an oblique parallelepiped
1 lie obtuce angles of the

U utpives and o2 minutes the acute ones
78 degrees and 8 mnutes Twoof the solid angles opposite to one another as
Cand I arc compas. ed each of them wath three of thee obtuse angles nnd
each of the other 1x with ene obtuce and two acute ones (Fig 4] It cleaves
ealy m plancs parallel to any of 1ts rides and not mn any other plancs It
Jleaves with a glossy polite surface not perfectly plane but suth same hittle

Tt nam ~
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less than that of water And so small  w -

w » o wobe o hundred thousand thousand
times rarer than gold Let hum also tellmet ~ a7 electne body en by fretion
emit an exhal so potent as by 1ts emr ston to
cau ¢ no sens o f the electrie body and to be
expanded through a sphere whose dinmeter 15 above two feet and set to be
able to agitate and carry up leaf copper or leaf gold at the distance of aboven
foot from the electnic body? And how the effluvia of & magnet ean be go ran
and subtile as to pass through a plate of glass without any resistance or dim
nution of their force and yet so potent as to turn a magnetie needle bey ond the
glass?

Qu 23 TIs not vision performed chiefly by the vibrations of this medm
excited 1n the bottom of theeye by *
the solid pellucid and uniform capil
of sensation? And 1s not heanng per vitica by the vibrations esther of this or
some other medium exeited 1n the auditory nerves by the tremors of the mr
and propagated through the sohd -
nerves into the place of ensation?

Qu 24 Is not ammal motion pe
exsated in the bran by the power ot tue wul and propagated from thence
through the solid pellucid and uniform capillamenta of the nenes it the
mu cles for contracting and dilating them? I suppose that the capillaments of
the nerves are each of them sohd and umform that the vibrting motion of
the wethereal medium may be propagated along them from one end to the other
uniformly and without interruption for obstructions m the nerves crete
palstes And that they may be sufficiently umform I suppose them to be
pellucid when viewed smgly tho the reflexions i their cylindneal surfaces
may make the whole nerve (composed of many eaptllamenta) appear opague
and white Tor opacity anses from reflecting surfaces such ns may disturb and
mterrupt the motions of this medsum

Qu 2u Are there not other ongnal properties of the rys of ight besides
tho ¢ already described? An instance of another ongmal property we hnen
the refraction of 1 land erystal de cnbed first by Crasmus Bartholinus and
afterwards more exactly by Huygens 1n Ius book De la Lumiére Thisery tal
& pellucid fissile stone clear as water or crystal of the rock and without
colour endunng a red heat without losing its transparepe nl n v "

t anm ha

v 1u pid s and with agua fortis 1t makes an chullition
1t <cems to be a sort of tale and 1s found in form of an obhique p-xmllcloplpcd
with six parallelogram stdes and eight solid angles The obtuse angles of the
parallelograms are each of them 101 degrees and o2 minutes the acute oncs
78 degrees and 8 minutes Two of the =olid angles opposite to one another a8
Cand T are compassed each of them with three of these obtuse angles and
cach of the other s1¢ with one obtuse and two acute ones (Fig 4] It c!m‘;’s
eamly 1in planes parllel to any of 1ts stdes and not wn any other planes I'
cleaves with o glossy polite surface not perfeetly plane but with some Iittle
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torrreze Ity raaly reratcted and by reaton of 1ts softness st takesa polt b

ey £€lly Ttpe's Pesbetterupon poli hed lookun,,-glass than upon metal
and perbaps better upon pitch

s Teatl er or parchment  \fterwards it
mu ¢ be rubbed with a Little ol or
wiiteof anegstofill upats ecratches
wlerets 1t will become very trans-

A

parent and polite But for =evera
K expeniments it 13 not necessary to
v c polhit 1f apiece of thiscrystaline
stone be lud upon a book eveny
letter of the book seen through 1t
will appear doutle by means of a
dout le refraction And if any beam
T G of light falls esith r perpen heularly
~r or 1n any oblique angle upon any
VoFE furface of th crystal 1t becomes
X 1 v ird into tw o beams by mean of

H 13

the am double refraiction Which

Fet brams are of tte same colour with

th newdent beam of b ht and seem

*~toctrar | orinthe piantity of thar bight or very nearly equal One

o the rlract; maas performed 1y the wu Lrul of Optie the mane of 1n

Yo o mrinte this envetal Leing to th e mine of refraction as five to

t~e Thr oL e refm im which may e called th unueusl refraction s
§ eyt (0 mingrul

1 ADIC prymveent t} refra tn urfaee of t1

*olr pratthatsifare CTHE 1)
i3

D

crvstal C th Vigeest
T opp rte surface aniCl aperpend ¢
b att b e Th perpen!cular makeavith tt eder of the ery tal
)”‘;l'tr:/ {19 Jemre 3 Iun kY andmst take K] sotlatt} anle
O l*’:«(ﬂ’ anlt! anl 1CI 12degreee 23 An1af ST reprosent
¥ i Le 'lm': ItatTin nvan b oapenth refmctine surfaee ADBC
otk rrrls ~dbeam 3t muned 1y t8 miven portionof 1 ineeoto
1 . tothr 1 alrul fUnues D A\ panall 1andequat to hL.
i r;?—a-- ylhmVimwty P [ 1t from KA anl) g T\ this
. ﬂL ethe Lernfe tedbeamearn 1from Tt N byt unueual
om0 fnikr be mSThe
prrpen Feular to the refra ting «ur
lt‘\‘l’h‘ . b TV antTN et whict 1t shall becme divs 3ed :)EH be
21 ~ChaniCl meofttmeteam g n rougt theeny tal
'™ ‘_\:-! l!l . r:‘Hn'l tytt uwonllam «fOptice andtt Tt} ¢
- '.:Tw\-s 7 Pvtepag froe the perpen L eular an ] malirg
. RN fawit€ 5 bmree pat founity expen nee And
ST R LN arler 1L ghaneswls 1 oare panall [ to th 1lane
. ;‘l”l‘-'l W e Al reefract m Anithe et
e SR aniV N ar tnan raviecalmd it et fun
!’ W

LI

ee

Tl ta wd Yereinaet mobtthe 17 mroe
Towpmata fra feoaon rlery tal
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less than that of water And <o small a re 1stance would scarce make any
sen 1ble alteration in the motions of the planets in ten thousand sears If any
one would a K how & medmm can be <o rare let him tell me how the arr i the
upper parts of the atmo phere ¢an be above a hundred thousand thou and
times rarer than gold Let lum al o tell me how an electric body ean by fnetion
emit an exhalation <o rare and subtile and yet so potent as by 1ts emis 1on to
¢t e no ecnstble diminution of the weight of the electric body and to be
expanded through a sphere whose divmeter is abose two feet and yot to be
able to agitate and carry up leaf copper or leaf gold at the distance of above 4
foot from the clectnie body ? And how the effluvia of a magnet can be so rare
and subtile as to pass through a plate of glass without any resistance or dims

nution of their force and y et so potent as to turn a magnetic needle bey ond the
glass?

Qu 23 Isnot vision performed chiefly by the vibrations of this medium
excited in the bottom of the eye by the riys of Iight and propagated through
the solid pellucid and umform capillamenta of the optie nerscs into the place
of sensation? And 1s not heanng performed by the vibrations either of this or
some other medium excited 1n the auditory nerves by the tremors of the air
and propagated through the sohd pelluerd and uniform eapillaments of thowe
nerves into the place of sensation? And <o of the other en e

Qu 24 Is not amimal motion performed by the vibrations of thts medium
excited 1n the brun by the power of the will and propagated from thence
through the sohd pelluerd and umform capillamenta of the nerves into the
muscles for contracting and dilating them? I suppo e that the capllament of
the nerves are each of them <ohid and uniform that the vibrting motion of
the wthereal medium may be propagated along them from one end to the other
uniformly and without mterruption for obstructions i the nerves ereate
palsies And that they may be ufficiently umform 1 uppose them to be
pellucid when viewed singly tho the reflexions in their ¢y lindneal surfaces
may make the whole nerve (compo~ed of many eapillamenta) appear epaque
and white For opacity rnx cs from reflecting surfaces such as may disturb and
nterrupt the motions of this medium

Qu 2o Are there not other onmnal properties of the riys of ight be 1des
tho ¢ already de cnbed? Anin tance of another onginal property we hiave n
the refraction of 1 land crystal de enbed first by I rsmus Bartholinus and
afternards more exactly by Huygens in hus book De fa [umére Tlus erytal 14
a pelluaid fissile stone clear as water or erystal of the rock and without

colour endunng a red heat without loung 1ts tran pareney and n a very
- T enme Vo tf an Steennla i1 or two in water 1t loses

of straws and other

nahes an ebullition
It <cems to be & ort of talc and1s found tn lorm ot ab vunque parllcleprped
with 1¢ parllelogram 1des and eight olid angles The obtuse angles of the
parallelograms are ench of them 101 degrees and o2 minutes the acute ones
78 degrees and 8 minutes. Twoof the solid angles oppo-ite to one another as
Cand E are compassed cach of them with three of thewc obtuse angles and
each of the other tx with one obtu~c and two acute ones [Fig 4] It elcases
ca.1ly 1 plnes parallel to any of 1t sides and not 1n any other plancs It
cleaves with a glossy polite surface not perdectly plane but with some httle
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wevenness 1t s eastly seratched and by rea.on of 1ts <oftness 1t takhes a polush
very difficultly 1t polhes better upon polL hed lookmn-glass than upon metal
and perhaps better upon piteh

S leather or parchment Afterwards it

must be rubbed with a little ail or

whiteof aneggtofill upats seratches

whereby 1t will become very trans-

D A

parent and polite But for several

T experiments 1t 15 not necessary to

B c polLhat If a prece of this ervstatline
tone be lud upon a book every

letter of the book <een through 1t
will appear double by means of a

double refraction And 1if any beam

£ " G of hight falls exther perpendicularky

e e or mm any obhque angle upon any

v K <urface of tht crystal 1t becomes
YL drvided 1nto two beams by means of

H E

the ame double refraction Which
beams are of the xame colour with
the incident beam of hght and <eemn
erual to one another 1n the quantity of thewr hight or very nearly equal One
of these refractions 15 performed by the usual rule of Opties the e of 1n
ctdence out of aur into this cry<tal being to the sme of refraction as five to
three The otker refraction which mav be called the unusual refraction 13
perfomed by the followin,, rule

et ADBC represent the refracting <urface of the erystal C the biggest
‘i‘f angle at that urface GEHF the opposite surface and Ch a perpendic
b= oa that surface This perpcndmrxlar makes with the ed e of the

_ -

Fed

e ervstal
-~ Low

D% 1t the same way from \

Lo rom \ i which L Leth from b and jorung T, thiy

R‘n{t‘ 0-::!1 be the other refracted beam carned from T to X, by the unu.usl
I therefore the 1ne d

fare lent beam ST be perpendiculsr to the refracting <ur

R‘L‘ﬁ!t:‘:g beams TV and TX. 1nto which 1t hsll become divided sh%\ll be

i cuh:l Lnes Ch and CL one of those beams gowg through the ervstal

e an y asit 'ough'. to do by the usual laws of Optics and the other

b mumsual diverging from the d and making

braee 1 a.nl:\‘e VTN of about 6,¢ dewrees 2s 1s found by expenence And

my‘l)n c:n\"l'\ and such Like plines whach are parsllel to the plane

vt he;l lhle\ planes of perpendicular refraction And the cos ¢ to-

N I“]h"fmuﬂn es KL and V\ are drawn may be called the coat of un
Dy i

of the t:-nm:(n" ery~tal of the rock has a double refraction but the difference

Fctions 18 not <o great and mamfest s 1n 1sland cry<tal
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When the beam ST ineident ona land ery stal s divided into two beams TV
and T\ and the ¢ two beams amive at the farther surface of the glass the
beam TV which was refracted at the first surface after the usual manner shall
be agam refracted entirely after the ususl manner at the sccond surface and
the beam T\ which was refracted after the unusual manner n the firct sur
face shall be agamn refracted entirely after the unusual manner m the second
surface so that both these beams shall emerge out of the second surface in hines
parallel to the first tncident beam ST

Andif two pieces of 1sland e stal be placed one after another 1n such man
ner that all the surfaces of the latter be parallel to all the corresponding sur
faces of the former the rays which are refracted after the usual manner 1 the
first surface of the first crystal shall be refraeted after the usual manner in all
the following surfaces and the rays wiich are refracted after the unu ual
manner 1n the first surface shall be refracted after the unusual manner in alf
the following surfaces And the same thing happens though the surfaces of the
crystals be any ways inclined to onc another provided that their planes of
perpendicular refraction be parallel to one another

And therefore there 1s an onginal difference in the mys of hght by means
of which some ray s are 1n thts experiment constantly refracted after the usual
manner and others constantly after the unusual manner forif the difference
be not ongnal but anses from new modifications impresscd on the rays at
therr first refraction 1t would be altered by new modifications in the three
following refractions whereas it suffers no alteration but 1s constant and has
the same effect upon the rays in all the refractions The unusual refraction 12
therefore performed by an onginal property of the rays And 1t remuns to be
enquired whether the rays have not more ongmnal properties than are yet
discovered

Qu 26 Have not the rays of light severa! sides endued with gevern] onginal
properties? Tor 1f the planes of perpendicular refraction of the second crystal
be at right angles with the planes of perpendicular refraction of the first erys
tal the rays which are refracted after the usual manner 1n pas ing through the
first crystal will be all of them refracted after the unusual manner 1n psing
through the sccond crystal and the rays which are refracted after the unu ual
manner 1n passing through the first erystal will be all of them refracted after
#1a  nl manner in passing through the second crvstal And therefore there

refraction For one and the same ray 1s here rerracted ron tn
usual and ometimes after the unu ual manner according to the po-tion
whichits 1des have to the crystals If the sides of the ray are poated the ame
w1y to both erystals 1t 1s refracted after the same manner in them both but
of that side of the my which looks towards the con t of the unu ual refmetion
of the first erystal be 00 degrees from that 1de of the eame ry which locka
toward the coast of the unusual refraction of the recond erystal (wluch may
be effected by varyng the position of the recond crystal to the first and by
onscquence to the rays of ight) the rv shall be refracted after seseral man
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pers 1 the several crystals There 15 nothing more required to determne
whether the rays of light which fall upon the second crystal _hall be refracted
after the usual or after the unususl manner but to turn about this erystal so
that the coast of this ery<tal s unusual refraction may be on this or on that
ade of the ray And therefore every ray may be considered as having four
sdes or quarters two of which oppo 1te to one another 1nclime the ray to be
refracted after the unusual manner as often as either of them are turned to-
wards the coast of umusual refraction and the other tno whenever exther of
;bem are turned tonards the coa t of unusual refraction do not inchme 1t to
ey e

tion of the rays in therr passage throuh those surfaces and the rays were
refracted by the same laws 1n all the four surfaces 1t appears that those
de_positions were 1n the rays onginally and suffered no alteration by the first
rirsction and that by means of those dispositions the rays were refracted
2t their incrdence on the first surface of the first crystal some of them after
the usual and some of them after the unusual manner accordingly as thewr
ades of unusual refraction were then turned towards the coast of the unusual
refraetion of that erystal or sideways from 1t

Every ray of light has therefore two opposite sides ongnally endued with
2 property on which the unusual refraction depends and the other two oppo-
&:t; :des not endued with that property And it remams to be enquired
o H?r er l;:ere are not more properties of hght by which the sides of the rays

I 20d are dutingut hed from one another
mpﬂ exlzilﬂk;m the difference of the sides of the rays above mentioned 1have
obh;‘::j that the rays fall perpendicularly on the first crystal Butf they fall
e 1{ onit the success 1s the .ame Those rays which are refracted after
ot ml:::lmcr 1n the first cry stal will be refracted after the unusual manner
gt e erystal supposing the planes of perpendicular refraction to be

izl 1§n les with one another asabove and on the contra
porslie n’;r p? o!ntdl:e ;;erpendlcular refraction of the two crystals be neither
Vesmaof Ly s ip: d C\: aito one ungther but _contum an uuttc angle the tv o
by -

n

tin, ang

by ! some of them their other sides turned towards the coast of the un
fo

%
¢ phenomena depend not upon new d

t upon the
Qo Mo:?nf‘l :x:c‘l u:mhnng_e_ablc prope:hes of the rays

8410 pres
Bypotheser
1hat they
Poation,

1ons as has been d

PP

I hight
cons ted only 1n pression propagated without actusl motion 1t
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would not be able to agpitate and heat the bodies which refract and reflect it
If 1t consisted 1n motion propagated to all dls('\nves m an meiant 1t woul e,
quxrc an wnfinite force evers moment » ~

1

1

of +h
wh wu i pres ure ol
wa y wndsevery way with equal forcc and s propagated

as readily and mth ag much force sidenways as downwards and through
croohed passages as through strught ones The waves on the surface of stag
nating water passing by the stdes of a broad abstacle which stops part of them
bend afterwards and dilate themselyes gradually 1nto the quict water behind
the obstacle The waves pulses or vibrations of the air wherem soundi con
stst bend manmifestly thoughnotsom 3 s
i
£ ©  tovktd passages nor to bend
1 1auow ) or the fived stars by the mterpo 1tion of any of the plancts
ceise to be scen  And so do the parts of the sun by the mnterpoation of the
Moon Mercury or Venus The rays which pass very near to the edges of any
body are bent a hitle by the action of the body as we shewed above but this
bending 1s not tovards but from the shadow and 1s performed only 1n the
pas<age of the ray by the body and at a very small distance from 1t So soon
as the ray 1s past the body 1t goes nght on

To explan the unusual refraction of 1stand erystal by presston or motion
propagated has not hitherto been attempted {to my hnowledge) except by
Huygens who for that end supposed two several vibrating mediums within
that erystal But when he tried the refractions in two succes 1ve pieces of dm
crystal and found them such as 15 menttoned shove Yo ~=
alosfn ewnl ~ws
body
expert v wotnave diferent propertics in thor
dxﬂ'crcm. sides e suspected thnt thc pulses of wther in pr.ang through the
first crystal might receise eertain new modifications which might determine
them to be propagated in this or thet medinm witlnn the second erystal ac
cording to the position of that erystal But what modifications those might be
he could not say nor think of anything sat: factory m that pomnt And of he
had hnown that the unusual refraction depends not on new modifications but
on the onginal and unchangeable dispositions of the m) « he would have found
1t as dlmcult to explain how tho-e di postin ¢

wpliniy, 1o me atleast this seemein
exphicable if hight be notlung ele than prew son or motion propagated through

mther '
And 1t 15 as difficult to explun by theee hypothesesha =~ =l

nately 1 fits of casy
gsuppose that there a
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£ vibrat.ons of one of them conztitute light and the vibrations of the other
s ewtfter 8.4 2s often as they overtake the vibrations of the first put them
 those £t. But how two mthers can be diffused through all pace one o1
n = ethout re-
FEgt.Y
they
ating
2 ¢ns of the planets and comet 1n all manner 02 Luut es lul upu « heay
ecs For thence 1t1s manife~t that the heat ens are void of all sez.able rew tance
2.4 by eo.sequence of all cenable matter
For the rettin power of fiund mediums anes partlv from the attntion of
te parts of th medmm and partly from the ris tnerhie of the matter ‘That
partof the ress-tance of & phencal bodv which anses from the attntion of the
pazts of the medium 1> very neasly as the dimeter or at the most as the
Juctmr of the dismeter and the veloerty of the pheneal body tocetber And
tust part of the resitance which arses from the ris tnerti of the matter 1> 38
tee «quare of that fectym And by this difference the two sorts of resistance
©ay be d:tigmn hed from one another 1 anv medm and thewe being dis-
tmnshed, 1t will be found that almost all the res_tance of bodies of a com
P&t myzmtude movin, mn sir water quich-stlver and <uch bike flmd. with
2 competent velocitv ares from the €15 tnerhie of the parts of the flud
'.:V“' ih:t part of the resizting power of anv medum which anses from the
-~ ~ h omaet of b omed m ma be duminihed

’Erlil?t‘ﬂ;:mﬂ to the density of the matter and cannot be dunm hed bv
Pl :.he matter ito <maller part nor by anv other tmeans than by de-
U{A‘@ e denity of the medium And for these reasons the denaty of flwd
by chB very nearly proportional to their resistance Laquors which differ
= 1 denity a5 w':tzr <pint of wine <pint of turpentine hot o1l duffer

“ - -

::::h':y made with pendut
ot :l-’ninéhundxed times Lighter than water and by consequence eight
bt tunes rarer and secordin s its resstance 13 less than that of
ity mae Proportion or thereabout. as I have alo found by expen
sthorh 1 Al ;;:ndulum_ And 1n thuniner air the resitance 1s still les. and
el vpen’mr rarefvin, the air becomes msen ible For small feathers faling
i el ;neet with great revistance but o a tall glass well emptied of
£ ret o a5t 3slead or gold as I have <een tned <everal times Whenee
Ferldnnss ﬁ;;egb till to decrease 1n proport on to the den.1tv of the Aumd
Carmet o Vany expenment  that bodies moving in quick-silver water
Moo :E\ other senuble re<. tance than what anes from the den.ity
8 utbem enible flud. a5 thev would do 1f the pores of those
rsstonce 1a T paces were filled mith a dense and <ubtile fltud \ow 1f
3 vessel well emptied of air wa. but a hundred times less than

‘The open air in which we breathe

1 the ome,
! o x:s l&‘ b’: would be about a million of times less than 1n quich-alver
Tuch lessm euch 8 vessel and still much less 1n the beavens
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would not be able to apitate and heat the bodies which refract and reflect 1t
If 1t consisted 1n motion propagated to all distances in an instant 1t would ree
quire an infinite force every moment 1n every shining particle to generate
that motion And 1f 1t consisted tn pression or motion propagated eitherinan
mstant or 1n time 1t would bend into the shadow T'or presston or motion can
not be propegated in a fluid in night ines beyond an obstacle which stops part
of the motion but will bend and spread every way nto the quiescent medium
which lies bey ond the obstacle Grawvity tends downwards but the pres.ure of
water ansing from gravity tends every way with equal foree andis propagated
as readily and with as much force stdeways as downwards and through
eroohed passages as through strught ones The waves on the surface of stag
nating water passing by the sides of a broad obstacle which stops part of them
bend afterwards and dilate themselves gradually into the quiet water behind
1 -

= =~ ~d v Al 4 ough croohea pixs a8 Une

v crooked passages nor to bend

rposttion of any of the planets

cease to be scen And so do the parts of the sun by the interposition of the

Moon Mercury or Venus The rays which pass very near to the edges of any

body are bent a little by the action of the body as we shewed above but this

bending 1s not tonards but from the shadow and 13 performed only 1n the

passage of the ray by the body and at & very small distance from 1t So soon
as the ray 1s prst the body 1t goes nght on

To explun the unusual refraction of sland erystal by pression or motion

propagated has not hitherto been attempted {(to my knowledge) except by

Huygens who for that end supposed two several vibrmting mediums within

that crvstal But when he tried the refractions 1n two sueces 1ve preces of l!}n:
e~

ung

body through an uniform medium must be on SIS BUAL W L woy 0.8

expenments 1t appears that the rays of hight have different properties in their
different sides e suspected that the pulses of mther in passing through the
first crystal mught recerve certain new modifications which might determine
them to be propagated 1n this or that medium within the econd erystal ne

cording to the position of that crystal But what modificatians those might be
he cotld not say nor thmk of any thing sat factory m that pont Andaf he
had known that the unusual refraction depends not on new modifications but
on the ongmnal and unchangeable dispositions of the rays he would have f ound
1t as difficult to explamn how those dispositions which he supposed to beim

pres od on the rays by the first erystal could be 1n them before their madence
! ~ = 1ty shimngbodies can have

at Jeast this scems in
tion propagated through

T

mtl;cnd 1t 13 as difficult to explan by these by pothe es how rn)!'s ean be nlul'r'
fits of c1sy reflexion and ey tran mission unle~s perhaps one migh

pately in & 3 if space two wthereal vibrating mediums snd that

suppose that there are 1o ol
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ses) a2d not anly to unfold the mechamsm of the world but chiefly to resolve
theve and wuch ke questions What s th re tn places almost exnpty of m:xt(e:
- - —nh Bl

' 2
?
To what end are comet. and nhence 15 1t that planets move au one anu Lue
same way m orbs eoncentne while comets move all manner of wavs 1n orbg
verveccentne and what hinders the fixed tars from falling upon one another?
Eow taze the bodies of ammals to be contnved with o much art and for
st end. were their <everal parts? Was the eye contmed without ol 1
Optics, and the ear without knowledre of <ounds? How do the motions of the
bodv follor from the will and whence 1s the nstinct 1n animals? Is not the
ey of ammals that place to which the senative <ubstance s pre-ent and
1= o which the <ensible pecics of things are carned through the nerves and
., that there they may be p d by therr dat to that
sbstance And these things being nghtly d patched does it not appear from
P ecomens that there 1s & Being incorporeal hving 1ntelligent omnipresent
who i 1finite pace (as 1t were i his sensory) <ces the things themselves
ctms ely and throughly percewves them and comprehends them wholly by
their L_’i-medu&c presence to himeelf? Of which things the imsges only carned
d —~ - s h v aan nd ha

‘f\;:‘::n:ﬁ 1n pasaing through seversl medium. whach 1s another condition
o Rfrscumn of light. Pellucid substances act upon the ravs of hght at a drtance
ey reflecting and inflecting them and the ravs mutually agitate the
T u(xedLukxtanm at a ditance for heating them and this action and
B ancuonbe tance very much resembles an attractive force between bodies
boto s Sn performed by attraction of theray  the ines of ncidence mu_t
cophil !;05 ?:n refraction 1n & gven proportion aswe hewedin our pnnciples
a4 S‘&:I‘;z:o) d this rule 1 true by expertence The rays of light 1n gomng out
e u::c:um are bent towards the glass andif they fall too obhquely
ety they are bent backwards 1nto the glass and totally reflected
it moid c:\lx)mot e asenbed to the resistance of an abolute vacuum
Pt ‘hu ) the porver of the glass attractin,, the rays at their gong
e e b e vacuum and bnnging them back. For if the farther urface of
Brs wh ozlleened vith water or clear 0! or hquid and clear honev the
L S otherwise be reflected will go into the water o1l or honey
- b(_gmn:e not reflected before thev amnve at the farther «urface of the
tom o l;‘g!:hout of it If thev go out of 1t into the water al or honey
Exeetes] by b e Attraction of the glassis almast balanced and rendered
S vacuum ol b h’mmmr) attraction of the liquor Butf thes go out of 1t into
e famener b noattrsction to balance that of the glass the attraction of
nds and refracts them or brngs them back and refiects them.
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at the height of three or four hundred nules from the Larth or above For Mr
Boy le has shewed that air may be ranfied aboye ten thousand times 1 vessel
of glass and the heavens are much emptier of air than any \acuum we ean
mahe below For since the air 1s compres cd by the weight of the incumbent
atmosphere and the density of aur 1s proportional to the force compre gt
1t follows by computation that at the height of about seven and a half Engli h
mles from the Earth the aur 1s four times rarer than at the surface of the
Larth and at the height of 15 mules 1t 1s sixteen times rarer than that at the
surface of the Farth and at the herght of 2215 30 or 38 mules 1t1s respectisely
64 256 or 1021 times rarer or thereabouts and at the height of 76 152 298
miles 1t 15 nbout 1000 000 1 000 000 000 000 or 1 000 00O 00O 000 000 00D
times rarer and so on
Heat promotes fludity very much by dimimshing the tenacity of bodie It
makhes many bodies flud which are not flud in cold and increases the fludity
of tenacious iquids as of ol balsam and honey and thereby decrenses therr
resistance But 1t decreases not the resistance of water considerably asit would
do if any considerable part of the resistance of water arose from the attrition
or tenacity of its parts And therefore the resistance of water anses prn
cipally and almost entirely from the 15 tnerlie of 1ts matter and by conse-
quence 1if the heavens were as dense as water they would not have much less
resistance than water 1f as dense as quick silver they would not have much
less resistance than quick stlver if absolutely dense or full of matter without
any vacuum let the matter be never so subtile and flud they would hwea
greater resistance than quck silver A solid globe 1n such a medium would lose
above half 1ts motion it moving three times the length of its dinm ter and a
globe not solid (such as are the planets) would be retarded sooner And there-
forc to make way for the regular and lasting motions of the planets and com
ets 1t s necessary to empty the heavens of all matter cxcept perhap ome
sery thin vapours steams or effluvia an ing from the atmospheres of the
TCarth plancts and comets and from such an exceedingly rare mthercal me-
dim as we deseribed abose A dense fluid ean be of no use for explaning the
phenomena of Nature the motions of the planets and comets bewmng better
esplained without 1t It serves only to disturb and retard the motions of the e
great bodies and make the frame of Nature languish and 1n the pores of
bodies 1t serves only to stop the vibrating motions of their parts wherein their
heat and activity - o
Nature and mahe
therefore 1t ough
light cansists n pression or motion propagated through such a mediom are
rejected witht
‘And for rejecting such 2 medium we have the authonty of those the oldc t
and most celebrated philosophers of Greece and I heeniein who made a vae
~= the first principles of their philoso-
her cau~e than dense matter Later
uch a eause out of natural philoso-
things mechanieally and refernng
< tometaphy 163 wincrer U mam bu ine s of natural plulosophy
na without fogmng hypothees and to deduce causes
to the very first cause which certainly 1snot mechan

other cau
1 toargue from phenome
fromeffcet till we come
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Qo 30 Arenot gross bodies and hieht convertible into one another and may
atad

< Aeupon their part as we _hewed above I know no body less apt to hine
th.awater and yet water by frequent di tillations change mto fixed earth
£\Ir Bovlehs. tned and then thi earth bemng enabled to endure a sufficient
Eeat hunes by beat like other bodies

Thechanmz of bodies into b ht and hight into bodes 15 very conformable
to the course of \ature which scems deli hted mith transmutations Water
whuch1s 8 very flud ta.telesssalt he chanees by heat into vapour whichisa
ortofarr and by cold mto1ce which 1s a hard pelluaid bnttle fuable stone

1.4 ths stone returns into water by heat and vapour returns into water
boold Frhheh - o~

= uwau s swloUues e lorm ot & hard bnttle
oetal ometumes m the form of a corrowve pellueid <alt called ublimate

Fetooes m the form of a tatele~. pellueid volatile white earth ealled
arunus d Tee -

mihatof g re
Mtum, mtey

chanmes gy gy 4gdin mto 1ts first form of mercun Eggs grow from
tesenaable marmitudes and change into ammal_ tadpoles into frogs and worms
a.tsand fihes nsect treew and other vegetables with

“everal part. grow out of water and watery tinctures and salt and by
Parefaction retymn 3°ain 1nto watery sub tances And water standing a foew
vs 1 the open air yields a tineture which (ke that of malt) by <tanding
7 vields 2 sediment and a <pint but before putrefaction 1s fit nounshment
amsls and vegetables And among uch vanous and stran:
P ;lh\;m::ot Nature change bodues mnto hoht and bight mto bodies?

235 force by which body

B For ywe

ot anoty, st learn frrm

e ¢

Bty “ we

:‘:ﬂ been observed by vul

d-tazces 2 Inthertq

B3¥ reach 1o cuch g

es| tend to vards one another what. ocver be the
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And this 1s still more evident by laying together two prsms of gl of two
object glasses of very long telescopes the one plane the other a hittle convey
and so compressing them that they do not fully touch nor are too far
asunder Tor the light which falls upon the farther surface of the first glass
where the interyal between the glassesis not above the ten hundred thousandth
part of an nch will go through that surface and through the air or vacuum
between the glas es_and enter nto the second glass as was expluned n the
first fourth and e1ghth Ob crvations of the first part of the second book But
if the second glass be taken anay the light which goes out of the sceond surface
of the first glass mto the air or vacuum will not go on fornards ¥t t mg
1 T r

p vuu  piilue vaiety ot colours and degrees of refrangibility
than that the rays of light be bodies of different sizes the least of which may
take violet the weakest and darhest of the colours and be more easily diserted
by refracting surfaces from the nght course and the rest as they arc bigger
and bigger may make the stronger and more lucid colours (blue green yellow
and red) and be more and more difficultly diverted Nothing more 15 requ e
for putting the rays of hight into fits of easy reflexion and easy tran mission
than that they be small bodies wlich by their attractive powers or some other
force stir up vibrations in what they act upon which vibrations being swafter
than the rays overtahe them successively and agitate them o as by tums to
increase and decrease their velocities and thereby put them mnto those fits
And lastly the unusual refraction of 1sland erystal looks vers much asifit
were performed by some kind of attractive virtue lodged in certan stdes both
of the rays and of the partscles of the erystal Tor were 1t not for some hind of
disposttion or virtue lodged 1 some stdes of the particles of the erystal and not
1n their other sides and which melines and bends the ray s tow ards the const of
unusual refraction the rays which fall perpendicularly on the crystal would not
be refracted towards that coast rather than towards any other coast both at
their inctdence and at their emergence so as to emerge perpendicularly by a
contrary situation of the const of unusual refraction at the sccond surface the
crystal acting upon the ray s after they have pasced through it and are emerg
ing mto the atr or if you please mtoavacuum And since the crystal by this
disposition or virtuc does not act upon the rays unless when one of their sudes
of unusual refraction looks towards that coast this argues a virtue or di post
t1on 1n those sides of the rays which answers to and sympathizes with that
virtue or disposition of the crystal as the poles of two maguets answer to ond
another And as magnetism may be mntended and remitted and 1s found only
1 the magnet and in 1ron so this virtue of refracting the perpendrcular rays s
greater 1o 1sland crystal less i erystal of the roch and s not yet found 1o
other bodies I do not say that this virtue 13 magnetical 1tseems to be of an
other kund 1 only say that whatever 1t be 1t s difficult to concesve how !ht;
rays of hight unless they be bodies can have a permanent virtue 1 two of
their sides which 15 not 11 their other mdes and this without any regurd to
their position to the space or medwum through which they pa s -
What I mean 1 this Question by a vacuum and by the attractions of the

rays of light towards glass or cry ta} may be understood by what was sud 10

the 18th 10th and 20tk Questions.
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£re and fame So when a drachm of the above-mentioned compound pint of
£, = was poured upon half a drachm of ol of caraway seeds n ractio the mix
tere mmediately made a fla h hke gunpowder and burst the exhau ted re-
caver which wasa gla. sixinches wide and erght inches deep And even the
- e onda

-y
& :v !:: mut.;ms by & very potent pnnciple which acts upon them only when
~‘Wﬂnc one another and caues them to meet and clah wath great v

nto preces and

- solution of an;
tthe precipitates the metal and makesat fall down to the bottom of the hquosx"

B the form of mud  does not this a

ity rgue that the acid particles are attracted
L_;mf]:m;!f‘mb)‘;he salt of tartar than by the metal and by the stronger at
0 s !éllsoelmetal to the =alt of tertar? And <o hena olutton of iron
tonel copper d&ol“s the lapis calaminans and lets go the iron or a solu
d.Jver dhratues mves 1ron immer<ed 1n 1t and lets go the copper ora olution
Jruben pomes pper and fets go the 1lver ora olution of mercury 1n aqua
©the mmm_dupon won copper tin orlead dissolves the metal and lets
e attmeted moremf not this argue that the scid particles of the aqua fortis
Fromdpd strongly by the lapis calaminans than by wwon and more
1d me;

et for

2?9 A deannne o

<
i o
sty triol 1 the form of spint of vitnol and this spint (bewng

won,
©Opper or salt of tartar) unites with the body and lets go S Poaten
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For when salt of tartar runs per 77
between the particles of the salt of
float 1n the aur i the form of vapou =« » Lot Ot common <alt or salt
petre or vitrol run per deliquium but for want of such an atteaction? O why
does not salt of tartar draw more water out of the air than in a certwun propor
tion to1ts quantity but for want of an attractise foree after 1t 1s satiated with
water? And whence 151t but from this attractive power that water which alone
distsls with a gentle luhe warm heat will not dista} from salt of tartar without a
great heat? Andisat not from the lthe attractive power between the prrticles of
ol of vitriol and the particles of water that oil of vitriol draws to 1t p wond
quantity of water out of thems =9
distillation lets go the water ve
poured suceessively into the sar » v vUy notn the miung does not
this heat argue a great motion 1n the parts of the hiquors? And does not this
motion argue that the parts of the two liquors 1n mrang colesce with violence
and by consequence rush towards one another with an accelerated motion?
And when aqua fortts or sput of vitnial poured upon filings of ron dissolves
the filngs with a great heat and ebullition 1s not this heat and ebullition ef
fected by a wiolent motion of the parts and does not that motion argue that
the aaid parts of the liquor rush towards the parts of the metal with violence
and run foreibly into 1ts pores till they get between 1ts outmost particles and
the main mass of the metal and surrounding those particles loosen them from
the mam mass and set them at hiberty to float off into the water? \nd when
the acid particles which alone would distil with an easy hest will not separate
from the particles of the metal without a very violent heat does not tlus con
firm the attraction between them?

‘When spint of vitriol poured upen common salt or saltpetre makes an cbullt
tion with the salt and unites withit and o distillation the spint of the com
1mon salt or saltpetre comes over much easier than 1t would do before and the
acid part of the spint of vitriol stays belund does not this argue that the fixed
atkal of the salt attracts the acid spint of the vitrol more strongly thanitsonn
spirit end not beng able ta hold them both lets go tts own? And when ol of
vitriol 1s drawn off from 1ts weight of mitre and from both the ine ot = o
compound spint of mitre
one part of ol of cloves or

or ammal substances oro - A ntu with a hittle balsam of sul
phur and the Iiquors grow so sery hot in miung a9 pre ently to send up &
burning flame—does not this ey e - at the two
hiquors mix with viglence o ds one an
? Andasat

other with an accelerated m
not for the same reason tha 1 uea spint of wine poured on the eame
compound spint flashes and that the puleis fulminans composed of sulphur
pitre and salt of tartar goes off with a more sudden and violent explosion than
gunponder the acd spinits of the sulphur and mtre rushing towards one an

other and towards the salt of tartar with so great a violence ns by the shock to
turn the whole at ance into vapour and flame? W here the dissolution 1s glow 1t
makes o slow cbullition and a gentle heat and where 1t 1s quicher 1t makes 8
greater ebullition with mare heat and where 1t 15 done at once the ebullition 14
contracted into a sudden blast or violent exploston with a heat equal to that of
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ter ® haamnt nd ompoundspint of
stntacuo the mix
the exhausted re-

hals 10ns hurmeanes and spouts we may learn that sulpbureous steams abound
12 the bowels of the Carth and ferment with mineral and sometimes tahe fire
with 8 sudden coruseation and explosion and if pent up 1n subterraneous cay

canes apd sometimes eauses the Iand to shde or the sea toboil and carmes up
tke water thereof 1n drops which by their weight fall down agam 1n spouts
Al some sulphureous steams at sll tumes when the Earth 1s dry ascending
1ntothe aur ferment there with mtrous acids and sometimes taking fire cause
Uchtmo and thunder and fiery meteors For the air abounds with acid va
pours it to promote fermentations as appears by the rusting of 1ron and cop-
Pt tne kindling of fire by blowing and the beating of the heart by means
of respiration \ow the abote-mentioned motions are so great and violent as
fothew that in fermentations the particles of bodies which almost rest are put
to new motions by a very potent pninciple which acts upon them enly when
‘1|‘°V approach one another and causes them to meet and clash mith great v
tence and grow hot with the motion and dash one another mto pieces and
v2aL hsnto aur and vapour and flame

When salt of tartar per deliqurum being poured 1nto the solution of any
2"“:‘ grl:lplmtes the metal and makesit fall down to the bottom of the hquor

gﬂ‘;‘::zg Poured upon 1ron copper tin orlead dissolve the metal and lets
i mm::;ry—does not this argue that the acid particles of the aqua fortis
o by more trongly by the lapis calaminaris than by 1ron and more
tod o zt:m than by copper and more strongly by copper than by silver
20t for b ogly by tron copper tin and lead than by mercury? Andisit
copper nndme reason that iron requires more agqua fo #is to dissolse 1t than
Entrod ;l:ppcr more than the other metals and that of all metals 1ron1s
e en; ly andismost apt torust and pextafteriron copper?

o c“ 10l 13 mrxed with a httle water oris run per deliquium and in
Beal o ate ;vater ascends difficultly and brings over with 1t <ome part of
v tron ol 10 the form of spint of vitnol and this spint (bemng poured

opper or salt of tartar) umites with the body and lets go the water
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~—doth not this shew that the acd spint 1s attracted by the water and more at
tracted by the fised body than by the water and therefore lets go the water ta
close with the fined body ? And s 1t pnt £~ 3 |
o A -

1 wy  uitls Lo the water? And s 1t not
« vt & mutual attraction that the spints of soot and <ea salt umte and
compose the particles of sal ammontae v h rh w1

e am~
t

« puuLks ot sulphur compose cinn
wal and that the particles of sptrt of wine and spint of urine well rectified
unite and letting go the water which dissalved them compose o conastent
body and that i subliming cxnnabar § am -
tl‘,. Tt
€
£ » vt of salt lets go the mereury
ana untes with the antimomal metal which attractsit mn o+ am [
with 1t till tha ha ¥
the

~f

wguwy 1515 sudtile enough to penetrite
gua as well as silver but wants the attractive foree to give it entrance and
that agqua regia1s subtile enough to penetrate silver as well as gold but wants
the attrctive foree to give it entrance? I'oragua regiais nothing else than aqua
Jortrs mred with some spint of salt or with sal ¢ and even
salt dissolved tn aqua fortts enables the menstruum to dis olve gold though
the salt be o gross body When therefore spint of salt precipitates silver out of
agua fortis 15 1t not done by attracting and mrang with the agua fortis and
not attracting or perhaps repelling silver? ind when water precipitates ants
mony out of the sublimate of antimony and sal ammontac or out of butter of
antimony 181t not done by its dissolving miung with and weakenine ttac !
armoniac or spintof ¥~
mony? Andisit no
and ol of quick sl v u ot

L “ nou rom the same prinerple that heat
congregates homogeneal bodies and separates heterogenealones?

I\ hen ar<enic with soap gises a regulus and with mercury sublimatea sole
tile fusible salt like butter of antimony  doth not this whew that arcente which
15 5 substance totally volatile 1s compounded of fised and volatile part - strong,
1y cohermg by » mutual attraction £o that the volatile will not & cend without
carrying up the fixed? And so when an equal weight of spint of wane and oy of
~atrol are digested together and 1n distillation y1eld two fragrant and volatile
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suats which will not mix with one another and a fixed black earth remmus be-
L.d—dath not this Jhew that ol of vatriol 1s composed of volatile and fixed

Ihe three firct were found not much unequal to one another the fourth 1n <o
exall 8 quantity as scarce to be worth considering The acid salt disolved in
I:ﬂ 15 the _ame with o1l of sulphur per campanam and sbounding much 1n
B e -

Wewusau it wuerdls and that the bitumen carnes up the other ngre-
Zenusof the sulphur which wathout 1t would not <ublime? And the <ame que—
ton may be put concerning all or almest all the gross bodies in Nature For
iﬁeﬂm of animsls and vegetables are compo~ed of ub tances olaf1 A

0l

A
o - w54 —U0 not the<e things Lhew that salts are
«L:Mh and watery acid umited by attraction and that the earth will nat, be

t-\m‘ :’im(hmt comuch acid as makes 1t dissol 1bl tnw 7 Tin-
*
!

L vty maly s ‘ T
2 es the <ea flos
hf{ e Earth <o the attract)
22d campacter particles of
2ad would not do t



536 Orrics

common water for mahing salts dissolt able in the water nor would salt of tar

tar readily draw off the acid from discolved metals nor metals the acid from
mercury Now as in the great globe of the Carth and sea the densest bodies
by their gravity smb down in water and always endeavour to go towards the
centre of the globe <o 1n particles of salt the densest matter may alwvnsen

deavour toapproach the centre of the particle so that a particle of <alt mas be
compared toa chaos bemgden e hard dry, and earthy in the centre and rare

soft most and watery n the cirecumference And hence 1t scems to be that
salts are of a lasting nature betng searce destroyed unless by drawing anay
their watery parts by violence or by letting them soak mnto the pores of the
central carth by a gentle heat in putrefaction until the earth be disolved by
the water and separated into smaller particles which by reason of their small

ness mahe the rotten compound appear of a black colour Hence al 01t may be
that the parts of animals and vegetables pruserve their everal forms and as-
similate thewr nourshrent the soft and moist nounshment easls of nen o tg
fa b wm -

w u U uswiuntusten putretaction and death
If a very small quantity of any salt or vitriol be dis.olved 1n 2 great quantity
of water the particles of the salt or vitrol will not sink to the bottom though
they be heavier in species than the water but will evenly diffu ¢ themselves
mto all the nater so as to make tt as salne at the top as at the bottom \nd
does not this imply that the parts of the salt or vitriol recede from one another
and endeavour to expand themselves and get as far asunder as the quantits of
water mwhich they flont wiltalion? And does not this endens our 1mply that
they have a repulsive force by which they fly from one another or atleast that
they attract the water more strongly than they do one another? For as all
things ascend 1n water which are less attracted than water by the gravitating
power of the Karth so all the particles of «alt whieh float in wter andarcle s
attracted than water by any one particle of <alt must recede from that particle
and give way to the more attricted water
YW hen any <aline hiquor 1s evaporated to a cuticle and let cool the salt con
cretes 1n regular figures whach argues that the particles of the <alt before they
concreted floated 1n the hquor at equal distances in rank and file and by con
sequence that they acted upon one another by some power which at cqual dis-
tances 1s equal at unequal distances unequil For by such a power they wll
range themselves umformly and without it they will float irregularly and come
together as uregularly And stnce the particles of 1 Iand ery stal act 1l the same
way upon the ray s of light for causing the unusual refrction may 1t not be sup-
posed that 1n the formation of thiserystal the particles not only rnged them
selves n ranh and file for concreting 1n regular figures but al<o by rome hand of
polar virtue turned their homogeneal 1des the same way
The parts of all homogencal hard bodies which fully touch one another tick
together very strongly And for explamning how tlus may be some have m
vented hooked atoms which 13 begeing the que tion and others tell us tl;;xt
boducs are glued together by rest (that 1 by an oceult quality er rather by
nothing) and othere that they stich together by con piring motions (t;mt 1
by relative rest amongst themselves) I had rather wfer from their coheston
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that therr particles attract one another by some force which 1n 1mmediate con
tact 15 exceeding strong at small distances performs the chemucal operations

sbove mentioned and reaches not far from the particles with any sensible ef
fan

— 0 A wnld

arry and evaporating the phlegm spint of wue sud p v
Plegmung and muxn,, them and epint of unne and pint of <alt by subliming
them together to make sal ammontae Exen the rays of ight eem to be hard
bodss In other vise they would not retain different propertics in their duffer

ity beaides a large without ane exeepuon 0% 1w
pound bodies are o very hard as we find some of them to be and yet are very
porous and con t & of parts wlich are only laid together the imple particles
bich are void of pores and were pever yet divided mu t be much harder For
such hard particles being heaped up together can carce touch one anotherin
more than & fes point  and therefore must be <eparable by much less force
thany requi ite tobreaka olid particle v hose parts touch 10 all the space be-
tween them without any pores or interstices to weaken their cohesion And
™

toother 15 very difficult to concene

Tiecame thin 1inferalso from the cohenng of two polished marbles tn rac-
% and from the standm of quck-alver 1n the barometer at the beioht of 50
@or Omehes or sborve whenever it s well purged of air and carefully poured
12 %o that its parts be everywhere contiguous both to one anotber and to the
ﬂ?& e atmosphere by 1ts  eight presses the quick-silver 1nto the glass to

e he ght of 29 or 30 1nches And some other agent rase 1t lngher not by
Pes ngitinto the gla.s but by making its parts stich to the glas. and to one
&n ther For upon anv 1 ~continuation of parts made either by bubbles or by

~
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common water for makung salts dissolvable i the water nor would salt of tar
tar readily draw off the acid from dissolved metals nor metals the acid from
mercury Now asin the great globe of the Earth and sea the densest bodies
by their gravity sink down in water and alway s endeas our to go towards the
centre of the globe so 1n particles of salt the densest matter may alwaysen
deavour toapproach the centre of the particle so that a particle of salt maj be
compared toa chaos bengden e hard dry andearthy in the centre and rare
soft moist and watery 1n the eircumference And henee 1t scems to be that
salts are of o lasting nature beng scarce destroyed unless by drawing away
thetr watery parts by violence or by letting them sonh mto the pores of the
central earth by a gentle heat in putrefaction until the earth be dissohved by
the water and separated into smaller patticles wluch by reason of their small
ness mahe the rotten compound appearof a1 L anta ~ ¥
that the parts of ammals and ve
similate their nourishment the s
texture by o gentle heat and mo o 1 1L wecomes hike the dense hard dr
and durable earth » #ha ~ -
E
1

w Ly lanyuanuty of any salt or vitnol be di solved in & great quantity
of water the particles of the salt or vitnol will not sink to the bottom though
they be heavier 1n species than the water but will evenly duffu ¢ thumeches
mto all the water so as to make 1t 23 saline at the top ns at the bottom And
doespatth mnl b L -

s e uninow! ind does not this endeasour imply that
they have a repulsive force by which they fly from one another or atleast that
they attract the water more strongly than they do one another? For as all
things ascend 1n water which are less attracted than water by the grattating
power of the Earth so all the particles of salt which float in water and arc less
attracted than water by any one particle of salt must reecde from that particle

and give way to tho mama s
Ythen any

cretes i regu
concreted flou Lu 1 tne nquor ot equal distances n rank and file and by con

sequence that they acted upon one another by some power wluch at equal dis-
tances 13 equal at unequal distances unequal Tor by such a power they will
range themselyes umformly and without it they will float rrregularly and come
together as iregularly  And smee the particies of 1sland erystal act all the same
way upon the r1y s of hight for causing the nnusual refraction may oot be sup-
posed that in the formation of thiserystal the pirticles not only ranged them
selvesin rank and file for concreting in regular figures but alwo by some hind of
polar virtue turned thur homogencal sdes the same w1y
The parts of all homogeneal hard bodies winch fully touch one another stick
together very strongly And for explaining fion this may be some have in
vented hooked atoms which 13 begrang the question and others tel) us that
bodies are glued together by rest (that1s by an occult quahty or rather by
that they tich together by con pinng motions (that 1e

d others
g;’ﬂrlﬁ‘f&\ :I:mt amongst themeelves) I had rather mfer from their cobicsion
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@ rmeses of co'qured plates of water between two glasse are et dovn the
1 kress of the plate “gxe-e 1t appears verv black 1> three-eighths of the ten
Eendred thousandth part of ananch And where the o1l of orances between the
gestsof th. thoknes. the sttraction collected b the foregoing rule seems
tat <ostronv.. withma curele of an inchn diameter 1o suffice toheldupa
re Mt equal to that of a ey linder of water of an inch 1 dismeter and two or
tovefod _=sinle.mth And whereitis of a less thaicknes. the attraction mav
te puport cusliv greater .nd continue to increase until the thickness donot
exeed that of 2 snle particle of the ml. There are therefore azentsmn pature
2.7 to rzake the particles of bodies ack to~ether by verv trong attrections.
41 1 the buaness of expenmental plocophy to find them out

Now the s Yle<* partacles of matter may cohere by the stro.zest .ttrac
tre 2.d compo-e bigwer particles of wesker virtue .od many of these mav
ke . d compose bixger particles whose virtue 15 till weaber and so on for
€ ey o rcesaon. un il the progression end in the brggest particles on which
L opena 10ms 1n ckermictry and the colours of natural bodie depend .nd
L hbv ech nng compose bod.es of a <enable magmtude If the bodv 1 com
£ w.d bends or vields inward to presion—without anv  Liding of sts part
t 1 bardandel.shie returmng to 1ts fimure with 1 foree nan,, from the mutuat
2 ">rtion of ity part. If the parts hide upon oze another the body 1s malle.
L.2orecit If they Dipeasilv and areof s fit mize to be aptated by beat .nd
telestish enouh to Leep themn agtation the bodv L fruid andif 1t be
Tt to<itatothinzs #t v hurmud and the drops of every fiwd affect a round
L:—'! b the matusl attraction of therr part  a. the globe of the Earth and sea
L;CB arow.d Ezure by the mutual attraction of 1t parts by gravity

"¢ retals dissolved 1n 2cids attract bat a small quantits of the se1d, their

: . “2tive force ean reach but toa <mall di~tance from them And.sinalgebra
¥ireafimative quant tes vaoLh ard cease there negative ones beqin <o1n
BAtiacs where attraction ceases there a repulave wirtue ought to succeed.
LAtha there 1 such a virtre seems to follow from the reflextons and inflex
‘T‘kdu” ravs of Lzht For the ravs are repelled by bod.es 1n both these casec
¥ the immewate contact of th reflectin,, or mflecting body It <eems
220 to follov from the emuxion of Light the rav <o <oon as 1t 15 ghaken of
fxla_ oo bodvby thembrat  mn o h oo
Lrsondth reach of attracty
% bor thas foree which 1
Stioemtit. It poe

The parti es w}
£ 8001 35 they
fomt & d el
‘T S015£0T Lit$ uidat UP duoVe a muLLon of times more than
€4befo-e 15 the form of 3 dence bodv Whn, aand bt

chva. cont-action and expans

;?’i!;(:;. telizib e by fergming the particles of air to be «pmingy and mmmin
gty up hk'e koops o by any other means thon a repulaive power The

Pt lesof fwds wiy hdon techeretoostrond  and are of such a sreslines,
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avery httled + ~ ¢

1
oy ue LG
between the planes +  tunts succeed after the
S3MNC MANNCr  tacue a3 1n the open awr (s hath been tred before the Royal
Soctety) nnd therefore are not mfluenced by the w eight or pressure of the at
mosphere

And 1f 5 large pipe of glass be filled with «ifted ashes well pres 14nm 1
the glass and one end of the a na?

1 »  savurCthestarn + -
£ we  stsuptothishe st 3

1

o i donnwards as upwards
v o Lue aetion of the particles 15 very strane P

the ashes being not ~ ¥ -
not so strong as th
of 60 or 70 inches
pended to the height or abos

By the wo- -
of animal
Juices fror

If two p att pottshed plates of glass three or four inches broad and twenty or
tuenty fivelong belaid one of them parallel to the horizon the other upon the
first so as at onc of their ends to touch one another and contain an angle of
about 10 or 15 minutes and the same be first ma tan 1 3
withaele notet 2 v

or two of
the upper u us to touch 1t at one end as

above ana 1o touch the drop at the other end making with the lower gl san
angle of about 10 or 15 minutes the dron 1l begin to move towards the con
vet ith an aceclerated motion till
the tvo glas es attret the drop
wat L tnat way towards wluch the attractions wehine Andif when
the drop 1s 1n motion 3 ou hift up that cnd of the glt e where they meet and
towards which the drop moves the drop will a cend between the gl i
therefore 1s attracted And asye ¢ )
wil ascend slower and slover ar
by its werght as much as upwar o e s you
may hnow the force by wiuch the drop 19 attracted at alt distanees from the
concourse of the glasses
Naow by some expenments of this hind (made by Mr Hauksbee) 1t hasbeen
found that the attraction is almost recaprocally mn o duplieate proportion of the
distance of the muddle of the drop frorx the concourve af 110 = .

en reanf

rnae
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what they recover from their elasticity If it be said that they can lose no mo-
tion but what they communicate to other bodies the consequence 18 gh:\t m
~ = mdnena

e

e

1

¢

{en piteh were each of them as large as those which some supposeL to :‘e\ olve
- a~

tinue lon er 1z motton but unless the matter were void of all tenaaity and
sttrtion of parts and commumcation of motion (which 15 not to be sup-
posed) the motion would constantly decay Seeing therefore the vamety of
motion which we find 1n the world 1s always decreasing there 15 2 necessity
of consernn and recrmting 1t by actnve principles such as are the cause
of gramty by which planets and comets heep their motions 1 their orbs
Y

remamn 1o their orbs

ormed them and
harder than any
P _never to wear or

thanged \ater and earth composed of old 1 orn

particles and fragments of
x;‘tﬁmmg n;:t be of the same nature and texture now with \?:tcr :nod
Ve oy ored (:‘ czx'umhpc ,\mdci mn :} e_“ begnmig ‘}nd th—ere(on: that Na
¥anou
ticles

butw

Tse st me ta g A v1g tnerlic ac
rther that theee particles b ly
venot only a
¢ompanied vith such passive law s of motion as naturally reeult from that:force
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as renders them most susceptible to those amtations which keep hquarsin a
Tluor are most casily separated and rarefied into vapour and in the language
of the chemusts they are volatile rarefying with an easy heat and condensing
with cold But those which are grosser and so less su ceptible of agitation or
cohere by a stronger attraction are not separated without a stronger heat or
perhaps not without fermentation And these last are the bodies which chem
1sts eall fined and being rarefied by fermentation become true permanent air
tho e particles receding from one another with the greatest force and beng
most difficultly brought together which upon contact cohere most strongls
And because the particles of permanent air are grosser and anse from den er
substanees than those of vapours thence 1t 1s that true air 1s more ponderous
than vapour and that a moist atmosphere 1s lighter than a dry one quantity
for quantity Trom the same repelling power it scems to be that flies walk upon
the water without wetting therr feet and that the object glasses of long tele-
scopes lie upon one another without touching and that dry powders are diffi
cultly made to touch one another so s to stick together unless by melting
them or wetting them with water which by exhaling may bring them together
and that two polished marbles which by immediate contact stich together are
difficultly brought so close together as to stich

And thus Nature will be very conformable to herself and very simple per
formng all the great motions of the heavenly bodies by the attraction of grav
1ty which intercedes those bodies and almest all the small ones of their parts
cles by some other attractive and repelling pow ers which intercede the particles
The v1s wnertur 1s & passive pnneiple by which bodies persist in theiwr motion or
rest 1ecerve motion tn proportion to the force impressing 1t and resist as much
as they are resisted By this principle alone there never could have been any
motion 1n the world Some other pnneiple was necessary for putting bodies
1nto motion and now they are 1n motion some other principle 1s necessary for
conserving the motion Tor from the various composition of two motions s
very certain that there 1s not alway s the same quantity of motion in the world
Torif two globes joined by a slender rod revolve about their common centre
of gravity with 2 umiform motion while that centre moves on umformly 1n 8

nght hne drawn in the plane of their circular motion the sum of the motsons of
- ' nght linc desenibed by thewr

the t
comn sum of their motions when
they By this instance 1t appears

that motion may be got or lost But by reason of the tenaetty of fluids and at
trition of their parts and the weakness of elastieity 1n olids motion 13 much
more apt to be lost than got and 1s always upon the deeay T'or bodtes which
are exther absolutely hard or so soft as to be vord of clastieity willnot rebound
from one another Impenctrability makes them only stop If two equal bodies
meet directly tn tacuo they will by the Iaws of motion stop where they meet
and lose all thetr motton and remamn i re t unleass they be elastic and recenne
new motion from their spning If they lh'“c g0 much elrsticity as suffices (‘\'])
f -
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B 1 nomore the soul of them than the soul of man1s the oul of the specres of
th orarn dthm hth nma of - -

tne wpecies of things 1 1ts sen.onum but only for cons eying them thither and
God has 1o need of such organs He being everywhere present to the things

th meslvne A Ao -

~ wse o tontusions but such as are taken from experiments or
other certam truths For hypotheses are not to be regarded 1n experunental
philosophy And although the arguing from expenments and observations by
wduetion be no demonstratson of general conclu 10ns 3 et 1t 15 the best way of
#un which the nature of things admuts of and may be looked upon as a

wach the etronger by how much the induction 1s more general And if no ex
eption oceur from the concl ma d

1
But if at any time afterwards any exception hall oceur from b )
ray then begua to be b R) X r‘l) i oc om experiments
snalyais we may ¢
the forces produc
from partieutar ¢
€0 ral Thisis th
the exuses discon
the phenorena pr
In the two first
eover and prove t
Eblty reflontuly
€5 transm . op

which therr ref)
b ewonsand

ann

bock

dsec

thn

l!;:r

Floswpny 1n all yg
freted, the bogng Tt
23 know by naty
erus and what,
B well a5 that o
A1dno doubt g1y
Sonl phalosophy

5
1t
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but also that they are moved by cort = that of
gravity =1 b These
princ e to result trom the  pe-
cific «b  vULas general laws of natare by which the things them

sclves are formed their truth appeanng to us by phenomena thn » »
causes be not yet discovered Tor the o ¥

ont -

m
v nwnest efiects Such aswould be th
Cou v 01 gTavity and of magnetic and eln ¢
tiong if wa »
known t
cult s

fo

o

allcorpo

stepinp o pHuuples were not yet discor

ered Ana  ciewore Lscruple not to propose the principles of motion sbos emen

tioned they bemngof very generalextent andleave their causes to be found out
Now by the help of these pnneiples all matenal things seem to have beed

composed of the hard and solid particles above mentioned 1arn ! -

ated 1n the first creation bv the ~ -

Him who cre

eal to seek &t
out of a chac u v veing once formed 1t may

continue by those laws for many ages I'or wlile comets move 1n very eccentre
arbsya all manner of positions blind fate eould never make all the planets move
one and the s<ame way 1n orbs concentric some inconstderable irregtianties ex

cepted which may have nsen from the mut 1~ s
unon ane -~ L

u \peu stike and on either side of
w1 wir podies two legs behind and erther two arms or tnolegs or tno wings be-
fore upon their shoulders and between their shoulders a nech running down
to s backbone andaheaduponit andin the head twoears tnoeyes anose
a mouth and a tongue ahhe situated \lso the first contris ance of those sery
ertificial parts of ammals the eyes ears brun muscles heart lungs midnff
glands larynx hands wing swimming bladders natural spectacles and other
organs of sease and motion and the instinct of brutes ani  ~e -
affo taf nath ne U L

1 set
N - o uae  wvoupoilod 0 tha o - = ¢
as the ~ ~

and the
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andnstead of teaching the transmgration of souls and to worship the Sunand
Moon and dead heroes they would have taught us to worship our true Author
and Benefactor as their ancestors did under the government of Noah and his
sons before they corrupted themselves
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tificre carch Histreatisczson Dioptries and
the concusston of elastic bodies were hailed
not only for their di covenies but also for the
style 1n which they were presented and
Newton claimed that among modern wnters
he had most closely approuimated the sty le of
the ancients IIis greatest work the Horolo-
gium oscillatorsum (16¢3) dealt wath the prob-
lems rased by the pendulum cloch and con
tained ongnal discovenes suffictent for sev
eral important treatises

Twice dunng his residence 1 Pans Huy
gens returned to Holland in the hope that lus
matune air would restore his health and o
1681 perhaps becau e of the revocation of the
Tdict of Nantes he severed his connections
and left France Upon hus return to Holland
Huy gens took up agamn the study of optics
physics and astronomy e had always been
interested 1n u eful inventions and 1n addition
to the pendulum cloch had already improved
the air pump and the barometer provided the
first 1dea of the micrometer and introduced
the use of a spiral band for & watch spnng In

BrograraicsL Note

Holland he turned again to the constructiono
telescopes Using len.es of long focal de tanee
mounted on poles he produced what wnere
called aenal telescopes  He alo ruccecded
1n constructing an almost perfectly achromatie
eye-prece still known by his name His re-
gearches 1n opties finally led him to publihin,
1690 s Treatise on Laght which had been
wntten in Irench tn 1678 while at Pans In
Tesponse {o the need for some means of repre-

work found among his po thumous papers
called Cosmotheoros and tran lated mto Ing
bsh under the title  The eelestial worlds dis
covered or conjeclures concerming the wnkab
fants plants and productions of the worlds sn
the planets

Worn out by s great and varted actvity
and the burden of an enormous correspondence
Huygens died at The Hague June § 169 at
the age of sixty six



CONTENTS

BrocrarmicaL XoTE
Prerace

CHAYTE
1 O rays propagated an atrasght I nes
11 Onrefenron
T On ref action
TV O therefacomof the e
3V Onth str gerefrachions of Teeland erystal
VI O the figures of éransparent dod es whwch
e for refroction and for refiezon

519

51
5al

570
59

60?7



548

tific research His treatiseson Diwoptries and
the concussion of elastic bodies were hatled
not only for therr discoveries but also for the
style in which they were pre ented and
Newton claimed that among modern wniers
he had most closely approumsted the style of
the ancients His greatest work the Horolow
grum oscillatorium (1673) dealt with the prob-
lems ra1 ed by the pendulum clock and con
tamed ongmal discovertes sufficient for sev
eral important treatises

Twice dunng hns ressdence 1n Pans Fluy
gens returned to Holland mn the hope that Ins
natne air would restore s health and
1681 perhaps because of the revocation of the
Tdict of Nantes he severed Ius t

Biocraraicsr NoTe

Holland he turned agun to the con. truction ¢
telescopes Using len es of long foenl distane
mounted on poles he produced what wer
called aeral telescopes  He alo succeeder
1n constructing an almost perfectly schromatr _
eye-prece shll hnown by Ins name Jls re
searches 1n optics finally led him to publs hu,
1690 his Treatise on Iaght which hal beer
written m Irench tn 1678 alule at Tans Iz
response to the need for some means of repre-
senting the solar system Huy gens construeted
2 planctary machine capable of showing the
motions of the planets It was apparenthy 8l o
al this time that he wrole the smagmatne
work found among his posthumous papers
called Cosmotheoros and translated wnta Ing

and left France Upou lus return to Holland
Huygens took up agamn the study ol optics
physies and astronomy Het 1

1 provided the
first 1dea of the micrometer and wntroduced
the use of a spiral band for a watch spnng In

lish under the title  The cclestal worlds du
corered or conjectures concerming the wnhah
tants plants and productions of the worlds 1n
the plansts

Worn out by lus great and vaned actity
gad the burden of an enormous cattespondence
Huygens died at The Hague Junc 8 1695 at
the age of sixty six
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Usporz this treatise dunng my <ojourn 1n France twelve years 2go and T
%a 1 qmed percons who then composed
- + A no

rezberbann been present nuen 1 tiww
ther who appled themselves partieul.rly to the etudy of mathews w of
omlcaro ate move thn the cel brated gentlemen Casint Romer and
éelafiie ird,.lthough I have since corrected and chun~ed some part. the
toeswhich I dm.d ofita tha timemay serve for procf that Thave yet
#deok, toy sive some copjectures touching the formztion of Iceland
et o & novel chremvation on the refrection of rock ery~wd I have de-
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ErTel s, Mo cors Newton w.od Letbra 2, with repect to the prodlem
i Erom of e fr eolleritg rave when ooe of the aurfzces 1. gren
O =3y L s wbx [ B o0 leng delied to g th work to the L AL
Terscnt e, Lyrer nirantalymttalon = meb b
e whte meanten of tan.anz oo Lutin, 0 da_g 10 order to
Fastmrre . po ootttz £ whoBl propred ty mvrlf ta e

o lopw by betomy e o Erpo, o whieh L expuan the effert. of
toeomes A

t txmswtrbbel pzmoretnthe coezer B tthe plesioe
do;;: g pnet [ by v £ frers ume tr e the exervtin of th

‘\Ml«f‘lb"v.fxr‘_r:l,__'l’?"'mmme:r'cf( teog ofen
i“‘:.f",.r-l.—rtr-::.—a ¢ty wme tew enfr Crovdemrz wh B L
riutrwmrnbrwr.hrt:ﬁmpc“[_hm T LE,
_Fk“L':L_Jf srmter bt zhraer fpema. 2ls

u;"‘.—by—:zrdr:rc rrue fthoecud xbehdoc pradow
L_t-—'-_f""-‘ dr ren tprrmenry of Then even ESem ponek theers
twud';'r-‘u rreme g etk [ ometn by fxedt A p e
ﬂ\‘l"t=~'—r’4 e i ey e st byt e, wr trte
h} I—J:: o2 st o alrwng fte btezdre
o LT v b el p T U e fp BTy
J:"‘ ton garma g Lo rerlbs gt T ow when tr. o
h_*;ﬂ::. AT L1ad tr s e s L b been asmed or

-—n;,...): #orrEes. o emppemzen BOF oot coder e
o2 E TR ek T s TP o g S NN NP

- . mam

(q.c—uﬁ__.z...ru Lt I S Y R
Yp ool TH PN rotren LTy s Tpn el L treemn
:r:- _"‘“,' asniPT= 0 SN S S

sE £ ok |y
B LT 2 tog
Lmy iy ady

B R T e,
T Temnr ramas e ow s






PREFACE

1 ¥eorE this treatise dunng my  ojourn 1 France twelve years ago apd T
commumested 1t m the year 1648 to the learned persons who then composed
the Poyal Academy of Science to the member<hup of which the hung had done

¢ the honour of eallng me Several of that body who are till alive will re-
by b L wee -

delslire And, although I have since corected and changed some parts the
eoves which I kad made of 1t at that time may <erve for proof that T have et
sdled nothin o1t save <ome conjectures touching the formation of Iceland
eyetal 2nd a novel observation on the refraction of rock ery<tal. I have de-
sred to relate thewe particulars to make kmown how long 1 have meditated the
t.ss whih now I pubL }, and no fo~ the purpose of detracting from the
et of thowe who withou having seen Lovthuing that T have written, may be
frzd tobave treated of lleratters . ha nf ct occurred to tno emupent
pozetres. Mes-eurs \ewton .nd Letbnstz, with re-pect to the problem
of the fizre of £1_es for collectin~ v~ wh 1 0ne of the surfaces 1> gven.
Oze mav 2 & why I bove & lo.g d.laved to bring this work to the Light
Trereassm e th, I vwoe: ra.ev care esly 1n the Lnmua=e 1 which 1t
" mhthe . ennonof tran 73 rto Litin so domginod rto
Rdpes v Mrmireto Yot oz &, erwhich I proposed tom el togive
1o dlen, wh agthestrer v T
t ~dthoe thoms
i et 5 bemmz pue IR
el i of vien | evem ed of o
Vo e € b b o e o 20 end of it beng ofen

cr by gme pew dr Consderig which T
bave £ v pedmt ¢ we bes e wert. e to PIr Yt wnunz,
ehayy

:\.._ I r s e g brwitnr Terer Pzl
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CHAPTER ONE
On Rays Propagated in Straight Lanes

b * aneem 10 Which geometry 15 .pphed to matter the
Acaren from €XDR-

4amn than the precedin [EEY
The majonty of these vhohave mtten touchin~ the various parts of Ophics
have contented {hemsel es with preuming these trutbs But ome mo® -
ot o n estieate the ongn and the esuse~ con.denng
- % 4 an

o pot 1.b for better ana w it ~ -
desire to prpound what 1 bare meditated on the subject <o as o contribute
as much as 1 can to the plapation of this department of natural <cience
haeh not w thout reason reputed to be one of 1ts most dufficult parts. T
reevgize @ <<t to be much ndebted 10 those who were the first to begn
1 di.pate the tranc® obscunt 10 whach these ‘thines were emeloped and to
@ ush pethatthe mght be <plamed by ntetimble reasonung But on the
therband [am at m.ted Lo that even here these have often been willng
+ fer asa ared and & mon.trauve reasomings which were far from conclu
e Forldon t fiod that sn one has yet given & probable explanation of
- 11 phenomens of bcht namely why 1t 1s not props
A

1 h It ref recssdinthu boos Wi

we '
~con e nth thulosophy 1 tt e pre—ent day - ome clearer and more probable
o — ol

ool <ee ndl

3
lr;m'nmn\l lﬁu{dx;‘m! oanu - -
« fit reiratoncitk arb the different den 1ties of the at
Thereait 1 3] xamane th causcs of the strange refraction 0;11:?;\:::“
Lifnoal b browght from Jeeland. And finally 1 hall treat of the
anx b pes of trapsparest and reflecting bodies by which ravs are collected
¢ pamt e tureed 30d 1m0 anou Wavs. From this it will be seen with
tatfambt U gourn wtheory we find not onls the ellipses hyperbo-
o i oth cunes which M Deseartes has ingeniou Iy invented for thi
v ,;. \m'{,h thre why b :}!e surface of a gla.slens ou, ht mpmwhegl::s
» surise £ nasep! nealor plan  orof anv
It o mo  3bl todoabtthat Light conastsin tt‘:’:h;){\;‘:ﬁ(‘xz;?” e
m ter For whether coe conaders its production one sees that here up::;nﬁ?f:
553
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must be 1f the facts are not pretty much as 1 represent them T would believe
then that those who love to know T enu es of things and who are able to
sdmire the marvels of ght will find ome sats fietion in the e yanous specu
lations regarding it and in the rew explanation of its famous property which
18 the mamn foundation of the construction of our eyes and of those great
1y entrons winch extend <o vastly the u ¢ of them I hope al o that there wall
be some who by following these beginungs will penetmte much {urther into
this question than I have been nble to do sinee the subject must e 7 =
being exhausted This appears from than

Il vor -

ma - u -1
sor v

hav
mgt i
~

The Hague January 8 1690
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esth ABC a straight Ime which T suppose to meet the orbit of the moon
whieh 45 reprecented by the aurcle CD st C
Now £ b e

) 1
L}
£sve armved at the pomt C but will onlv amve there an hour after It will
then be oze hour after rechonng from the moment when the earth wasat B
st 1be Toon, amvin,, at © will be obecured but thus obscuration or inter
rpaoaof thelh ht will not resch the earth till after another hour Let us sup-
Pose that the earth in these two hours wll have amved at E. The earth then
be st E, wll <ee the echipsed moon at C which 1t left an hour before and at
¢ saze time will <ee the cun at A For 1t being immovable as I cuppose mth
Comerzacus and the boht moving slwavs 1n strar ht hines 1t muct alwavs ap-
P whee 115 But one has alnavs obsenned we are told that the echpsed
20 pnears at the point of the ecliptic opposite to the sun and yet here st
¥oid 8 pear tn arrear of that pomt by an smount equal to the angle GEC
te runplement of AEC Thu however 1s contrary to expenence smee the
2 2e GEC would be very semible and about 33 degrees \ow according to
O eomputstion, which 15 mven 1n the treatise on the csuses of the phenorn-
g—‘d Satarn the distance BA between the earth and the <un 13 sbout twelve
Eg-'\:nd chameters of the earth and hence four hundred times greater than
b the d_tance of the moon which 15 30 diameters Then the angle ECB mll

read f N o

br the
1Zel

Erater , nunates.

Bt 1t mut be noted that the speed of Light 10 this argument has been ss-
L":‘-'I‘-!ﬂn Fuch that 1t takes 5 time of one hour to make the passage from here to
b 000, If oe suppoes that for thisit requires onlv one minute of tume then
ot maate< that the angle CEG will only be 33 munutes and if 1t requires
teamecondsoftm he w1 e

*rot be eary

Ssequently w

419 tnetantar, gus

1
¥ true that we are here supposing a strange velocity that would be a hun-
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carth 1t 13 chiefly engendered by fire and flame which eonté n = 2 4
1 nad 1
s wis one coneens e8 the causes af alin + ]
effeeta ntarm Afem 1 - -
do
of & pt w101 o1 some movement of a kind of mat

g
ter which acts on the nerves at the back of our eyes thereis here yet one rea.on
more for beheving that hight consists 1n a moyenient of the matter which eusts
between us and the lummous body

Turther when one considers the extreme speed wath which hight spreads on
every side and how when 1t comes from different regions even from those
directly opposite the rays traverse one another without hindrance one may
well understand that when we see a Juminous object 1t cannot be by any trane-
port of mitter comin~ ~
arrow traverses thea
properties of ight es  « , o tuna ot them It 1s then in some other wy
that ight spreads and that which can lead u torn noalan? t

! v nas peen produced by a movement
which 1s passed on suceessively from one part of the air to another and that
the spreadimg of this movement taking place equalls rapidly on all sules
ought to form spheneal surfaces ever enlarging and which stnke our ears “on
there 1s no doubt at all that hght also comes from the luminous body to our
eyes by some movement mmpressed on the matter which s bets s ntt ¢ o
since aswe b
pa esfrom
which we an o & v L—i1u Wit tollow that tius movement 1m
pres ed on the intervening matter 1s successive and consequently 1t spread
as sound docs by spherteal surfaces and waves for I eall them wasves from
their resemblance to tho e which are seen to be formed 1 water when 4 stone
ts thrown mto 1t and which pre-eat & successtve spreading as circles though
the e arice from another cause and are only 1n o flat surface

To ce then whether the spreading of Iight takes time let us consider first
whether there are any facts of expenience which can convince us to the con
trary As to tho e which can be made here on the earth by stnking lights at
great distances although they prove that light takes no sen ible ime to p.3
over these distances one may say with good rea on that they are too small
and that the only conclusion to be drawn from them is that the pa sage of hght
1s extremely rapid M Descarte  who was of apimon that 1t 13 instantaneous
founded hisviews not Yo~ o~ -
from the eclipses of the
convineing I will set 1
make the conclu 1on more comprehenaible

Let A be the place of the sun BD s part of the orbat or annual path of the



e ABD .. otz 2t Ene wheth T comose to meet the o of temaee,
Tk ersen rd br tte exee €D .. C

N Erct recmres trme frmexmyme o coe brer to traveme the quce which
xlorent e eamh oA thermoen 1 Wil folow th. theeasthE g armeed
EBtesadawbdr et ctterm e—pimcithe P wlinet vt
Irmerred _tleporm C b wilcnlv omve tbes o boo Srer T w11
~=mtematror Seer reckroms from the mren whenibeeanthwr L B
Tmtemom momzs € wilbe chormed b ths ceermtmo o o
Fondtebrn wlloet rach e earth £ ema mberborx Lt -
. att peanh i thce two ko= wilEve vved L B Theexnth toem,
bz B siTwe  secieed myns C whehy k. mbmrbece xdo.
LrovetmasTlertheem . A Forr bempmmoaba  Tomnoewth
Crger 2t r Bt momr S m e Eres 1ot deav p-
S wiEmp s B ocoa b teae chereved, we e tod, tha. the ecBpeed
Sorrvers. tepum of e erEris cprosre tothe szn o vet bare rt
Yrdaren oo, o tha prm by .n o= egnld to the nfe GEC
Leesrene of AFC Th. bovee @t ecn.rary to expe-ecce swre the
Tzle GEC wat be vey cenile .zd sboc® 33 depmees o wovordins to
TEeTp frp, whih 1 pven b tea 2te o the TS of tos phenone
Serivatmz the Extior B betwees the etk oo bm sz et
Lrsed & meres ¢ e ensth, LA bogee fver Ermdred trmes gres.es then
Vu&“mcfb:mﬁbsmiymm&w}:mrﬂ
t a2ty froz bondred tomes pve er th_o BAE, whieh - fire mmtes paman
I tepbat ntie enh frael 1n twobome Lot ot LA thn the
2 BCE %11 b resrt~ 33 degroes —d Ekeme the ook CEG wrdk s
¥ o 2 Sap

Bt r e b et the —ved of Exf. mthe rormen Be been o
?:aimh—rnksucpdut«:tomburm&mk-w
=7 =on. Lcom svgesth fer it e cot cop A ot tome then

BN Dasies ke, e L are CEG #10 cov te 53 rmomtes ood
BT werr? of e

© o rzes
peh T thea rewilbrlessth o expomcees And then g
~.thc~47tol:‘"€:‘-.:r'..4-.;ch‘ = cheyatie o the eelipse nor

=T W r b peemasditie to Gede Brom - tot s tmeermen of
“E.mrstat e

Lgmk“~*h€-m-<&:—mm&:~mknm



554 TREATISE O\ LigoT

carth it 13 chuefly engendered by fire an{ 1 vt 1
bodie t1 ¢ =

e

¢

3 ot all natura)
[ vumotions Tius 10 my opinton we must necessanh
do or else renounce =il hopes of ever compret nd ~~
Anda -t
of sight 1
ter !

u oue constders the evtreme speed with whieh hght spreads on
every side and how when 1t comes from different remons even from those
directly opposite the ravs traverse one another without lundrince one ma
well understand that when we see a lununous object 1t cannat 1ot
port of matter comne ta
arrow tewverses thea
properties of hight es 1L 15 1pen wm same ot} ]
that hight spreads and that ¢ v -

1 vauted by & movement
u i suceessively from one part of the air to another and that
the spreading of this movement  taling place equally ramdhy on ali mdes
ought to form sphenical surfaces ever enlarging and wluch strihe aurears \ow
there 15 no doubt at all that hight also comes from the luminous body to our
eyes by some movement impre <ed on the matter which 1s between the two
since as we have already seen 1t cannot be by the tran port of 4 body which
pa <es from one to the other If m addition hight takes time for its praage—
which we are now gomng to exarmne—it will follow that this movement 1m
pressed on the intervemng matter s succes ne and con equenth it nee !
as ound docs by sohene 1 7

B

therr resemt
15 thrown in v prowang as eircles though
thee - at surface

To time let us con wder first
wheth u © any 1aus of experience which can convince us to the con

trary As to those which can be made here on the eartl by stribtng hights at
great distances although they prove that hight takes no sen thle ime to pa.s
over these distances one may sa3 with good rea.on that they are too small
and that the only conclu 1on to be drawn from them s that the pa age of light
1s cxtremely rapid M Deseartes whowas fan on ¥

£ -

[
! Let A be the place of the un BD a part of the orlat or annual path of the
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~ - wvewh p the earth has come to E from D while approach

e atreried at E
dat D

\o¥ 1 quantities of obenat Vs v o nng ten con
wo e years these differences hate been found to be very con.:derable <uch
sstenr2..ates and more and from them 1t has been concluded that in order to
traverse the whole cuameter of the annual orbit KL, which 15 double the dis-

tce from bere to the un Light requires sbout 22 minutes of time

The movement of Jupiter 1n s orbut while the earth passed from B ta C
- 2~ b ealculstion snd this makes it endent that
Mlumnations or the anticipstion
<curnng 1o the movement of the
E  plze ortoitseccentnoty
K oz» conaders the va.t size of the diameter KL, which according to me 13
«ze {thoo.and diameters of the earth one will ackno ledge the extreme
wlooryofLght For supposing that hL1 no more than 22 thousand of these
dameters 1t appears that betng traversed 1n 22 minutes this makes the peed
s -4 Mameters 1n one second or in
{ hundred times a hundred

ontawns 2 860 leagues rech
:ida! 2atathe degree and each league 1s .,25- toses acconding to the exsct

“T;d;vmnt which Mr Picard made by order of the King1n 1669 But <ound

s :e sud shove only travel 180 totses 1n the <ame time of one <ccond
e the veloaity of Light 15 more than <ix hundred thousand times grester

b = feem her pr fan

Léh::fe‘md thatit pread, by «phencal waves hie the movement vl ~uunaw
ot e :ne reembles the other 1n this respect they differ 1n manv other
ams te:n u;u the first production of the movement which causes them 1n
Pt A:t ch the movement preads and in the manner m which it 1
e 0 t}x;tymdx oceurs 10 tZJe prodl:)mon of cound ore knows
-~ » an entire bodv or by a
Djd:?&!: l‘.\:: of ooe whieh hakes all the contimuous arr But the move-
e we chond 1 u;::v. onznate as from each pornt of the lurmnous object
B N 2“1:10; able to percetve all the different parts of that object as
S i e o ntin that which follows And I do not bebere that th. move-
boou i mehr txghmed than by supposing that all those of the luminous
2 cocngued ot quid <uch »s flames and apparently the <un and the <tars

of particles whach float 1n a much more subtle medium which

-

© Xigar; ‘

N‘f‘;ﬁ! chh‘: ;i:xi_t the ethereal matter The azitation moreover of the

T than s s u!n er the bt ou ht to be much more prompt and more

tte Ha b the bodies which cawse ound smince we do not <ee that
y which 1s giving out a <ound are capable of mving nse to
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Aend 1
<
i s 10L& que o Lreat
speed but of a succe sive m g o st '
others I have thenm ! e
postng that the er \
+h
‘ o aysseemed tome ) L
4 veam s beentot o ¢ 17
telhmbly and 1 he
im has sad r wlananeon o Yy
dealing wath hg « s propertes
But th

sceming » uus proot of M P,
winch I o & vlllate exnn fnet !
forat o~m®
rk

- least sic
1 4 sialed

» i makes use of the cclipees suffered by the Little planets which
revolve around Jupiter and which often enter his shadow and see what 1s lus
reasoning Let A be the sun BCDT the annual
orint of the earth T Jupiter GN the orbrt of the
nearest of his satellites for it 1s this one which 1s
more apt for this mvestigation than any of the
other three because of the quichness of 1ts revolu
tion Let G be thus sateliite entenng into the
shadow of Juprter H the same satelhite emerging
from the shadow

Let 1t be then supposed the carth being at B
some time before the last quadrature that one
has eep the said satellite emerge from the hadown
it must need  be if the earth remauns at the same
place that after 41217 hours one would agun sce
a mmlar emergence beeause that 15 the tune 1o
which it makes the round of 1ts orbit and when it
would come agun snto opposition to the sun ind
1f the earth for instance were to remain always
at B dunng 30 revolutions of this satellite one
would see 1t again emerge from the shadow after
30 times $2' hours But the earth having, been
carned along dunng this tume to C inerer tng
thus its distance from Jupiter 1t follows that of
ight requres time for 1ts pa age the tlumination
of the hittle planet will be percenved later at C

1d hasve been st B and that there mu ¢
{)};:xdﬁc‘t\l(:‘; this time of 30 times 121 hours that which the light kas required

to travere the pace MC the difference of the pwes CH BH Simmlarhy at
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bernstirred And even that one which was used to strthe remains motionless
saththem Whence one sees that the mos ement pas.eswith an extreme veloaity
et

ame
the

was
puus % oreover there are expertments which demonstrate that all the bodies
h hwaroal =

ww a 1Lt LU quite thiek prece of the same substance which
badafiat swrface hightly
maited round marks of sm.
wedkor trong This make<
eeet andeprin bach and iur Liss time must be required

\ow 1n 2pplying thus kand of movement to that which produces hght there
s nothing 6 hinder us from estimating the particles of the ether to be of a

ce a3 nearly approaching to perfect hardness and pos.es.inga pringt

e &S Prom

Pt as we choose 1t 1s not necessary to examine here the eauses of
thsbardne  orof ® ? i

el of & su

Hraims theyr gt n ~
ruc ~
att wonosuen an 1

> munne  enes ot different sizes of cor
F“\::e havin, different degrees of veloaity of which \ature makes use to
Bt o0 F2ny mans ellous effects

Ut thou hwe hallyen ~
::q‘?my bodies which

Pposing that 1t e
gi’t" é“—*-o i one wih

fuy v
a1
Lupeg
Over
Teogr
g
npd
4 whet!

P Mgation of her the

bght wllalw | v was equal veloaty
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hghtdewn as the movement of the hand mn the air s not capable of nre?
soun
Now if oncev ~ -
g from the
will ee that it

onn £e3

1

t

bouy \

Mr B

espen hen to place

the ~ annot com

" 1o the mn

¢ u 1ot then after having

4 13 1o sound from the metal though it 1sstr 1
une sees here not only that our air whie! e -

1s the matter by

enna L

woule
ucuonstrated even more clearly by the celebrated

experiment of Torricellr m which the tube of glass from wluch the quich slver
has withdrawn itself remamng void of arr transmts light just the same s
when ar 1s 1t For this proves that a matter different {rom air exists 1n this
tube and that thus matter must have penetrated the glass or the quieksilver
etther one or the other though they are both impenctrable to tia i
when 1n the same e\periment one =~ !
wate b~
thro

A wny inodes m which I have smid the movements of sound
and of hght are commumcated one may suffimently comprehend how this
oceurs in the case of sound if one considers that the air s of such a nature that
1t can be compressed and reduced to a much smaller space than that which it
ordinanly occuptes And in proportion as 1t 13 compres. ed the more dors 1t
enert an effort to regmn 1ts volume for this property along wath its penetr
bty which remmuns notwithstanding 1ts compression scems to prove thatat
15 made up of small bodies which float about and which are agtated very
rapidly 1n the cthereal matter compo ed of much smaller parts So that the
cau ¢ of the preadmg of sound is the effort which the ¢ httle bodies make in
coll 1ons with one another to regun freedom when they are o httle more
squeezed togerher m the eirewtt of the ¢ waves than elsenhere

But the extreme velocity of hight and other properties whuch st has eannot
admut of such a propagation of motion and I am about to how here ti+ 2y
1 which I concense 1t must occur To #¥ 3

[N 1

¢ mae of some very hard
£ « walldlipts themn astraght hne so that they touch one another
one finds on strlung with a simular sphere 2gun ¢ the fivt of theee rpheres
that the motion passes 18 1n an mstant to the It of them which reparates
steelf from the row without one s being able to percene that the others have
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e, And one must 1magme the same about every pont of the surface and of
the part within the flame
Bat as the percussions at the centres of these waves POSC~8 1O regular uc
tw  noosed that the waves themselyes follow one another
~ne  tobe uch
ralintervals
ame centre
nother with
- on

f

the movement 1 successine  Lhis may be pruwor = 3

O CO0EECO ©

== Thed from tno

will <ee cach

yet the whole

fon, its whole

Yensth twice over And if the-e contrary mov ements P meet one an
otherat the middle phere B orat ome other such as C that phere will yield
12d et as & <prin,, at both sides and so will sene tt the same 1nstant to

transmt these tswo motements

But what may at first appear full strange and exen incredibles that theun
dulations produced by such small moyements and corpu cles should pread to
5}‘_“‘\ immense di tances ns for example from the sun o from the stars tous
lor the force of these wa1es must grow feeblein proportion as they movea ay
‘:cmme:r ongmn so that the action of each one1n particular vl without doubt
mm&&pa\:\e of makan,, itself felt to our 1ght But one 11l cease to be
by considenng ho  at « great di tance {from the luminous body an

~ ~ - £V body

¢ only
1s this
points

‘:Eh‘“%‘ed tar b git may be as the un make practically only ouL N, € WILE
may well have force enou,h to produce an 1Mpres. 100 00 OUT €Y es More-
wnave m
orpu cles
therr setion more sensible rendenng

ad ::nlfdlheifunher con.ideration 1n the emanation of the
s ot o e n;) matter n which & wave spreads
the lummo:g y to the next particle which1s1n the straight hine drawn from
others uh ob pont but that 1t al o imparts some of 1t necessanty to all the

¢h touch 1t and + luch oppo.e them elies to its movement Sot

nses {]
hat around each particle there 1s made a wave of which that particle

s waves that
ought not to communicate
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And 1t must be known that although the parhicles of the ether are not
ranged thus 1 straight ines s 10 our row of spheres but eonf 2
one of them touches several others ¢ 7
ting their motvement and from sprea 13
be remarhed that 1w of motion erving for this
propagation and venfiable by experiment It s that when
o sphere such as A here touches everal other midar
spheres CCC 1f 1t 15 struck by another sphere B i such 4
way as to exert an umpulse aganst all the spheres CCC
which touch 1t 1t transmits to them the whole of tts move-
ment and remawms after that motionless ltke the phere I3
o> 4 And without suppostng that the ethereal particles are of
spherical form (for 1 sce indeed no need to suppose them
<0) ane may well understand that tlus property of com
municating an umpulse does not fasl to contnbute to the
aforesaid propagation of movement
Lquality of size seems to be more necessary beeause otherws o there ought
to be some reflevon of movement bachwards when 1t passes from s smaller
particle to a larger one according to the Laws of Percussson shich I published
some yoars age
Howeter one will gee hereafter that we have to supposn + =
not so much as & necessity fo the -
noAn

atit. equal for & purposs o

1 -
1 ut npht ot least i th ¢
region of atmn
sun and ¢
I have u 110 what manner one may concenne hght to spread sue

cessively by sphemecal waves and how 1t 15 posaible that this spreading 1s
accomphished with as great a veloaity as that which
evpenments and celestial observations  demand
Whence 1t may be further remarhed that although
the particles are supposed to be i continual move-
ment {for there are many reasons for this) the succes
sie propagation of the waves eannot be hindered by
this becausc the propagstion consists nowise 1n the
teansport of those pirtseles but merely tn a small
agtation which they cannot help commumeating to
those surrounding notwithstanding any movement
which may act on them causing them o be changing
po=itions smongst themselves

But we must conaider still more particularly the
ongn of these waves and the manner 1n whuch they
gpread And first 1t follows from what has been satd
an the production of hight that each hittle region of a
Juminous body such as the sun a candle or a bum
ang coal generates i< onn naves of which that regon 19 the contre: Thus lm
the flame of 2 candle having i tingu hed theponts A B € contentnr areles

de enbed about each of these ponts represent the naves which come from
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tte craght lines AC AE as has yu-t been hown the parts of the partial
wtres whieh presd outside the pace ACE being too feeble to produce Light
there

\ow hovever emall we male the opentng BG there 1s alwavs the same
macoratse thebght there to passbet een traight inew 1nce this opening
L aleav-lares enou h to contain g great number of particles of the ethereal
ratte which are of an inconceivable smalinews o that st appears that each
E I partion of the waye necesarily advances follo ving the traight Line which
exee from the lummous pomnt Thu. then we may take the ravs of Iiht as
fth v wee traight hne<

It sprears morecter by what has been remarked touching the feeblene-s
of the particular waves thatit1 not needful that all the particles of the ether
¢ 2. dbe equal amone-t them-elve~ though equality 1s more apt for the prop-
32 rnof the movement For 1t 1s true that inequahity will cause a particle by
-t azumst another larger one to tnve to recoil mith a part of its move-
ze.t bt at will thereby merely generate backwards towards the lummous
P =ome partal waves ineapable of cauang hight and not a wave com
.. of many as CE was

Lothe properts of wates of b bt and oze of the most marvellow. 15 that
¥ #n <ome of them come from different or even from oppo<ing 1de~ they
o ce their effect aeross one ancther without any hindrance Whence al o
¥ eomes about that s number of spectators may view different object at the
£ tize through the same operung and that twa pereons ean at the same
tzeweore another eves. \ow according to the explanation which has been
5“’20‘ the action of Light bow the waves do not destroy por 1nterrupt one
Y r;“d“ when they eross one another the-e effects which T have ju.t men
b e eatly concerved But in my judrement thes are not at all eacy to
‘m"‘i accordie 10 the views of \I De<carte~ who makes b bt to consi_t m
sty ::T bressure merelv tending to motement Forthi pressure not being
oy ::!: % oppo-tte sides at the <ame tume again t bodies vhuch have
IE.e boen s o afpmacb one another 1t 1s1mposable o to understand what
Yow two !or:h)me sbout two per<ons mutually =eeing one another s eyes or
s can luminate one another

CHAPTER TWO

On Reflenion

Hernsg expluged
e er we w]l
clerbodes 1y
"F‘ILN ame
W
4

the effects of waves of hght which «pread n s homogeneous
€Qumine next that whick happens to them on encountenng
€ will fir<t male evident how the reflexion of fight 15 explained
aves and_} by 1t preeries equality of an_les.

s
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15 the centre Thus 3f DCT 1 + wave emanatng from the luminous pornt \
which 15 1ts eentre the particle B one of tho ¢ comprised within the phere
DCF wll have made its particular
or partil wave hCL wnluch will 4
touch the wave DCT at C at the
<ame moment that the prneipal
waie emamting from the point
hasarrned 4t DCT and 1t 15 clear
that 1t will be only the region C of
the wave KCL which will touch
the wave DCI™ to wat that which
ismthestrught hne drawn through
AB Stmularly the other particles of
the sphere DCT such as bb dd
ete will each make its own wase
But each of the ewavesean bemn
fimtely fecble only as compared
with the wave DCT' to the compo ition of which all the others contnbute by
the part of their surface which 1s most distant from the centre 4

One sees 1 addition that the wave DCI 1 determned by the  tanee
attuned i 2 certan pace of time by the movement which tarted from the
pont A there being no moiement bey ond tins wve though there will be m
the space wiuch 1t enclo es namely m parts of the particular wune 1~

parts which do not touch the phere DOT 42 '
fraught witl ¢on -

that all the 1y, to nts reflevion and
1ts refracts . o [1uned mn principle by this means This s 8 matter

which has been quite unknown to thee who lutherto have hegun to con tder
the waves of ight amongst whom are Mr ooke i tus Vicragraphia and
Tather Pardies who 1n s treatise of which he let me ce a portion ands ! 1
he was unable to complete as he died shn ¢ v
prove by the »
dation whie
nn ten
13 Lotua

» uputties of ight W rerme £ t

wayeourtt ¢ -
same str uu  the portion BC «f

the wave o Juminous point A as its centre will spread into the arc
CE bounded by the straight hnes ABC AGF  or although the particular
waves produced by the particles compn ed within the space CAl spreadat o
outside this space they yet do not concur at the <ame instant to compo-c a
wate nhuch termunates the movement as they do precicely at the arcumfer
ente CE which s thetr common tangent

And hence one sees the reason why hght ot least if s r1ys are not reflected
or broken spreads onfy by trmght ine tex

pant 3o F;r
: wui alsays be terminated by

1
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tte ceright limes AC AE as has just been shown the parts of the partial
xavewhich pread outside the space ACE being too feeble to produce hight
there

\ow however small we make the opemng BG there 15 aluays the same
reaoncaunn the light there to pass between traight hines swnce this opening,
1 always laree enou h to contarn a great number of particles of the ethercal
eatter winch are of an mconcersable maliness so that it appears that each
L tle portion of the wate necessanly adsances following the straight line which
erzzes from the luminous point Thu. then we may take the rays of hght as
1 thev were <trm ht Lipe

Tt a~pears moreover by what bas been remarked touching the feeblenecs
of the particqlar waves th - -

Loe.dbe equal amon

«= mefthe movenn

P, mstanol

ez brtst will th edv me-els geperate backward tosard th luminus
P sme partz ] waves wmeapable of canzng hight and not a vave com-
rzddof oy o CE well

A tbe, propeviv o wm—
¥ oo of them
Fome te, el
teames Byyee b
EL—-‘L—'T!E-- e Cremnr, cod th two peom ean st th pme

FeeLnmer eves Now zeed_ztotbeernn  mynich bl been
Kﬁ—‘-—’»’h’:‘-c I lowtke weve dap 4 dstroe o mmemLpt e
’gn-;:"&_mm oe _optem e ¢St ko LEove yot mens
!l?«zf e T C':T;‘J:L B ?‘::‘r '"'L:—:‘: Semzern stz slles to
‘rﬁ"—"%’w T P (VL Doemariis vt kel toem~ m
ve ';~_~’f“f:¢:z=rr_r£4.r = ecter, Ferth, preezron #beeng

e TRt s a, Se gree cre _pveeet b T on b~
HT:_’:;"‘;"""‘ Cegzeles vt = e a0t edests A prs
< r— Py
e ST T s e
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not be exempt) and let a hne AC nchned to \B represent & portion of &
wave of light the centre of which 15 so distant that this portion AC mmy be
considered as o straight hine for 1 consider a¥f this asn one plane imaginng
to myself that the plane
which this figure 15 cuts the
sphere of the wave through
its centre and nterseets the
plane AB at nght angles This
evplanation will suffice once
for all

The piece C of the wave
AC will 1n & certam space of
time advance as far as the
plane AB 2t B following the
straight hine CB whueh may
be supposed to come from the $]
luminous centre and which
m consequence 13 perpendic M
ular to AC Now 1n this same M
space of tirae the portion \ of
the same wave which has
been b~
leas

kN

1 A and 1ts sem
4
v wonstders further the other preces H of the wave AC 1t appears that
they will not only have reached the surface 1B by strught lines HI parallel
to CB but that in addition they will have generated n the transparent air
from the centres h k' h particular sphenenl waves repre ented here by ar
cumferences the serm-dinmeters of  * that -~ b)
tha =
<

s

ce

1ues of which Vs the
« a3 1% easy to Fee

« u BN {compn ed between B and the point N where the
perpendicular from the pomnt \ falls) nhich 15 asit were formed by all thee
crrcumferences and which terminates the movement which 1s made by the
seflexton of the wave AC and 1t 13 also the place where the mosement occurs
1n much greater quantity than anywhere el Wherefore accarding to that
which has been explaned B 13 the propagation of the wave AC at the mo-
ment when the prece C of 1t has armved at B Tor thert 14 no other line which
Like B 13 a4 common tangent to all the afore ud eircles exeept BC below the
plane AB which hne BG wonld be the propagation of the wave f the move-
ment could hate pread 1n 2 medium homogeneons with that whichisab e
the plane And if one wi hes to see how the r b
PN ! . i »
1
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wave AC has become broken up into all the ORL parts successively and that
1t has become straight agam at NB

L L« f A vioni made eaual to the angle

But 1n conadermg the preceding demonstration one might aver thatit1s
wdeed true that BN 1s the common tangent of the circular waves in the plane
of this fioure but, that these wases being i truth spheneal have still anin
fmtude of mumular tangents namely all the straight lines which are drawn

- AN oy W b

Tsay then that the wave AC being regarded only as a hne produces no hght
Fora visble ray of light however narrow 1t may be has always some width
+ R

d“‘:!llwﬂmhun that each small piece of this wase HC having arnved at the
g: e 1\}1‘3 and there generating each one 1ts particular nave these will all

TlE shen Carmvesat B a common plane whteh will touch them namely &
arcle B\ smular to CH and thus will be intersected at 1ts mddle and at nght

2 leg

D by the same Plane 1 huch likewise inter<ects the ercle CH and the ellipse
One

Nmmo:w; :Lo that the sud spheres of the partial waves cannot have any

where 1 ut plane other than the aircle BN so that 1t will be this plane

L urat least not wholly Whence 1t1s to be remarked that though the
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not be exempt) and let a line AC 1inclined to \B represent & portion of 4
wave of hight the centre of which 1s <o distant that this portion AC mav by
considered as a straight Iine for I consider all this as 1n one plane magning
to my<elf that the plwne mn
which this figure 15 cuts the
sphere of the wave through
its centre and inter-ects the
planc AB at nght ansles This
eplanation will suffice once
for all

The piece C of the wave
AC will 1n a certamn space of
time adyance as far as the
plane AB at B following the
straight hne CB which may
be suppo ed to come from the
luminous ecentre and which
1n con equence 1s perpendic-
ular to AC Nowin this same
space of time the portion \ of
the same wave which has
been hindered from commumcating 1ts movement beyond the plane AB orat
least partly o ought to have continued 1ts mosement 1n the matter which 1s
above this plane and this along a di tance equal to CB making its own partial
spherical wave according to what has been said above Which wave 1s here
repre ented by the circumference SNR the centre of whichis 4 and its <em:
diameter AN equal to CB

If one considers further the other preces H of the wave AC 1t appears that
they will not only have reached the surface \B by strught lines Hh parallel
to CB but that in addition they will have generated n the tran.parent air
from the centres h I. I particular pherical wave repre ented here by arr
cumferences the semi-dinmeters of which are equal to KM that 1s to <av to
the continuations of HL as far as the ine BG parmlicl to AC But all thece ca1r
cumferences hay e as a common tangent the straight ine B\ namely the <ame
which 1s drawn from B as & tangent to the first of the cireles of which Y15 the
centre and AN\ the emi-diameter equal to BC asisew) to ec

It 1s then the hne BN\ (comprised between B and the point N\ nhere the
perpendicular from the point A fall ) which1s asit were formed by all these
circumferences and which terminates the movement which 15 made by the
reflexion of the wave AC and it 1s also the place where the movement occurs

1 much greater quantity than anvwhere else Wherefore according to that
el T e - - - [ad 1 mo~

( hich

the

ove-

ment could have pread n v medium homogencous with that nhich 1s above
the plane Andf one w1 hesto ee how the wave AC has come uccesivehy to
BN one has only to draw 1n the same figure the straght lines RO parallel to
BN and the strmght hnes L L parallel to AC Thus one will <cc that the strught
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ware 4C has beeome broken up into sll the OKL parts successively and that
1t has become straight agam at \B
\ow it1s apparent here that the anele of reflexion 1s made equal to the angle
of madence For the tnanoles ACB BN\ A being rectangular and having the
de AB common and the 1de CB equal to \ A 1t follows that the angles
- +heee ades will be equal and therefore al o the angles CBA \AB
= ¢ hemadent rav o
the reflected ray

ton one mught aver that it ts
he cireular waves in the plane
uth pheneal havestill an
raight bnes whieh are drawn
Fom the pot B in the surface generated vy the straight line B about the
2usBA Ytremam. therefore to demonstrate that there 1s no dafficulty heremn
2d by the same srgument one wall sce nhy the mncident ray and the reflected
Ty are always in one snd the same plane perpendicular to the reflecting plane
LS!)' then that the wave 4C being regarded only as a lne produces no Light

= M ra #1 Wt hone er narrow st may be bhas always some width
;

1

ES

ht

C
H
N,
S

anles
b ¥ the are plane which bkemise intersects the arcle CI and the ellipse

One seeq 210
that the .ud pheres of thy
€9Tmon tanwepy plane other t 5 ardle

X partial waves cannot have any
Where th,
iy ere )l be

han the arele B\ o that 1t will be this pla
moare reflected movement than anywhere el ands“?h:g!:
— b e O

T
Plaze g1
oratleat not wholly Whence it 15 to be remarked that though the
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movement of the ethereal matter might commumieate 1tself partl #~ 4%
the reflecting body  this could in nath -
$ha

1 « muter lhiscomes
[ p ¥y o1 bodies which act as springs of which we have
spohen above pamely that whether compressed little or much they recoil in
equal tines Tqually so m every reflevion of the ight agamst whatever bady
1t may be the angles of reflevion and meidence ought to be equal notwith
standing that the body mught be of such a nature that 1t t1hes anay ane # an

of the movement made by thein 4 » ¥~ n
f +4v

r
as has been supp
aft
« v ule another which particles
- aln wnose of the ethereal matter as will appear by what we shail
say 1n treating of the transparency and opacity of bodies Forthean f » ~
sisting thus of particles put torethn
)

anu tne thing 1s expl
the particles of quichsihver for -
mullions of them 1n
of gramns of sand wt
this surface then bec
although it alwaysre
evident that the cent
have spoken are slmost in one umform p
gent can fit to them as perfectly as s requ
this alone 15 requisste 1n our method of w  utstritton to cause equahty of
the said angles without the remainder of the mos ement reflected from all parts
being able to produce any contrary effect

CHAPTLR THRELL
On Refraction

ay as the effects of reflevion hase been explamed by wases of

llxr;;htth ge?l%?ti(? ug the surface of polished bodies we wall explam tran parency
and the phenomena of refraction by waves winch spread withm ant acml +
diaphanous bodes both ohds such ssglr  and hquids such as water ails
te Butin order that 1t may not scem strange to suppose thig pas age of nanves
fucthe intertor of theee bodies T wall first show that one may conceve tt pos-

sible 10 more than one mode
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annnnt penetrate transparent bodies at

_ve tevaecfansturetosti s e v oo
rord we emdoth T tran parent bqud they being composed of geluttt 4
ser ~e5, B 11t may seem more diffeult — regards gla. and other tran.parent
1.1 dbeTe- tecsuse therr <ohditv doe< ot <eem to permit them to recen e
erement exrept 12 thetr who'e ma_» at the .me time Thi however L. oot
svessary becse th sohdi‘v i 1O v ch .1t appearstoit st being probable
n_p to. theee bodes are compo-ed of particles merely placed cloe to oz
g ot At dtoge ke by some prestire from without of some other mat
Yo _Abrterrem.n vof then Bupe To pnmanl therrantyi. hown
1 s vw hwhb.chtherepaoses thronsh them the m3 te of the vortices
dtemmyt A th, whehcsuses ey Futhe oz canno sav that
Uer beis o ¢ & texture azils. to th. © 3 Fpomge © of Len bread,
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trary one finds that the sphe »

port ~n
be
wit
the ’
Tue sec
more prob
ethereal m
parent bodies T t
follows that they
- - 3
1 v \
n
s U cuunstituent matter of
1 « proportion of their 1 o m» sater
weighs only one fo Tver
therefore the
- quich

gold 1s by no means den e as
«  nat the matter of the vortices of the magnet and of that
which 15 the cause of gravity pass very frecly through it
But it may be objected here that »f water 15 a body of so great ranty  »4
its particles occupy so small a portion of * 3
18

very t n-
self t 1w tscayed to employ
prese - ta s ugqudity wihile subjeeted to this pressure

This 1s no small difficulty It moy however be resolved by saying that the
very violent and rapid motion of the subtle matter which renders water
liquid by agitating the particles of which 1t 13 compesed mantams this hq
wdity in spite of the pressure which hitherto any one has been minded to
apply to1t

The ranty of t = =
conceves that t
fills the mterstic uie may behesve that the
progresston of the « waves ought to be a httle slower 1n the mtenor of bodies
by reason of the small detours which the same particles eause In which differ
ent veloerty of hght I shall show the cause of refraction to consist

Before doing so I will indieate the third and last mode 1n which transpar
ency may be concerved which ts by sunnosine #¥
of bghtist » —
which oce
thm -~
t
t

Lipuse
And it wall be scen

of
thtu

e
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particles and <01t il be these secondary particles which mil recerve the
movement from those of the ether e et e
>
e
_over m the mtenor of such bodies thanitisoutaut win ¢ a ws
—_ b W

h mnd 1 hich the waves of

ey penetrability by the ethereal matter one micht al:o prove that the same
pe.etrebilty obtamns for metals and for every other sort of bedy For this
sheebon  for example of iver 1t1 certamn that it contamns ome of the
ethereal matter which serves for ight 1nce this was there as well asmn the aur
when the opemin of the phere was closed Yet being closed and placed upon
2 bonzontal plane 1t re<i.t the movement which one w1 hes to mie to it

- Y

- o nfeh ™A athaton mu t

ought alo to be tran parent which however 15 not the case
Whence then one will say does their opsaits come s 1t because the par
ticles which compose them are oft that 1stosay these particles being com
Posed of others that are maller are they capable of chaneing their firure on
Tecenng the pres. ure of the cthereal particles the motion of s hich they there-
damp and <o hinder the continuance of the waves of hght? That cannot be
for f the particles of the metal are oft how 151t that poli hed 1ilver and mer
C\g}' reflect hght so tron 1y What I find to be most probable heremn 1 to ay
that metalbic bodies which are almost the only really opaque ones have mixed
;—’!'-U"n therr hard particles ome <oft ones <o that ome erve to cause re-
#3300 3nd the others to hinder tran pareney nhile on the other hand trans-

:::l‘m;s congm kc:nl\ hard particles which have the faculty of recorl and

er vith those

“'"! oy o U beenoia:ge ethereal matter for the propagation of the
4

lhe
™ m‘ﬁ:; gmpert)‘ of refraction 1s that o ray of bht such as AB bemgin

lling obliquely upon the pok hed urface of

o a tran.parent bod;
n:: s FG 1sbroken at the pomt of ineidence B in such & way that with tﬁe
CBI

ar

aa
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trary one finds that the sphero e ¢+ 1
L}

pnrf ~e
b
w
=t tnat by this process
tt wo ¥ iy be mferred also s relating to opaque bodies

The second mode then of explaming transparency and one wlich appears
more probably true 15 by saying that the naves of hght arc carmied on n the
ethereal matter which continuously occupes the interstices or pares of trans~
parent bodies For mince it pas es through them continuoushy n 1 fee
follows that they are alwavs f W af

uu Lt toree ss required to
1 4 nonzontal veloaity on bodies i proportion as they contain
cohterent matter and if the proportion of this foree follows the law of n oghts
as1s confirmed by experiment then the quantity of the constituent matter of
bodies also follows the proportion of their wesghts Now we see that water
weighs only one fourteenth part as much as an equal portion of quich.ilie
therefore the matter of the water doe nnt e -
space nh rh b -
silver
follow ot tue magnet and of that
which v tause of gravity pass very frecls thrn oh

But 1t may ke o+
‘-

i o a5 ntnerto es.ayed to employ
pu b even s entire hquidity while subjected to this pressure
This 1s no small difficulty It may however be re olved by aying that the
very violent and rapid motion of the subtle matter wluch renders water
hquid by agitating the particles of which 1t 1s composed mamtams this g
wdity 1 spite of the pressure whick Iatherto any one has been minded to
apply to1t

The ranty of transparent bodics being then such as we have smd one ewmly
concenves that the waves might be carried on 1 the ethereal matter which
fills the 1nterstices of the particles And moreover one may beheve that the
progression of these was es ought to be a httle slower n the ntar~ of bodies
by reason of the = * hch differ

ent veloetty of It
Before domng s « w o« tunra and last mode w niuch tran par

eney mny be concenned whichisby supposing that the motcment of the waves
of light 15 transmutted mdifferently both mn the particles of the ethereal matter
which occupy the interstices of bodies and i the particles which compo e
them so that the movement pas-es from one to the other And it will be seen
hereafter that this hy pathesis serves excellently ta explamn the double refrac
tion of certam transparent bodies

Should 1t be objected that if the particles of the ether are smaller than those
of transparent bodies {since they pass through ther intersals) at would follow
that they can communmcate to them but httle of therr movement 1t may be
replied that the particles of these bodies are 1n turn componed of still smaller
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pa:tx’.s'l.wamw ’hireb) arews f e tEe er d s “ :f zhnih

o mces had been of the same penetrability
o all thee fe have fora tangent the trmight hne
B\ namely the.ame hine which 1s drawn s 2 tangent from the point B to the
f S\R which we considered first For 1t 1sea.y to sce that all the
- - of con
N

which
ferznstes the moversent that the wave AC has commumeated withmn the
trap parent body and where this movement oceurs 1n much greater amount
{han anvwhere ele And for that rea on thy line 1n accordance wath what has
een sud more than once 1s the propagation of the wave AC at the moment
wtenits prece C has reached B For there 15 no other hne below the plane AB
which 1. bhe B\ a common targent to all the e partial waves And 1if one

would know how the wave AC has come progresavels to BN 1t 1 necessary
vt A R o £ -~ -

thelu
astry
thaty
alree

wlue nt e -

:‘)‘nﬁien; " 1 Jexaty m the tran.parent sub tance towards AF For

the sine

exchoft

to NAF

fize of ¢

BCtoA

Istowar

2oge Dy & miloul slovards Ak therefore also the sme of the

oty E will be to the aime of the angle N\ AF the same as the sud velooities
To see cans

sequently what the refraction il be when the wa:

}:;mma “ubstance 1 whuch the movem nt trax 1 m rar 1L of lght

Beces.

have

fxmd

*ave
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from the points of intersection npon the strught ine DL which are called the
sines of the angles ABD CBE hase a certan ratio between themeelsos which
r1ti0 18 always the snme for all inchinations
of the sncident ray at least for o gnen trans
parent body This ratio 15 n glass rery
newrly as8 to 2 and 1n water very newly
as 4 to 3 and is likewise different 1n other
diaphanous bodies

Another property similar to th s that
the refractions are reeiprocal between the
r3ys entering into o transparent bod; and
tho ¢ wlich are leaving 1t Fhat 13 to sy
that of the r1y AB wn entening the tran par
ent body 1s refracted into BC then bikews ¢
CB being taken as a ray in the intenor of thus body will be refr ¢ 1 ~-
g out nto BA

T

lat

) waen | say plane that
< o wp dLtelen
ness but such as has been un
derstood 1n treating of reflex
10n and for the same reason D
Let the hne AC represent a
portion of a wave of hght the
centre of which 1s supposed so
distant that this portion may
be considered a5 a stratght line
The prece C then of the nave
AC will in a certain space of
time have advanced as far as
the plwne AB followmg the
strught lime CB which may be
imagined ss comung from the
luminous centre and nhich
con equently will cut AC 2t nght angles Now 1n the snme time the piece
A would have come to G along the strught ne AC equal and paraliel to
CB and all the portion of ware AC nould be at GB if the matter of the
transparent body tranemitted the movement of the wave as quiekly as the
matter of the ether But lot us <uppo ¢ that 1t tran muts this movement le s
quiekly by onc third for mnstance Motement will then be spread from the
pont 3 1n the matter of the transparent body through a distance equni to
two-thirds of CB mnhing its own particular spheneal wave secording to w bt
has been said before This wave s then rep ited by the crecumference S\
the centre of which1s \ andits emi-drmeter equal ta tno-third. of CB3 Then
+f one considers 1n order the other preces H of the wave AC 1t appears thatm
the same time that the piece C reaches B they will nnt ant t

the surface 47 ' -
tion they
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erclesharin,_ radut equal to?/ of the lengths LB towhich they correspond For
o1l ttece curcles will be enclosed 1n one another and wall all pass beyond the
tB

w‘:o\v 1t 15 to be remarked that from the moment when the angle D1Q1s
~ A== to pass mnto the other
m which cccurs st the

to reqhize by expen

ment with 8 tnaneular prim and for this our tnevry can afford this reason
Then the un e DAQ1s till large enou b to enable the ras DAtopas 1t1
endent that the heht from the portion 4C of the wave 1s collected m & munt
rum <osce when 1t reache B\ It appearsal o that the wave B\ become o

I

r

t

AC 1 entirely reduced to the <ame point B <imilarly when the prece 11 nas
-~

m-enfomeg the partial waves which produce the wterior refleuion agan. 1 the
' - explamed
nce DAQ causes the
for this an_le bewn|
49 decrees 11 munutes 1n the glass the anrle BAN 1sstill 1§ degrees "l:mnntesg
ndthe ame an le bewn,, reduced by one degree only the angle BAN 1s reduced
:gxem and 50 the weve B\ reduced to a point) thence 1t comes about that
the wtenor refleion from being obscure becomes <uddenls bnght o oon as
s‘ sogle of inerdence 1s such that it no longer gives passage to the refraction
ﬂ'-eo‘th 23 concerns ordinary external reflewon that 1s to <ay which oecurs
m'!tln e angle of incadence DAQ 1s still large enouh to enable the refracted
pecetrate beyond the surface 4B thus reflenon .hould occur agun t
adcp:;tédfs of the substance which touche~ the tran_parent body on its out
wth the 1 u?ppﬂnem!v occurs again.$ the particles of the air or others mun _led
ey ; 3 ereal particles and larger than thev So on the other hand the
e ang ‘:ﬁon of thee bodhes occurs agun.t the particles which compose
Lm?rﬂowsm(;h are al.o larger than those of the ethereal matter 1ince the
0 e o err nterstices It 1s true that there remains here ome difficulty
tckes of a:?&:xfems 1n which this mtenor reflenon occurs without the par
£ by b enﬁ;\:l; to contnbute toit asin vessel o tubes from which the
fesee moreover teaches us that these two reflesons are of nearl,
;?;:l;:ﬁ t;1111'1 that 1n dufferent tran parent bodies thev are so much thi
festly that m& refraction of the<e bodies 15 the greater Thus one stes mam
e the :eﬂcnon of plass 1s stronger than that of water and that of

oat
e
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AC will have advanced as far 13 BN 5o that BQ the ne— 13
to AN the perpendicular nn ™ " »
1 o it wy uamely that if NA

fqll e ne 1

& « wuo Stquat to
250f AB oris g - cannot torm one side of the tmangle ANB
since 1t becomes equal to or greater than AB 5o that the portion of winve BN
cannot be found anywhere nerther consequently can AN which ought to be
perpendicular to 1t And thus the inerdent ray DA does not then pt » #hn
surface AB

Wb~ *
wh b
48
i « u u4 us1tis very nearly
" w 1 s angle DAQ must exceed 41 degrees 24 minutes And tius
accords perfectly waith expenment

But 1t mught here be a Led since the meeting of the warve v~
surface AB ought to ornd o =~

side why doesno
what has been sm N »  alts an mhinitude of partia}

waves 0 the matter winch 1s at the other ssde of AB these waves never have
a common tangent line (either straght or curved) at the .ame moment and
£o there 18 no line termunating the propagation of the wave AC beyond the
plane AB nor any place where the movement 1s gathered together i suffi

ciently great quantity to produce hight And one will easily zee the truth of
this namely that CBbeing larger than 250f AB the waves exested beyond the

plane AB will have no comman tangent tf about the centres k. one thea draws
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Here BL and KD\ are the sines of angles BKL KBM that1s tossy of the
s.Jes PBA QBC and therefore they are to one another as the velocity of
Eghtin the medium A 15 to the velocity wn the medium C Then the time along
LB isequs] to the time along KM and since the tume along BC1s equal ﬁ? the
tume alor ™ he -
But the
AR\ 5]
alem ARG will exceed by as much more the time along ABC Hence 1t ap-
pears that the tume along ABC 1s the . hortest posable which was to be proven

CHAPTER FOUR
On the Refraction of the Air

Websve shown how the mov ement which constitutes hght preads by spher
teal waves1n any bomogeneous matter Anditis evident that when the matter
L oot bomoreneous but of such a constitution that the movement 1s commum
€ated 1n 1t more rapidly toward one side than toward another these waves
earnot be spherieal but that they mu t acquire their figure according to the

en one 1s at sea Because alo of them the <un and the
2001 3ppear as risen before 1n fact they hay

¢ and appear to <et later o that
l‘:t times the moon has been seen echipsed while the sun appeared still above the
onzon And galwn b 3
ke ctare always s
eame refract

-~ 1> Uue experiment
1y evident which 1s that of fixing a telescope
an object uchasa teeple or 2 house at g dis-
e or more If then vou look thm 1 A
it alwavs fived 2
ect wll not alwax
b morx: but that generally 1n tue mormng and m the evemng when there
o m‘“-\pours near the earth theee objects scem ton e higher =o that the
tovang ore of them will ng longer be v1 1ble and o that they seem lower
by mid-day when these vapours are dis ipated
e
tran pare
forall g1,
s Ity
&re prope
tsfull afs.
0 fsee

whieh renders thys refraction yes
08 some £pot <g that g, wiews

@ of balf a Jeev,
the day leayyg
P0ts of the oby
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wise at the plane ¢

possible tume ar .
vl ne

& air But he assumed

i u smes which we have just proved by these dif
{  uuucgrees of veloetty alone or rather what is equivalent he assumed not
anly that the velocities were different but that the hght took the least t ma
possible for its passage and thence deduced tha ~~-
His demonstration Y -
of letters of M Desc & o treanother whichi
sinpler and easier

Let RF be the plape ¢
t
{
t wy s to L
huving been refracted at B according to
the law demonstrated a little before
that 1s to say that having drawn PBQ
which cuts the plane at right angles 1
let the sine of the angle ABP hase to ¥
the sine of the angle CBQ the same K
ratio as the veloerty of hght in the me- M
duim where A 1s to the velocity of hight
m the medsum where Cas It 1s to be
shown that the time of passage of hght
along AB and BC taken together 1s the
shortest that can be Let us assume
that it may have come by other lmes X
and 1n the first place along AT FC Q
so that the pomt of refraction T may be farther from B than the pamt \ and
let AQ be o hine perpendicular to AB and T'Q parallel to \B BH perpen
dicular to I'O and FG to BC

Simce then the angle HBY 1s equal to PBA and the angle BIC equal to
QBC 1t follows that the sine of the angle HBF will ol o}~ he <ame ratio to

A

the sine of BI'G as the elnr 2 1ts veloaity 1a
we tahe Bl ag

v Jitoonesnatt ¢

1 sna the efn ~

supposing th 1

the intenor ‘

OH theref

the time al - n whe tme along OI'C

will be long o wng ABL But Alislonee B - n the time

sill by ju t ~~
e WC the

Dow let us assume
pomt of refraction K an tne point Bis and let CN be the

perpendicular upon BC R paraliel to BC B\ perpendicular upon h\ and
hL upon BA
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spectator st A, 1ts regron C will be the farthest advanced and the straight hne
AF which intersects this wave at nght angles and which determnes the ap-
A - ne h

be percerved 1n the line AF by refraction. But this angle EAE 15 scarcely ever
bt e

-~ 1 rath

tobe seen, although the £pot from which 1t 15 viened 15 always the same But
the rezsan for thus effect wll be stull more evident from what we are going to
remarl touching the curvature of rays It appears from the things explaned
above that the Pprogression or propagation of a small part of a wasve of hght 1s
properly what one calls a ray \ow these rays wmstead of bewg straight as they
e 1n homorenecus media ought to be curved 1n an atmosphere of unequal
weoetrability For they necessanly follow from the object to the eye the Line

1
U wor

"::: ‘spﬁcs not hander the pomnt A from being seen Now according as the air
oy AEB::}‘ exceeds tn density that which 1s higher the curvature of the
T, whuch 1y Oles greater so that at certuin times it pa ses above the summt.
Cimy ovs the point A tobe percerned by theeye at B and at other times
ercepted by the same toner E hich hudes A from this same e3e

b
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up higher the density of air dumimshes 1n proportion Now whether the par
ticles of water and those of air take part by means of the particles of ethereal
matter n the movement which constitutes hght but have - less prompt recorl
than these or whether the encounter and hindrance which the o particles of
air and water offer to the propagation of movement of the ethercal progress
retard the progression 1t follows that both hinds of particles flying amdst the
ethereal particles must render the air from a great height down to the carth
gradually less easy for the spreading of the waves of Iight

‘Whence the configuration of the waves ought to become nearly such as this

il >
’ ,4“\'?“ &
i q y

figure represents namely 1if A 1s a light or the visible point of a steeple the
waves which start from 1t ought to spread more widely upnards and less widely
downwards but 1n other directions more or less as they approxumate to these
two extremes This being so 1t necessanly follows that every line intersecting
one of these waves at nght angles will pass above the pomnt A always cxcepting
the one line which 1s perpendicular to the honzon

Let BC be the wave which brings the light to the spectator whoisat B and
let BD be the straight me which inter ects this wave at nght angles Now
because the ray or strught hine by which we judge the spot where the object
appears to us 15 nothing else than the perpendicular to the wave that reaches
oureye as will be understood by what was sard abosve 1t 18 mamifest that the
pont A will be percerved as being mn the hine BD and therefore higher than
1n fact 1t 1s

Similarly 1f the earth be AB and the top of the atmosphere CD which
probably 1s not a well defined sphencal surface (since we know that the str
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spectatorat A 1ts remon C will be the farthest advanced and the straight hne
AF which intersects this wave at nght angles and which determines the ap-
parent place of the sun will pass above the real sun which will be secn along the
Ire AE. And s01t may oceur that when 1t ought not to be nisible n the ab ence
of vapours because the line AE encounters the rotundity of the earth 1t will
be percerved 1n the Line AF by refraction But thus angle EAF 15 carcely ever
more than half a degree because the attenuation of the vapours alters the
waves of light but httle Furthermore these refractions are not altogether con
antm all weathers particularly at mall elevations of 2 or 3 degrees nhich
recults from the different quantity of aqueous vapours nsin,, above the earth

And this same thing 18 the cause why at certamn times a distant objeet will
zﬁdden behind another less distant one and jet may at another time be able

o IS

; nhtl:umo"eneous medis ought to be curied 1n an atmo.phere of unequal

‘he bibity For they necessanly follow from the object, to the eye the Ine
ich intereans o~

ure [p

huch det

::""r“ngu;;’e objeet Eor although the pownt of the steeple A appears rmsed to D
- Izet ot appear to the eye B 1f the tower H was bet veen the two

poking dmcmsses the cune AEB But the tov er E which 15 beneath this

e the n;t hunder the pont A from being seen Now according as the arr

ny \EB'{)&: exceeds in densty that nhich 1 higher the curvature of the

Evhebhay omes greater <o that at certain times 1t passes above the scummit

B lows the point A to be percened by theeyeat B and at other tunes

ercepted by the exme tower E which hides A from this same eye
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But to demonstrate this curva
ture of the rays conformably to D
all our precedmng theory let us
mmagine that AB s a small portion i3
of a nave of hight coming from the It [
side C which we may consider as K
a straight Ime  Let us also suppose
that 1t 15 perpendreular to the hor
izon the portion B bemng nearer
to the earth than the portion A /
and that because the vapours are
less hindering at A than at B the B
particular wave which comes from
the pomnt A spreads through a cer L
tam space AD while the particular
wave which starts from the pont N
B spreads through a shorter space
BE ADapART
Ines TG bl
line AB an asas \wiich 1s straight or may be eon
sidered as such) let the different penetrabilities at the diffurent heights i
the air between A and B be represented by all these hnes so that the par
ticular wave ongmnating from the point I' will spread across the space TG
and that from the pont H across the space HI while that from the pont A
spreads across the space AD

Now if about the centres A B one desertbes the cireles DI EL which
represent the spreading of the waves which onmnate £ am -
and if one drans the ~
to see that this s

de ™ *
w1 RPRTTNT Y
Al » s wnich will terminate the movement of the

particalar waves ongmating from the pomnts of the ware AB and this move-
ment will be stronger between the pomnts LI tt » -~ -
mstant ~ o~ = ©

and cor “
has bee - ot i ordmary refraction Now 1t appears

that AR and BL dip down toward the side where the air s less cv 3 to pene-
trate for AL beng longer than BL and parallel to 1t 1t follows that the lincs
AR and IL bewmng prolonged would meet at the side L But the mngle h 19 s
right angle hence RAB 1s necessanly acute and concquentdy fe s than DAB
1f one 1my estigates 1n the same way the progression of thoe ne=t

RL one et

L
that
X(:‘d this v . e ray will continue along the cury ed hine which

intersects all the waves at nght angles as has been said
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CHAPTER FIVE
On the Strange Refractions of Iceland Crystal

I There s brou ht from Iceland which 15 an 2.Jand 1n the “North Sea i the
latitude of 66 deotees & hand of erystal or tran parent tone very remarhable
for ts Gure and other qualities but above all for 1ts strange refracttons The
esusesof thr have scemed to me to be worthy of being carefully e hgated

ke more <0 becsuse amongst, transparent bodies this one alone does not fol

Yow the ordinary yules with respect to rays of light I have even been under
some Becessity to make thus research becau e the refractions of thi crystal
seemed {0 overturn our preceding explanation of regular refraction whichex

lanation on the contrary they tron.ly confirm as will be seen after they
Prebee brou ht under the same prinaiple In Iceland are found great lumps

e W ww

. to Mr Lras-

==~ A4 n~ntan oot leelana crystal and of its

:
a2d those which T have made for I have applied m)~eli v1th greay exacuiuue
%

= before under

e tuch 1t has of
hlm}:") BUL 3L DUSE Ly ton. Uty “ e ogn { tale than of
E oraniron pike effects an entrance 1nto it as essily asinto any other

e

ed
each of the six faces being o parallelogram
B
C

£ all the six faces are equal and 1miar
thombuses The figure here added repre-

ents a prece of this crystal The obtuse

angles of all the parallelograms as C D

F

her; arcangles of 101 degrees 52 minutes

" ;n ‘10{ B‘hﬂv T(d 8 d o8 mmt :sn consequently the acute angles suchas
¢ tohd angles there are ¢

which W0 oppa.ite to one anather such as C and

2% cory are l‘:fch composed of three equal obtuse plane angles The other s1¢

iposed of tiwo acute angles and one obtuse All that [ haye Just said has
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been hkewise remarked by Mr Bartholinus m the aforesud treatt e if we
differ 1t 13 only shghtly about the values of the angles He recounts moreover
some other properties of this erystal to wat that when rubbed against cloth
st attracts straws and other hight things as do amber dumond glass and
Spamsh wax Let 4 prece be covered with water for a day or more the surfaco
loses its natural pohsh When aquaforiss 1s poured on 1t 1t produces ebnltiition
especially asYhavefound 1if the crystal hasbeen pulverized 1 have also found
by evpermment that 1t may be heated to redness in the fire without being in
any wise altered or rendered less transparent but a very violent fire caleines
1t nevertheless Iis transparency 1s scarcely less than that of water or of rock
erystal and devord of colour But rays of hght pass through 1t m another
fashion and produce those mariellous refractions the causes of which I am
now going to try to explan reserving for the end of this treatise the statement
of my conjectures touching the formation and extraordinary configuration of
this crystal

6 In nll other transparent bodies that we Lnow there 1s but one sole and
sunple refraction but in this substance there are two different ones The effect
13 that objects seen through 1t especinlly such as are placed nght agamst it
appear double and that a ray of sunhght falling on one of its surfaces r s
atself into two rays and traverses the ervstal b

7 Itisagmna oor -
{alls perpendicul wp bon without suffering re-
fraction and tha . wugue ray 1s always refracted But in this erystal the
perpendicular ray suffers refraction and there are oblique rays which pass
through 1t qute strarght

tan these phenomena more particularly let there be
8 B\E.L l: olztzzr ;OI::& ABIT of the <ame erystal and Jet the obtuse angle
?Ctge m‘:) :f the three nluch constitute the equilateral sohd angle C be di
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nidutotwo sby the trught hne CG and let it be concerved that
e mr‘alxsmetguﬁilc‘t’::b) a plane which passes throuh thus hine and throu h
e ¢ CF which plane will necessaniy be perpendicular to the surfsce AB
~d1s section 1 the erve al wll form a paratielogram GCFH We will eall
1. et the prinerpal <ection of the ery<tal.
9 \or 1f one covers the =urface AB leaving there only & <musll aperture at
~ t K otusted in the trarht lime CG andif one exposes it to the «un
=k vy TR will divide stself
1 trught by KL and
which 15 1n the plane
degtees 40 minute~
1g from the other side
Z ind.. mthsex
taxE ary refraction the pomnt Mty o ed rav \MKI which I
we.drs goun tothe eve at I 1t necessaniy follows that the powt L by
e of the <ame refraction Wil be <een by the refracted ray LRI o that
LP w7 be parallel to MK 1f the di.tance from the eve K 1 suppoced very
ces The pout Lappears then as bewng in the <trarght hine IRS but the same
Pz gprears o by ordimary refraction to be in the strught hee IR hence
1 b oecosseriv qudzed to be double 4nd amilardy of Lbeasmsllholemns
ot o pane. e, othe. substance which is lud a~sin_t the ervtal 1t will appear
when termed torards davlght o5 of there were two holes which will <eern the
¥der smert from coe sno.Ler the greater the thickness of the ery<tal
1‘? Arzo., tf one turn the v~ al i such wise that i meident rsy \Q of
F‘:;f—‘" wheh f =ppae to be tn the plane contraved from GCFH males
¥2GCan s e of 3 dexrees .nd 20 munu es and 1 consequently rearly
£ b — beow b FH Lt enale ot "0 degrees 57 mun
wend it will divide
stizve alop, OP1ns
-2 serside of the ervstal
k:i.m =T reraenan bat the ouer will be retrae e wod will go along 0Q
N &l B k“zo edtha 1tz <peces) to the pl.re through GCF and to those
o aompenietor tha Mmonden v which aremn one of these planes
N 1(— tobe1n1 . | thev have e.tered the c<tal und have become dou
~ ¥ bgze odeomee fo rays i all o he. planes which 1 erwect the
f-“l“-l. T we Rllcee foermward
k‘;ﬁﬁ-‘—ﬁd 3t .= b these expenmen.s and by <ome o hers th.t of
{ Ty ‘_;"m""— wheh the rav «ufers 1 the. erveial, there 1 ozne which
T e “"‘TA"'P-:‘ —d1 13 ths to whieh the rav~ KL ard OQ belong.
ol z‘:hf::t rtmenabed ths ordinare refraction from the o.ker and
SaorRe==d 1 by exser obsevs sog, 1 focnd the 1. proportion, cone

:__-L& muﬂsas:fu.:@»wt.chxheke dez _nd refracted rays make
\ B\-“W{’— ¥ verv precnelv th ¢f 9t 3 Lawasfound aloby

= I o
dpm :’-_&L:&:ﬁg’f“vm ch zea 2. than the of rock ervtal, o-
“dmkx\.qn cheerva ot exxetly 13 as follows, Tpon a
o ‘“’:"; oAt crrestiv £) table there 1s trsced a back Lee AB
oo L-.Cm:\.-‘mﬂ.,rh‘chc: ra rzh .oxlesand remore o
TERcoe s ther socem@nza 1 b donred toexaz ne s rav th 3
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D L

more or less oblique Then place the erystal upon the ntersection I so that
the line AB coneurs with that !

face or with some line parallel 1

Iine AB 1t will appear single ¢

through the erystal and the portions which appear outside 1t meet together
m a straight Iine but the hne CD wall appear double and one can distimngut h
the 1mage which 15 due to regular refraction by the circumstance that when
one views 1t with both cyes 1t scems raised up more than the other oragun by
the circumstance that when the crystal 1s turned around on the paper tiis
1mage remans stationary whereas the other 1mage shifts and moves entirely
around Afterwards let the eye be placed at I (remamming always in the plane
perpendicular through AB) so that it views the image which 1s formed by
regular refraction of the hine CD making & straight ine with the remamder
of that ne which 1s cutside the erystal And then marking on the surface of
the crystal the point H where the intersection L appears this pant will be
directly above © Then draw back the eye towards O heeping aluays in the
planc perpendrcular through AB so that the image of the Ine CD which1s
formed by ordinary refraction majy appearmn a strught hine with the hne kI
viewed without refraction and then marh on the erystal the pornt N where the

point
13
HI

upon !
of the retraction will be that of I N to NP becau e the ¢ hnes are to one an

other as the sines of the angles NPII NI P which arc equal to those winch the
meident ray ON and its refriction NE mal ¢ with the perpendicular to the
surface This proportion as I have said 15 sufficently preeicely as5to 3 and
15 always the same for oll inclmations of the weident ray

1t The same mode of ob ervation hag also served me for exammung the
extraordinary or wrregular refraction of this ery tal Tor the point I havng
been found and marked as aforesard dircetly abose the pont I T obseried
the appearance of the ne CD which 1s made by the extraordinary refraction
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£ hsve_ placed the eve at Q <o that this appesrance made a straght hine
¥4 tbe Ize KL viewed without refraction I ascertained the triangles REH

- - +h an les RSH RE: which the meident and the

ratio of FR to RS was not con
s aned with the varying obhiquity
of the mnadent ray

N ! 16 1 found al-o that when
QRE made a <truaoht Live that
c D c 1 when the incident ray en

tered the ervstal mthout bemg
refracted (as T ascertained bv
the crcumn. tance that then the
pownt E viewed by the estra
ordinary refraction appeared
1 the ine CD as <een wthout
refraction) I found Isay then
that the anvle QRG was 3 de-
grees 0 minute~ as has been
already remarked and o1t 13
F

W It not the rav parsllel to the edge
Q peox of the crvstal which cmmbxt

ma traht line wathout being

refracted as Mr Barthobnus
t“r""d. snce thet welmation s only "0 degrees 5 minutes as was tated
L‘;‘WL And the 1 to be noted 1n order thst no one mav <earch m vam for
B"l;::df" the 1neular property of ths rav inats parallelim to the edees

N i li;ull\' continuin, my ob~ervations to discover the nature of thus refrac
:::\ G%ed that 1t obeved the following remarkable rule Let the parailelo-
i made by the prineipal section of the ery<tal as previonly de-

r
&
E (?wh;f;slh falls and this occurs alo for refractions 1o other sectsons of
iy m-xt ’;)c(unz pealun,, of those which have al-o other particulsr
Fm‘l‘d' mm&m mve-tigate the causes of the phenomena which I have al
t
w ﬂi‘iﬂ" }fm’mg evplained the refraction of ordinars tran_parent bodies
Eﬂz’-‘Um ; :h pheneal emanation of hght as above thst I resumed my
%‘0 ld;“”‘ Pl h‘: :a(uxr of this erv=tal wherein T had previow.ly been unsble
As
tno “!;htre Were two different refraction. 1 concenved that there were also
etoreat m;“:mn:hom of wa es of ight and that one could oceur 1n the
b preens l;" extendin, through the bods of the crystal Which matter
eer waeal z:l::ucl'x larger quantity thans that of the particles whith com
by s (} espable of cawin,, tran_pareney according to what has been
ond of re I attnbuted to this emanation of waves the regulsr re-
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D L

more or less oblique Then place the crystal upon the intersection I <o that
the Itne AB concurs with that wlich bisects the obtuse angle of the lower sur

face or with some line parallel to1t Then by placing the ey direett [
hine AB 1t will appear single only  ned ~ 1
through #ha —

1 astr

the 1m L
one vie

the arc u on toe paper thig
mager o uteds the other image shifts and moves entirely

around Afterwards let the eye be placed at I (remuning aluays in the plae
perpendicutar through AB) o that 1t viens the image wiich 1s formed by
regular refraction of the ine CD making a straight line with the remander
of that hne which 1s outside the erystal And then marking on the urface of
the crystal the pomnt H where the mtersectton I' appears this point will be
directly asbove L Then draw back the eye towards O heeping alnays in the
plane perpendicular through AB so that the mage of the line D which s

formed by ordinary refraction m v -~ he ine KL
va e Tam g
1

ving triced sepa tet

HE »

¢ wo  Umiis of the angles NPII NIP an equal to tho-e which the
meident ray ON and 1ts refraction MNE mal e with the perpendicular to the
surface This proportion as I hase said 1s sufficiently preewcely as 5to 3 and
1s alway s the same for all inchnations of the incident roy

14 The same mode of ob ervation has al.o served me for examming the
extraordinary or srregular refraction of this ery tal For the pont I having
been found and marked as nforcsard direetly nbove the pont 1 I obeerved
the appearance of the ime CD which1s made by the extrordinany refrction
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{715 perpendieularly on the Bat surface of & tran_parent body 1n which they
ghoald epread 1 this manner 1 took AB for the exposed region of the <urface
A4, ance a ray perpendicular to 3 plape and coming from a very di.tant
R H & & C ource of light 1s nothing else ac
cording to the precedent theory than
{he ncidence of a portion of the wate
parallel to that plane I supposed the
<traight lme RC parallel and equal to
AB to be a portion of a wave of ight
namt @ h

1n 2 body of ordinary refraction would
pread from each of the<e last pomnt

~ Q as we have aboveexplamed in treating
of refraction, these muct here be hem-<pheroids The axes (o rather the ma

l':f Jarm. ters) of theee I <upposed to be oblique to the plane AB asis AN
the cem axs or <em: major diameter of the <pheraid SVT which represents
tt parti] wsve cooun,, from the pant A after the wave RC has reched
4B 1say aus or major drameter because the <ame elhp~e SVT may be con

£dored 23 the section of a pheroid of whuch the axis 15 AZ perpendeular to
\‘} But for the precent without vet deciding one or other we will consider
thee pherords only 1n those sections of them ‘which mahe elbp-esn the plane

of this frure Now takine a certan <pace of time dunn,, which the wave SVT

/ thehemy phercal partial waves whilt

N

orcurs 10 much greater amount than anywhere ele being made up of ares
z o
“:53!: of ellip<e< the centres of which are along the line P
o% 1t ap) that this common tan ent N\Q was

peared pamallel to AB
:i of t:;nme length but that 1t was not durectly opposite toat «unce 1t was
" Pn;‘ between the nes AN BQ wiich are diameters of ellipses having
v ~A = wawh hamnntinthe

ton oo entenn,, a t
W Do hr.\_n.puwm b—od;);‘ wfxx']‘:lh::‘t mtixe wave RC having come

he ween th narallel

fare DC and oo

passes through th

BF - e edge CF another perpendicular t.

Pasun~ through the edwe CA and the third per'pend.xcuh:‘ (orﬂ:: }gsehc&f‘
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fraction which 1s observed n this store by supposing these waves to be ords
nanly of sphencal form and having & slower progression watt » 41
than they have outside1t whenean » 2

10 4 1
Iw » tuuiu waves would do
anc «  wlua spread indifferently both in the ethercal matter
diffused throughout the crystal and in the particles of which 1t 1s compo~ed
according to the last mode 1n which I hate explaned tran pareney It scemed
to me that the disposition or regular arrangement of the e particles ca 14
tribute to form spherodal waves (pat} ne ~ 1
that tho t
aoned

e

¢ at the end of this

« y tunjectures and some experiments which confirm them

20 The double emission of waves of hght which I had imagined became
more probable to me after I had observed a certsin phenomenon n the ordi
nary [rock] erystal which occurs m hevagonal form and which because of
this regulanty seems also to be compo ed of particles of definute figure and
ranged in order This was that thiscry tal as nell as that from Iecland hsa
double refraction though less evident For having had cut from 1t <ome well
polished prisms of different sections I remarhedin all i viewing through them
the flame of & candle or the lead of window panes that ever thing appeared
double though with umages not very distant from one another Whenee [
understood the reason why this substanee though <o tran parent 1s uscless

for telescopes when they have ever so httle length

21 Now this double refraction accordine tom  t 1erembefore e tab-
Iished sepmel -~ o rht both of them
sphernieal ane senes o httle

slower on ul tuus the phenomenon 1s quite naturall v
plamed Dby postulating sub tanes nh - '
I 1

wuua  tosame body  ind nce st
m,  avt bien objected that m composing the ¢ tno kunds of ery tal of
equal partieles of o certun figure regularly mled the interstices which these
particles leave and which contamn the ethercal matter would carcely suffice
to transmit the waves of hight which I have localized there I removed this
difficulty by regarding these particles ns being of & veny rare texture or rather
as compo.ed of other much <maller particles between w hich the ethereal mat
ter pa es quute freely This moreover neces anly follows from that nhich
has been already demonstrated touching the smali quantity of matter of which
the bodhes are built up

92 Suppo 1ng then the ¢ spherodal waves be tdes the phenieal ones 1
began to examne whether they could erve to explain the phenomena of the
wregular refraction and how by the-e same phenomenn 1 could determine the
figure and posttion of the pheroids as to which I obtuned at last the desired

by procceding as follows
Eu;%y; cogLKicmd first the effect of wares so formed as respects the ray which

n
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shout its smaller diameter I found also the value of CG the semi-diameter
paralle] to the tangent VIL to be 98 779

2 \ow pasun to the investigation of the refractions which obhquely mex
dent rays mu.t undergo accordmg to our hypothems of pheradal waves I
savthat these refractions depended on the ratio between the veloeity of move-

ephere the semi-drameter of which 1 equal to the line ™ which will be deter
rired hereafter the followin, 1s the way of finding the refraction of the inc1

dezt rays. Let there be cuch a ray RC falling upon the <urface Ch. Malke CO
perpendicular to RC and across the angle KCO adjust OR equal to ™\ and
perpendicular to CO then draw KI which touches the elipse GSP and from
tke pont of contact I jon IC which will be the required refraction of the ray
PC The demon.tration of this 1 1t will be scen entirely sumilar to that of
wh.ch we made use 1 explarung ordmary refraction For the refraction of the
37 PC1s nothing else than the progres.ion of the portion C of the wave CO

Proparty,
torn Pstothel pemmsn

“Stuon, wu ues ween demonstrated 1n ordinary
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passing through the edge BC 1hnew that the refractions of the ineident ravs
belonging to these three planes were all stmilar But there eould be no poution
of the spheroid nhich would have the <ame D C A
relation to the e three sections except that
m which the avis was also the avs of the
solid angle C Consequently I ssw that the
axis of this angle that 15 tosyy the strught
line which traverced the crystal from the
powt C wath equal inchnation to the edges
CI' C\ CB was the ine which determuned
the position of the aus of all the spherowdal
waves which one imagined to onginate from
some point tahen within or on the surface of
the crystal since all these spheroids ought to be ahke and have their anes
parallel to one another
26 Conwidening after this the plane of one of the ¢ three ections namely

that through GCT' the angle of which 1s 109 degrees 3 minutes sinee the angle
T was shown above to be 70 degrees 57 minutes and imagining a spherordal
wave about the centre C T hnew becau e I have ju ¢t explamned st that ats
ax1s must be m the same plane the haif of which 1us T have marked CSin the
nert figure and echang by caleulation (which mall be given with others at the
end of this discoure) the value of the angle CGS 1 found it 45 degrees 20
minutes

27 To Lnow from tlus the form of this pherord that 1s to say the pro-
portion of the emi diameters CS CP of its elliptical ection which are per
pendreular to one another I constdered that the point M where the ellip-e s
touched by the strmght line FH parallel to CG ought to be <o situated that
CVM makes with the perpendicular CL an angle of 6 degrees 10 minutes since
thisbemgso thisellip csatisfies what has been ad about the refraction of the
ray perpendicular to the surface CG which s melined to the perpendicular CL

F M L H

by the same angle This then being thus dispo ed and tahimg CMat 100 000
parts 1found by the caleulation which wmill be gnven at theend the sems majol
diameter CP 10 be 105032 and the sem aus CS to be 93410 the rtwo of
which numbersis very nearly 9to8 othat the pherod wasof the hind w hich
re embles a compressed phere bewng generated by the resolution of an ellip~e
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o s o=l Same ¢ 1 found also the vl e of CG the emidax te
et Hfato=z MLtobea ™0
2\ mesmm to the myestimy son of the refractions whach cblgquely o
o sere ot prdergn Lecore.. to 0w hvro bess @ spheordal waves
7 o=, Lo eureston Gomended en the raLo be weea the velaerv of more-
redteEd ol the et imtbee ke adths mthatbe el
Treomem fremmne b powaricatobr e btk whlethelsh m
._ecrr‘_Vim the «berxd GSP o T have o~ _d 1 fom oowdes
o e S orter of which v equl to the Ine \ which will be de er
mm=cleearier 2o flowm . bewsv o f2lnzthe reerton of the 1o
emon e rebeerh L v PCfallozun the cxrlme Cal AL ke CO
bt WEBC _di~ tt2 e hRCO .2 .2 Oh,eqe ) o\ Ld
Pome 900 tendmw Kl wh bt bestismelnw GSP 2 from
Eactgerioe e IC v wllbe bevegus '!-d'ef:'::‘._:n(\{b'n*r
Lrdmrem vad. . rrllbewon gmorev taths of
TR ¥ S e rmexptmee s ordinery rerzsion. Foo e --‘ﬂ::o‘ Lo
= Iluat mreset o ths ~ooes ¢ the vrirn C o the e CO
ez te ot Now b e Hof 2 wete dunnm be woe
~m0moe SEsllboeote 8 wecmow Ca oo toe cireerk Dnes
E vl sreeer Baye rpyeveed = the £ L, rrmm L cenmes T eoee

-&*tzm:-."':::_.r—-xs =t s ber e IGEP 2w
STE Lo el emy T o E e e wiThes b

[+

T

~# Tope 2z
PR e e

o PTEIILL L e Srpa H e A BB e
TR T L e il T en  _pEeCBlah LA
T e T mmlLWrmM .
""""E;_}_“ i S S Y =
- Tt - L TSR
a::Q w‘n:_pv‘-h“!}—:..r._pn: b3 Ry
e T ter o
e

R & W - X =



588 TresTISE ON Licor

Now as to finding the pomnt of contact T 1t 13 known that one must find Ch
a third proportional to the lmes Ch CG and draw DI parallel te C\[ pre-
viously determined whichs the conjugate diameter to CG for then by dran
ing KI 1t touches the ellipse at I

29 Now as we have found CI the refriction of the ray RC stmlarly one
will find Cs the refraction of the ray rC winch comes from 1 » Ane
by making Co perpendicular ta ™ o~

ton v
t t

tu v gluongs
the »  uvane tangent ML at T snd ¢ the dis

tances 11t M¢ will also be equal And so by our hypothess we explam
perfectly the phenomenon mentioned shove to wit that whenth « =
rays equally inchined but comng £ o~
the »¢
ray o v aivergences in the diree
tion o sutiace of the crystal

30 To find the length of the hne N 1n proportion to CP CS €G 1t must be
determined by obscriations of the irregular refraction which ocenre n V4
section of the crystal and I find th +1 v

le ¥ -
of

a this
pr « wu nmy ve called the f ro-
porfion of , w bon similarly asin glass that of 3 to 2 as wall be mamfest

when I shall have explained a short process in the preceding way to find the
wregulnr refractions

31 Supposing then 1n the next figure as previously the surface of the erys-
tal ¢G the clhp ¢ GPg¢ and the line N and CM the refraction of the perpen
dicular ray I'C from winch it diverges by 6 degrees 40 minutes Now Jet there
be some other rmy RC the refraction of which must be found

About the centre C with semu diameter CG let the circumference gRG be
described entting the ray RC at R and let RV be the perpendicular on CG
Then as the ine N 15 to CG let CV be to CD and let DI be drawn paraliel to
CM cutting the elhpse gMG at I then joumng CI this wall be the required
refract on of the ray RC Which 1s demonstrated thus

Let CO be perpendicular to CR and  ~  f

'

3 tnd -~

1

€ « o C1181he refraction of the may
fiu  uw smee the angle RCO 1s 2 nght angle 1t1seasy to see that the nght~

angled tnangles RCY KCO are simular As then Ch 15 to KO w0 also1s RC

toCV But KOsequalto and RCtoCG thenas Chisto gowilt £ b

to CV Butas\1sto Cl?b:: by - = y
G eo1sCGtoCD An ause

?D C‘é’ llt follons that KI touches , » 1 wiuch remamed to be shown
32 One ces then thatas there 1s 1 the refraction of ordinary media a
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tertan eonstant proportion between the sines of the angles which the madent
™ and the refracted ray make with the perpendicular so here there 1s <uch
Apoporhon between CV and CD or IE thatistosay betweenthe imneof the
cle which the 1meident ray makes with the perpendicular and the honzontal
1.ercept 1n the ellipse between the refraction of this ray and the diameter
CM For the ratio of C\ 10 CD 1. as has been <aid the same as that of \ to

te semy-hameter CG

3 1wl add bere before passing away that 1n companng together the
Tegular and irreeular refraction of this erystal there 1s this remarhable fact

—_N_

of time of the hght which serves for the regular
refraction

For we have stated before this that the ine ™\
being the radus of a<phencal wave of ight inaur
whilen the ery<talit pread throughthe pherod
ABPS the ratio of \ to CS will be 15696 to
93 410 Butit has also been tated that the pro-
portion of the regular refraction was5to3 that
15to say that ™\ being the radius of a phencal
wave of hght 1n a1r ats exten.ion 1n the cry<tal
would 1n the same pace of time forma phere
the radius of nhich nouldbetoN as3 to 5 Now
156962 13 to 93410 as 5 to 3 less L4 So that
1t 13 sufficient]y pearly and may be exactly the
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sphere BVST which the light deseribes for the regular refraction in the ery
tal while 1t desenibes the pheroid BPSA for the wregular refraction and
winle 1t desenibes the sphere of radius N 1 ur out de the or ¢+ 1
Although then there are acen d ne

uht ul the e propagitions

« wp wy lan the other but that they have an equal veloeity in
N
R
g D Y S
E
T M L

the other direction namely tn that parallel ta the «ame axis BS whichisal o
the sus of the obtuse angle of the erystal

34 The proportion of the refriction being what we have just seen Iwillne
show that there neces anhy folla 1A~ 3

» o u nua that the ray RC
1w tue <ame surfece ¢G the angle RCC of 73 degrees 20 munute 1w
climing to the same side as the crystal fnf ¥ 1
sbo
one
my
follo ., « walon

CG or CR bang as precedently 98779 C\I being 100 000 and the angle
RC\V 73 degrees 20 rmmutes CV wall be 28330 But beewn ¢ CI P_thc refrae
tion of the ray RC the proportion of CV to CD s 106 92 to 98 779 namely
that of \ to CG then CD 1 17 828

Mow the rectangle gDC s to the square of DI s the square of CG 13 to the
square of CM hence DI or CI wall be 98 303 But as CI 1sto Ef sowll CM
be to MT which will then be 18 127 And being added to MI which 1s 11 609
(namely the e of the angle LCM which 15 6 degrees 40 minutes taking CNM

1

518 proved as
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100000 25 racius) we get LT 27 936 and thisas to LC 99,323 asC\ to VR

£ 1stoen s ”393S the tangent of the complement of the angle RC\
st h1s "3 degrees °0 rmnutes 1s to the radius of the tables Whence 1t appears

atPCIT 1= tras ht hme which was to be proved

%o Further 1t will be ceen that the rav CI 1n emerging through the oppo-ite
* aw
ob-
1t

. b

A

&iﬂé aine things be supposed as before that 1s to <av let CO perpen
ity mphr:sent a portion of a wave the continuation of which in the
o wiieo £0 that the piece C will be continued on along the traight line
o by comes to k. \ow 1f one tahes & <econd period of time equal to the
ng‘bl:‘ex;ei\ of the vave Ih will 1 ths <ecoud pertod ha e adianced
a0 o amt line KB equal and parallel to CT because every piece of the
* tepen \1;1 at the surface Ch ought to go on m the erv=tal the same
Nt andin this ame time there will be formed 1n the auir from the

Poes th
Py ee::fi.:lfnd:x {B there will tart from the pomt m a partial wave the
“h:‘“mm of w ch mn will have the same ratio to IB as 1A to KB

Litne

Freely 5:2 :nzi:}:eB“‘s e Th amun.t the curface of the ether IB It 1s then

¢ the eryetal swh A which will be the continuation of the wave Ih, out
en the prece h has reached B And o consequence 1A
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which 15 perpendicular to BA will be the refraction of the ray CI on emerging
from the erystal Now 1t 15 clear that IA 1s parallel to the ineident ray RC
since IB 1s equal to Ch and TA equal to hQ and the angles A and O are nght
angles

It 1s scen then that according to our hypothesis the reciproca! relation of
refraction holds good 1n this crystal as well as i ordinary transparent bodies
as 13 thus 1n fact found by observation

36 I pass now to the con 1deration of other cctions of the crystal and of
the refractions there produced on which as wall be scen some other very re-
marhable phenomena depend

Let ABH be a parallelepiped of erystal and let the top surface ALHF be s
perfect rhombus the obtu e angles of which are equally divided by the strught
hne EF and the acute angles by the straight hine AH perpendicular to FE

The scction which ne haye itherto constdered 1s that which passes through
the lines CF EB and winch at the same time cuts the plane AFHTI at nght
angles Refractions in this section have thisin common with the refractions in
ordinary media that the plane which 1s drawn through the incrdent ry and
which also mntersects the surface of the erystal at nght angles 1s that 1n wluch
the refracted ray al o1s found But the refractions which appertain to every
other ection of this erystal have thus strange property that the refracted ng}
always quits the plane of the ineident ray perpendicular to the surface gn"
turns away towards the side of the elope of theery tal Tor which hfit we E} '\"
show the rescon 1n the first place for the section through AH and we shal
show at the same time how one ean determine the refracton according to our

o thests Let there be then the plane which pa.~es through AH and
‘13'1‘1):11 xzs;)crpendlcuhr to the plane AFHE the inaident my RC st 1s required

to find 1ts refraction in the ery<tal
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37 About the centre C which I suppase to be o the intersection of AH and
FE, let there be imagined hem-spheroid QGggM <uch as the Light would
- % we ! ndltyt cection by the plane \RHF form

that of 83779 to 100 037

Loa Armeth tm on
- - - n LN
o
wl

i l:.e certain according to what has been explamed above Article 27 that a

Et which would touch the pheroid at the pownt N where I suppose the

‘\mgm Lize CVI to meet the <urface would be parallel to the ptane QGg 1If
o [al ——

Wil necessanly be in the elhipse QMg because thus pl:

plane through hS as well
E:Y:inphn: which touches the spheroid at the pownt M are p%\mllel to QN
ot 5:: ‘ol the pheraid for this eon.equence will be demonstrated at the
e proost r:lhlse Let this point of contact be at I then making hC QC
e mref draw DI parallel to CM al ojomn CI I'say that CI will be
(X)'thmh 4 raction of the ray RC This will be manifest 1f 1n considenng
v can donrs npscurg:ndx;:hr to the ray RC as a portion of the wave of ight
o] 8 ;ast :?:vc;n;?\;xmwn of 1ts prece C will be found 1n the

38 \ow

and Nﬂms;;—;ﬁ:bxmu on reflevion 1n demonstrating that the sneident
furface we considerec
here conmd h b

-~

mcung:“ }\: :110\: l:il the pomnts of the wave COoc will have armved at the
ere wll ongumtge b:s parallel to Ol and from the pomnts of their ineidences

toth b~ yond that in the crystal partial hemt-spheroids
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spheroids all those which have their centres along the ine Ch touch this
plane 1 the ine K1 (for this 1s to be shown in the same way as we have demon
strated the refraction of the oblique rav n #4an - -
and all those which have their cent
LlmthelmeI: all these being stm
the parallelogram ks 1s that which
lelogram will be preciscly the cont nuauon of the wave CQoc 1n the erystal
when Oc has arnved at ki because 1t forms the termination of the movement,
and becau ¢ of the quantity of movement ! %~
where else and thusit appears that the pic
tinuation at 1 that 1s to say that the ray w v

From this 1t 1s to be noted that the proportion of the refraction for thus
section of the crystal 1s that of the ine N to the semu diameter CQ by which
:ne will easly find the refractions of all incident ravs in the pame 3 -

was there the same as
1 sery nearly as8tow
H w vu W e major semi-diameter of the spherod
that1stosay as 156 962 to 105032 very nearly as3 to 2 but just a httle less
W hch still agrees perfectly with what one finds by ob ervation
39 Tor the rest this diversity of proportion of refraction produces a very
singular effect 1n this erystal which is that when 1t 15 placed upon a shect of
paper on which there are letters or any thing else marked 3f one views st from
above with the two eyes situated 1n the plane of the section through I'l one
sees the letters rarsed up by this irregular refraction more than when one puts
one s eyes 1n the plane of scction through AH and the difference of thewe

elevations appears by companson with the other ordinary refraction of the
t

'

ory 1

“u 151 position of the eyes namely when they are 1n the plane
through AH these two stages are four fimes more distant from one another
than when the eyes are 1n the plane through LT

We will shon that this effect follows from the refractions and 1t will enable
us at the same time to ascertain the apparent place of a point of an object
placed immediately under the crystal according to the different situation of
the eyes

40 3Let us see first by how much the trregular refraction of the plane through
AH ought to ift the bottom of the crystal Let the plane of this figure represent
scparately the scetion through Qg and CL 1n which section there 13 also the
ray RC andlet the em-clhptic plane through Qg and CM be inchined to the
former as previously by an angle of 6 degrees 10 minutes and m this plane
Cl 15 then the refraction of the roy RC

1f now one con 1ders the point I as at the bottom of the erystal and that 1t

1sviened by theraysICR Ter refracted equally at the pomnts Ce wineh hould
A 1
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N drawn the perpendicular IP
which will he at the bottom of
2> the ervstal the length SP will
/‘ be the apparent elevation of the
pomnt I above the bottom
Let there be descnbed on Qg a.
=emucirele cutting the rav CR at
B from whuch BV 15 dra wn per
pendicular to Q7 and let the
D ¢ \ proportion of the refraction for
/ 7 this section be 28 before that

U]

of the ice \ to the <emi-dism
eter CQ
Thenas N 1sto CQ <0131 C
to CD asappearsby themethod
of finding the refraction which
we have _hown above Article
31 but as YC1s to CD <013
YBtoD~ Thena \ 15to CQ <013 VB to D~ Let \IL be perpendicular to
g- Acd because | <uppose the eve Rr to be dutant about a foot or <o from

vetal, and consequently the angle RSr v ery small VB mav be conadered
tequltothesermd m 0N amn ~

¥ Af

Foeed o
DReto 025, “AUU £0 the elevation of the pomt I by the refraction of this
Fetion | kngwn,
LNowlet there be rermoe it 1 -
e the Z one t
G2 dog which 15
h %‘mﬁl takenintuss ewpee
e S agun at the bottom = =
b gt andlet it be viewed
w Le refrocted rays ICR I
"Jl £0to the twy eves CR and
2 equally inclined to the

5B T suppoce 1 be
the refrac- ~
:;:“Df th Perpendicular rav jney
at tbe_'Pcvml C the ditances Gl
tosee =il be equsl ag gy east
o b that whych has been dem
e g Tcle 28" o 1t
Ty the pomnt T houtd

ere the straight ines
7 Tiet when prol
thy g Prolonged and
L\‘m“"ﬂf‘lﬂmmehﬂe L
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DP perpendicular to Gg If one draws IP perpendicular to tus DP 1t will bo
the distance PS which will mark the apparent elevation of the pomt I Let
there be deseribed on Gy a semicircle cutting CR at B from which Jet BY be
drawn perpendicular to Gg and let N to GC be the proportion of the refraction
1 this section as 1n Article 28 Since then CI 1s the refraction of the radus
BC and DI 1s parallel to CM VC must be to CD as N to GC according to
what has been demonstrated 1n Article 31 But as VCis to CD <013 BV to DS
Let ML be drann perpendicular to CL And beesuse I consider agamn the
eyes to be distant above the crystal BV 1s deemed equal to the sermi diameter
CG and hence DS will be a thard proportional to the lines N and CG also DP
will be deemed equal to CL Now CG consisting of 98 778 parts of which CM
contuns 100 000 N 19 taken as 156 962 Then DS will be 62 163 But CL1s
also determined and contains 99 324 parts as has been sard m Articles 34 and
40 Then the ratio of PD to DS will be as 99 324 to 62 163 And thus one hnows
the clevation of the point at the bottom I by the refraction of this section and
1t appears that this elevation s greater than that by the refraction of the pre-
ceding section sinee the ratio of PD to DS was there as 99 324 to 70 283
But by the regular refraction of the crystal of which we have above sud
that the proportion s 5tad the elevation of the point I or P from the bottom
will be %4 of the height DP as appears by this figure where
the point P being viewed by the rays PCR Per refracted 7 R
equally at the surface Cc this point must needs appear to
be at S 1n the perpendicular PD where the lines RC re
meet when prolonged and one knows that the ine PCisto
CS as 5tod since they are to one another as the sine of the A _D
angle CSP or DSC 1s to the sine of the angle SPC And be
cause the ratio of PD to DS s deemed the same as that of
PC to CS the two eyes Rr bemng suppo ed very far above
the erystal the elevation PS will thus be %4 of PD
42 If one takes a straight line AB for the thichness of
the crystal 1ts point B being at the bottom and if one di
A wvides 1t at the pomnts C D E according to the pro-
portions of the elevations found making AL 2 of AB 1B to ACas §13°4
1070 283 and AB to AD as 99 324 to 62 163 these points will divide AB
as n this figure And it will be found that this agrees perfectly with ex
peniment that 1s to say by placing the eyes above in the plano which
cuts the erystal according to the shorter diameter of the rhombu  the
regular refraction will hft up the letters to I' and one will sce the bot
tom and the letters over which 1t 1s placed hfted up to D by the irregu
- he eyes above 1n the plane which cuts the
diameter of the thombus the regular re-
€ » L as before but the irregular refriction
will make them at the same time appear hifted up only toC andin such
a way that the interval CE wall be quadruple the internal FD which
viously AW
23 olnf‘:‘r: only t}o make the remarh here that in both the po-itions of the
¢y cs theimages caused by the srregular refractson dd not appear directly 'l}clmv
those which proceed from the regular refraction but they nrlc sc}'nlmm r!m;l
them by being more distant from the equilateral solid angle of the crysta

P
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— e dabout the

strations

it San the

ought to

ch will be

sosttions of the eyes

] Just cxamined tge

between the

m.ce of that paint by the wrregular refraction win 8 o\ Bppear H
2.1 the other as one turns one s sl

txoheights of D and C pa.sing from one to e other o: o0 LIS O all

¢ humself

sns which

BCh and having 1n the same N
phze through RC made CO
perpendseular to CR let Oh be
adjusted across the angle OCh.
% 15 to be perpendicular to
OC and equal to the line N
which T suppose to measure
the travel of the Light 1n mir
dunng the time that 1t preads
m the erystal through the
fherad HDEM Then 1n the
phane of the elipre HDE let
KT be drswn through the
l{omtk perpendicularto BCh
ov 1f one concerves a plane

?:“: through the straight bne KT and touching the spherad HME ?’t 1
- - ne o ndd e

:‘:;515 point of contact be at H And having drawn a straight hine along CH

w m"l‘ 3t T let there be imagned a plane passing through the same CH

B ;‘Kh_C\l (which T suppose to be the refraction of the perpendicular

b r - -

i)

1

1

m“::i‘g the pomnt I whichis ought <nce the plane drawn through Th
e <pheroid at one point only And this pomnt Iis easy to determine
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since 18 18 needful only to draw from the pomnt T which 15 1n the plane of this
elip ¢ the tangent TI in the way shown previously For the ellipse M 13
given and its conjugate semt dinmeters are CH and CM  beeause a straight
hine drawn through M paraliel to HE touches the ellipse HME as follows
from the fact that a plane taken through M and parallel to the plane HDE
touches the spheroid at that point M as1s scen from Articles 27 and 23 Tor
the rest the position of this elhipse wath respect to the plane through the ray
RC and through Ck 1salso given from which 1t wall be casy to find the post
tron of CI the refraction corresponding to the ray RC
Now 1t must be noted that the same ellipse HME serves to find the refre
t1ons of any other ray which may be in the plane through RC and Ch. Becau ¢
every plane parallel to the straight ne HT or Th which will touch the
spheroid will touch 1t 1n this ellipse according to the Lemma quoted a hittle
before
I have investigated thus in minute detail the properties of the irregular
refraction of this erystal 1n order to sce whether each phenomenon that is de-
duced from our hypothesis accords with that which 1s obsersed in fact And
q

—_— o n

thereby produced give nse to refractions precisely such as they ougul L0 b
and as I had foreseen them according to the preceding theory

In order to explan what these sections are let ABLT be the pnneipal see
tion through the axis of the crystal ACK 1n which there will al<o be the axs
8S of a spherodal wave of hght A N P
spreading 1n the erystal from the cen
tre C and the straght line which cuts
S8 through the middle and at nght
angles namely PP, will be one of the
major drameters

Now as1n the natural section of the
crystal made by a plane parallel to
two opposite faces which plane 13
here represented by the ine GG the
refraction of the surfaces which are 4 N n
produced by 1t \\r-lll be governed by thoL

t Vaan axpluncd 1o the preceding

7 a plane perpendicular to

3 wil be governed by the

P perpendicularly to the

Lt to be governed by the

hat 1f the plane NN was

angle NCG which 15 on

~ert ards NG would

f N and GG were
s 85 Incon
faces which the

cos should effect the same reiracuut 9 as the surfaces

sequLlity
And not only the surfaces of the section N\ but

section through NN produ:
of the section through GG
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o other sections produced by planes which mght be inclined to the axis at an
sagle equsl to 45 degrees o minutes So that there are an infinitude of planes
vhuch ought to produce prect ely the same refractions as the patural surfaces
dthe crystal or as the section parallel to any onc of those surfaces which are

made by cleavage
Iswalothatby cuttingitby 2 plane taken through PP and perpendxcular
~ 14 to be such that the perpen
1d that for oblique rays there
g from the regular and by
be less elevated than by that

oer refraction

That smtlarly by cutting the erystal by any plane through the axis 88
such as the plane of the figure 18 the perpendicular ray ought to suffer no
nfrcion and that for oblique rays there were different measures for the ir
:Z\Il:r refraction according o the mtuation of the plane 1n which the incident

. Aa Rt

quare

f:
ﬁ“\ﬂl each make an angle of 45 degrees 20 minutes Wil WL &Y v
ok ne pendicular to the aas
tniangular pri ms Or prsms
sther the sides nor the bases
relraet \ey would yet all cause double
1on for cblique rays The cube 1s included amongst these prisms the

ases
e ::‘ which are seetions perpendscular to the awas of the crystal and the
From Ecl\;:ns paraliel to the same a<s
yem of wiue ; l:;unher appears that 115 not at all in the disposition of the
hts1n three dxﬁe:e :?:et:\ seetxl?s"t:hbe composed and according to which 1t
and ses that the eause resides of 1t
that 1t would be 1n vain to wish to seck 1t theie i regular efruction

Butm
order that any one who has some of this stone may be able to find

ey
r}ll‘;}‘:;:; ::ﬂ‘:ces than makes them lucent
1m0t bo e b\;:t, Thave at last found that for thus service no plate of metal
 wih fne umda p ece of mirror glass made matt and depolished Upon
56 2y as sport, a‘ud water one smooths the crystal hittle by little n the
bt ever redhun, :‘c’ e glas.es and pol shes 1t simply by continuing the work
g the matenal T have not however been able to geat per
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fect clanty and transparency but the evenness which the surfaces acquire en
ables one to ob ervein them the effects of refraction better than in these made
by clewving the stone which always have some inequahity

Even when the surface 1s only moderately smoothed 1f one rubsit over with
a hittle o1l or white of egg 1t becomes quite transparent so that the refraction
1s di cerned 3n 1t quite distinetly And this and 1s specially necessary when it s
wished to pohsh the natural surfaces to remove the inequalities because one
cannot render them lucent equally with the sutfaces of other sections which
take a polish so much the better the less nearly they approamate to these
natural planes

Before fimshing the treatice on this erystal I will add one more man ellous
phenomenon which 1 discovered after having wrntten all the foregoing For
though I have not been able till now to find 1ts cau e I do not for that rea on
wish to desist from desenibing 1t n order to grve opportunity to others to
mvestigate 1t It seems that 1t will be necessary to make still further suppost
tions besides those which I have made but the ¢ will not for all that cease to
keep their prot -

The phenom
them one over
1f all the sides of one are parallel to those of the other then a ray of hght <uch
as AB 1s drvided mnto two in the first piece namely 1nto BD and BC following

A A
B B
(=) / / c/ fp /
E G / / Ef &
F H 7 H
hence 1nto the other
the two refractions regular andirregular On penetrating t
piece each 1y will pa s there without further dividing at-elf in two but that

DC will undergo agun
e which undernent the regular refraction as here
2& v lar refraction at GH and the other CI' an irregular refraction at

lane without 1t bung netdiun ol v on
S(‘:c ?r‘-x\‘lcl(}l] Now 1t 15 marvellous why the rays CI and DG mnewdent from (:nxc
mrx;n the lower erystal donot divide them.elves the same as the first ray A
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~ne

arenular refraction
Butin all the infinite other positions be 1des those which Thave yust tated
thersys DG CE diide themselves anew each one into two by refraction u;

depends on the position that one gives to the lower prece Whether 1t aniaes
themboth m two or whether 1t does not divide them and yet how the ray AB
sboresalways divided 1t scems that one 13 obliged to conclude that the wases

v

tene for the two spectes of refraction and when meeting the second crystalm

a.:o!her Pposition are able to move only one of these kinds of matter But to
ow this occurs T have hitherto found nothing which <ati fies me

:‘;":Ed \\h‘:ﬁ: certan regular angles and fgures Thus amang How ers there are

: 43’5 which have their leaves dispoced 1n ordered polygons to the number of

othe or1 Sades but not more Thus well deserves to be mvestigated both as

Rod‘;m ygonal figure and as to why 1t does not exceed the number 6

wheh o:cf) tal grovs ordinanly 1n hexagonal bars and diamonds are found

=y ﬂM\u' with a square pount and polished surfaces There 1s a <pecies of

B _s!ines mled up directly upon one another which are all of pen
e A Th

AL re the
hatter ues":e"lxl::es But 1t 1s not no  my intention to treat fully of this
s that in general the regulanty which occurs in the & produc



602 TREATISE 0\ Ligat

tions comes from the arrangement of the small invisible equal particles of
winch they are composed And comng tan T- - f
there weream  ~ 2

nat -1

+

L} geivy
vi b)—lsayt u  wn tne solid angle of the pomt
D would be equal to the obtuse and equilnteral
angle of this crystal I say further that if these
corpuscles were hghtly stuck together on brenhing
this pyramid 1t would break along faces parallel to
those that mahe its point and by this means asat
15 easy to see 1t would produce prisms stmiar to
those of the same crystal as this other figure repre-
sents Thercasonisthat +» -1
awhole layer
lase - 1

wi vouches it on 1ts flat

tened surface and the other two at the edges And
the reason that the surfaces separate » —
of the neighbouring surface would
face which 1s being <eparated 1t wou u wiut 1t to detach it<clf from
sw¢ other spheroidswhich hold it loched and four of which pressit by these flat
tened surfaces Since then not only the angles of our erystal but also the
manner m which it sphts agree precisely with what 1s observed 1o the assem
blage composed of such spheroids there 35 great reason to behieve that the
particles are shaped and ranged 1n the same wny

There 15 even probability enough that the pnisms of this erystal are pro-
duced by the breaking up of pyrarmds since Mr Barthohinus refates that he
oceastonally found some preces of tnangularly pyramidal figure But whena
mass 15 composed ntertorly only of these httle spherords thus piled up what
ever form 1t may have extenorly 1t1s certam by the same rea omng which
1 have just cxplamed that if brohen 1t would produce ssmilar prisme It re-
mains to be scen vhether there are other reasons wluch confirm our conjecture

and whether there are none which are repugnant to it
It may be objected that this erystal

beng so composed mught be ¢apable
of cleavage n yet two more fashions

- b hich would be along planes
llllﬁl’l@. d) () one of which £ p

AR/ AT parallel to the base of the pyramud

Wﬁ"”’"’”’ that 1s to say to the tnangle ABC the

7 ((((0‘"‘"’“”””‘ other nould be paraflel to a plane the

A (( ‘J“"” trace of which 13 marked by the hnes

oo MWhYY  GH 1R KI Towhich Isap that both

O S S KKK
N \ ’l“ the one and the other though pme
v ) ticable arc more difficult than those

which were paraliel to any one of the
three planes of the psramid and that
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{herefore when striking on the erystal in order to break 1t 1t ought always
1o spht rather along these three plapes than along the two others When one
+ ber of epherards of the form above deseribed and ranges them s
— -~ difficult Forin

e each epheroid

uches upon their

cts at the edges

ers because each

esamelayer that

surround 1t mnce they only touch it at the eujes 80 1 wdheres readily to
the neighbounng layer and the others to 1t for the same reason and this
causes uneven surfaces Al:o one sees by expenment that when grnding down
the ery tal on a rather rough stone directly on the equilateral solid angle one
venly finds much facility 1n reducing 1t 1n ths direction but rmuch difficulty
afterna ds 1 polLhunw the surface which has been flattened 1 this manner

~ 1

ja |
heroid 1s

ere1s one
‘;:}IY which touches 1t on the flattened surface and the other two at the edges

Yy

Havever that which has made me know that in the erystal there are layers
1 this last f2 hion 1s that 1n a prece werghing half a pound whuch T possess
one sees that it 1s split alon,, 1ts length as1s the above-mentioned pnsm by the
plave GHKL as appears by colours of the ins extending throughout this

Eraping 1n the opposite sense an inetsion 13 easily made Lhus tollo vs mam

I'wall not undertake to .a;

y anything touching the way 1n which so man;

Lrﬂ:':ki.s all equal and sumlar are generated nor how they are set suc{x
ul order whether they are formed first and then a.sembled or whether

tt 3 arman;
profem ;s‘vh‘lchhemeel\ e3 thus 1n coming mto being and as fast as they are

&cems to me more probable To develop truths

4 p truths so recondit:

4 :f‘;\l\ :u§d“§§l:ede§etl a ktnhg\:lc‘c]lge of nature much greater than that wlnc}ex
!

Torms the sphen o o g'e hat these little spheroids could well contnbute to

es of light here above supposed th
23 those bemng similarly mituated and with their axes pa‘gnel 0% ae wel

- hLl’lalcuhlwm whiek hare been supposed n this chapter

T Bartholinus 1n hus treatise of this o

o Tystal puts at 101 degrees t!

gles of the faces which I have stated to be 101 degrees 52 mlﬁ\mes ll’;ez‘:::zz
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tions comes from the arrangement of the small ivisible equal particles of
which they are composed And commne tn ~ f
there wern  ~

ot e

ot 8)—I , .  uninesold angle of the pont
D would be equal to the obtuse and equilateral
angle of this crystal I eay further that if these
corpuscles were lightly stuck together on breaking
this pyramd 1t would break along faces paraliel to
those that make its point and by this means as it
15 casy to see 1t would produce prisms stmlar to
those of the same erystal as this other figure repre-
sents Therecasonisth + » -

avwhole lnyer

layer sincee

from the threc w v utnextlayer of which G
three there 1s but one which touches 1t on 1ts flat
tened surface and the other tuoat the o len

thars -

1

BIX other sphe
tened surfrec 5 - ui vur erystal but aleo the

manner m whien 1t sphits agree precisely with what 13 observed 1n the assem
blage composed of such spheroids there 1s great reason to behieve that the
particles are shaped and ranged i the same way

‘There 13 even probabihty enough that the pnsms of this crystal are pro-
duced by the breaking up of pyramids since Mr Bartholinus relates that he
occastonally found some pieces of tnangularly pyramdal figure But when a
mass 18 composed 1nteriorly only of the e hittle spherotds thus piled up what
ever form 1t may have eatentorly 1t 1s certun by the same reasomng which
I have just explamned that 1f broken 1t would produce sumilar prisms It re-
mmuns to be seen whether there are other reasons which confirm our conjecture

and whether there are none which are repugnant to 1t
It may be objected that this erystal

being so composed mght be capable

(7 7
LL of cleavage m yet two more fashions
:'"g “ one (;(] \\hmg “bould l;c ;xlung phnsq

to ti t ram?

LEEZITIR  fttoy tathm o S e
e ((((a’tb"“”’ other would be parallel to a plane the
4( ( “”’ XY trace of which 1s marked by the lines
e MYEY) G T KL Touwhich Iray that botk
\““\‘\ ) the one and the other though prac
v TTIAR NS "j' tieable are more dufficult than those
““““JJ which were parallel to any one of the
EIIIZIDL e three planes of the pyrimd and that
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s e GCSof 40 degrees 20 minutes —1t was required to how T<ay that
- A ameter of thus ellipse 15 100037

10
tangent DM at D and Z nd
o the pont o1 LolLdLL - } be drawn as perpendiculars to
CP and CS Nown beeause the angles SCP
e b

H

i

6 degrees 40 munutes from LCE whieny 4o
degrees °0 minutes there remains NMCP 38
degrees 40 runutes Con.denng then CM
as & radius of 100000 part N the me of
3S degrees 40 minutes wll be 624 9 Andin
the nght angled tnangle MXD AN will be
to \D as the radws of the tables1 to the
tangent of 4o degrees o0 munutes (because
D ML . the ancle D 13 equal to DCL, or GCo)
that 1s to say s 100000 to 1011 € whenee

radt \D 63710 But NC1s 80 9 of the same part _ CM baing 100 000
becsuse \C 15 the 1me of the complement of the angle AICP 1 hich was 38
degrves 40 munutes Then the whole kme DC 1s 141,289 and CP which1s 8
g‘ﬁnmp&pommﬂ betneen DC and C\  1nce MD touches the ellipse will

flmlhxly because the angle O\Z 1s equal to CDZ or LCZ which 13 44
~

'
becaase 1t 13 equal to M\ the
e of the an_le MCP which 15 38 degrees 40
muntes Then the whole ine CZ1s1 9 6. d
tonal between CZ and CO will \:93 41(? end O which 198 mean proper
e

L i LS

]
156 degrees 40 mmnutes And I
be ince the angle LCD 1s 4o degrees "0 mimnutes
“tgueqol;ltt; GCS the ade LD 1s found to be 100486 whence deducting
mn“sss_em will remain M{D 88§ \ow as CD (which was 141 289) 1s
o rather (h‘ E?ﬁl\ﬂl CP 105 032 be to PE 66 070 But as the rectangle MEH
MG *mslhe erence of the quares on CM and CE) 1s to the quare on
the eqianes ; qu‘)‘(,:m on PE to the square on Cg then al.o as the duifference of
oot quamnon gcaud CP to the square on CD o alo1s the quare on PE
GO whh 108 25 But DP CP and PE are known hence al o one knows

e Lemma which has been supposed
wh
of
n
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that he measured these angles D G o A
direetly on the erystal which
15 difficult to do with ultimate
exactitude beeause the edges g
such as CA CB 1 ths figure
are generally worn and not
quite strught Tor more cer
tanty therefore I preferred
to measure actually the obtuse
angle by which the faces
CBDA CBVT are nchned to ‘
one another namely the angle v Nt
OCN formed by drawing CN perpendicular to TV and CO perpendicular to
DA Ths angle OCN I found to be 105 degrees and 1ts supplement C\P to
be 75 degrees as 1t should be
To find from this the obtuse angle BCA I imagined a sphere having its
centre at C and on 1its surface a spheneal tnangle formed by the inter<ection
A of three planes which enclose the sohd angle C In this
cqulateral tnangle which 1s ABT n this other figure 1
see that each of the angles should be 100 degrees namely
equal to the angle OCN and that each of the sides
should be of as many degrees as the angle ACB or A\CF
or BCT' Having then drawn the arc I'Q perpendicular to
B e the side AB which 1t divides equally at Q the trangle
5 T'QA has a nght angle at Q the angle A 105 degrees
and F half as much namely 52 degrees 30 minutes
whence the hypotenuse AT 1s found to be 101 degrees 52 minutes ind this
are AT 1s the measure of the angle ACT 1n the figure of the erystal
In the same figure 1f the plane CGHI cuts the crystal so that it divades the
obtuse angles ACB MHY n the middle 1t 1s stated 1n Article 10 that the
angle CI'H 1s 70 degrees 57 minutes This again 1s easily shown n the same
sphenecal tnangle ABF 1n which 1t appears that the are 'Q ts as many degrees
as the angle GCI" 1 the crystal the supplement of which 15 the angle CIH
Now the arc I'Q 1s found to be 109 degrees 3 minutes Then its upplement
70 degrees 57 minutes 1s the angle CT'H
It wasstated 1n Article 26 that the straight ine CS wlich in the preceding
figure1s CIT being the axas of the erystal thatisto ay bengequally inclined
to the three stdes CA CB CI' the angle GCH 1s 4o degrees 20 minutes 1lns
15 also ealy caleulated by the same phenieal triangle For by drawing the
other are AD which cuts BT equally and intersects FQ at 8 this point will be
the centre of the tnangle And 1t 18 eqsy to see that the arc SQ 1s the mes.ure
of the angle GCH 1n the figure which represents the erystal Now in the tn
angle QAS which 1s right angled one hnows al o the angle A which 15 52
degrees 30 minutes and the side AQ 50 degrees o6 minutes whenee the side
§Q 1s found to be 45 degrees 20 m||nu!ce

< wm mpllen Fnpanten
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CHAPTER SIX

On the Figures of the Transparent Bodies
Whick ser-e for refraction and for reflevion

Ar7eR havin, explamed how the properties of reflexion and refraction follow
from what we have <uppaed concermng the nature of hight and of opaque
bod.es and of trancparent media T will here set forth a very easy and natural
way of deducing from the same principle the true figures which serve esther
by refexion or by refraction to collect or disperse the ravs of hght asmay be
desred. For though I do not =ee yet that there are means of making use of
these figures, <o far as relates to refraction not only becsuse of the difficulty
of shaping the glasses of telescopes with the requinte exactitude according to
thee figures but al:o because there exists in refraction itself a property which
hunders the perfect concurrence of the rays as \Mr N\ewton has very well
proved by expenment I will yet not desist from relating the invention <tnce
1t offers1telf <o to=pesk of itself and because 1t further confirms our theory
of refraction by the agreement which here 15 found between the refracted ray
and the reflected rav Besides 1t may occur that <ame one mn the future wall
d.scover i1t utibities which at present are not <een

To proceed then to the<e fimures let us suppose first that 1t 15 desired to
£nd 3 surface CDE which hall reassemble at a pomnt B rays coming from an
otker pont 4 and that the summut of the surface _hall be the given pount D
m the strught hne AB I say that whether by reflexton or by refraction 1t1s

only necessary to make this surface such that the path of the I

point A to all points of the curved hine CDE and !i)mm these tog:‘;efm&?
concurrence {as here the path along the stra ght hines AC CB along AL LB
and along AD DB) hallbee erywhere traversed 1in equal times bby which
pn:;ufple the finding of these curves becomes very easy ©
Ought” a‘i relates to the mﬂectm'gg Eu_x‘hce sice the um of the lines AC CRB
ellipse

media

tsthet o

s

L 45 We 1340 01 the sines 1n the refraction) 1t 15
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Let LED be the spherod touched by the Ime BV ##Han ® )
by the planes paralle? ¢~ J
onstrate that the p

-1 1

wntee
o

through the »~ -
whtch 1 cu
s 10U YAQ which will all be similar
and similarly disposed and will have thewr
centresh N R 1n one and the same dinm
eter of the spherard which will also be
the diameter of the ethpse made by the sce
tion of the plane that passes through the
centre of the spheroid and which cuts the
planes of the three said ellipses at nght
angles for all thus 1s mamfest by Pronost
tion150f = -
of Arct
planes .. aic atawn through the points
O and A will also by eutting the planes
which touch the spherotd mn the ¢ same g
pomnts generate straight hines as OH and
AS which will asis ens)y tosee be parllel
to BM and all three BM OH AS will
* —e 3

a1

Lo t tre are drawn the strught lines
on UN AR through the centres of the same sl n ~ -2
centres #t e
gents Br 1

beeaw e
ameters ‘ o I Lt tnerr conjugate diameters Bh

ON AR will also be parallel And the centres v N R being as has been
stated 1n one and the same diameter of the spheroid these parallels B ON

AR will necessanly be in one and the same plane wiuch pases through thus
dismeter of the spheroid and 1n consequence the pomnts R O A are m one
and the same ellipse made by the intersection of this plane Which was to be
proved ind 1t 1s mamfest that the demonstration would be the same of

bewides the ponts O A there had been others in which the spherotd had been
touched by planes paraliel to the straght ine BM
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etraght b are perpe far to the that 13 to 83Y ¢h tend t0
the centre B {for de: onstrated1® {he same ¥3¥ have prot
ghove that {he pleces f sphe sl waresare prop: ted atong the sght loe3

of tra)
comung from thew centre) and these proge§lons of the pieces of the waves
conshitute the Y5 themselves of hght 1t appears then that oll these 18¥8

also determus® the ponb ¢ andall the otbers 10 {hus curve which
andmg DA at G such 2 wa) that DG 340f
\ st and

E
—aem come back to 1he fir<t one which ¥3S

w he same

t

the force of the rays (or s we
ca:‘o(;l!d ot sav soce be held that
ace e augmented 10 the propor
1n our way of explunng reflexion such
and 1t 15 enturel 1m
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only necessary to make DH equal to 3
of DB and having after that desenibed
A

equal to 24 of TH and the pomnt of 1n
tersection of the two ares will be one
of the points required through which
the curve should pass Tor this point
having been found in this fashion 1t1s
easy forthwith to demonstrate that the
time along AC CB will be equal to the
+ moalone AD DB

fn ta

here more time 1n proportion as 118 specd 1y $1v ot '
AH will represent the time along AD DB Similarly the Iine AC or AT will

nresent the time along AC and T'H being by construction equal to?/4of CB
- - - amoan tlp

by revolution win ul  w N
such wise that they tend towards B let there be suppo ed 1 pont b 1 tne
curve farther from D than Cis but such that the strmght hine AR falls from
out«ide upon the curve which serves for the refraction and from the centre
B let the are kS be descnbed cutting BD at § and the straght hine CBat R

and from the centre A desenbe the arc DN meeting AL at \
Since the sums of the times along AKX KB and along AC CB are equal of
= ~mndod t the time along kB and\f from the other one

come ilolg s -
made 1n the medium from the centre C a partil spheneal wase 1a 4
emi-diameter equal to CR And this wave will necessanly touch the eircum
ference IS at R since CB cuts this circumference at npht angles Similarly
having tahen any other pont L in the curve one can show that in the s1me
time as the light passes along ALt will also have come along AT and m adds
tion will have made a partial wave from the centre I which will touch the
1S \nd o with ali other points of the curve CDE Then

1 a1 oht reaches h the are KIS will be the lcn'mn'\tmn
A} ~ 1 me

am
he

ame errcumference
%

hich nave may ve 1y
:en‘t‘m A Dut all the pieces of the arc hRS are propagited succe< 1y 3 u ung
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entre of which 18

3 nA bhecause they ,epresent’ﬂ‘;?s gi:;‘:}ic'\.};z\‘ccx with the 21¢
1. tnDASS

meet

vest

sthat

sy as

v $of

to

tance betweelt w ¥

the s & b cases 10 which cq\mc_simuu;: Descartes who first ﬁuufx“:d
e

Ytoup s bof
ume as that which

De cartes calis s W lu
Now the finding and construction of this second oval 1s the same as that of
the first and the demonstration of its effect hikemise Butity worthy of remark
that n one case tht oval becomes a perfect wrcle namely when the ratio of
% rofractions heress3to2 sl ob-
ang only for ympossible reflexions

discovered theee hnes smce hehas
o

{he surface generated Dy the revou
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Trom what has been demonstrated ot a v % to find
Hhof~ by <up-
1 gving
1 ~ > ineconstruetion of which differs

1 o way trom that of the oval except that T'C which previously was an are
of a eirele 15 here a strarght hine perpendicular to DB Tor the wave of hight
DN being hihewise represented by n #ra =%
pomnts of this wave travel
DB will advance sub eque
the same time As for the ol 1 g evident that
1t will here become & parabola sinee its focus A may be regarded as infimtely
distant from the other B which 1s here the focus of the parabola towards
which all the reflevions of rays paraliel to AB tend And the demonstration of
these effects 13 just the same as the preceding

But that this curved line CDE which <crves for refraction 1s an ellipse and
15 such that 1ts major diameter 1s to the distance between ats foci as 3 to 2
which 15 the proportion of the refraction can be easily found by the eal
culus of algebra For DB which 1s given being called a 1ts undetermined
perpendicular DT being called z and TC y FB will be a—y CB will be
Vzztaa—2ay+yy But the nature of the curveis such that 24 of TC together
with CB s equal to DB as wasstated in the Ja ¢ ean =
tion "k * \
Yy
ther v quate on 21U Whenee 1t 13 scen that
DC 1s an ellipse of which the axas DO 12 to the parameter as 0 to § and
therefore the square on DO 1s to the square of the distance between the foer
as 9 to 9—5 that1stosay 4 and finally the line DO will be to this distance

23 3to2

’

1f one supposes the point B to be infimtely distant in hieu of our first
ml'\\lg\z:l:shnll ﬁndr;rl)mt CDT 1s 2 true hyperbola which will make those ruys
become paraliel which come from the point A And tn conwequence al.o thoee
fel within the transparent body wall be colleeted out 1de at the

1
;:xl::‘ me\po’::t must be remarked that C\ and kS become straight kines per
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ch AK arpases AD
s bt boes 1A KB {be excesS by W
;tzﬂa;b‘:'lﬁ;e excessof DB over KB a 3t0 a Forit m\\:\x’\:‘h be d:x;:no
rated b an past 18 the cury ] G that the e

ve S
O
AD pamelv VG 18 {o the extess of BD over DG namels PP 1

AG over Pescart! on.tructed
nocple M e ¢
{hngeame ratioof3 102 And (e\\mnn‘;lhb? ‘t)heae uryes 10 s Geometry
L snd he easlv ecormuzed that

in the €t O parallel 1Y%
became byvper

feure whatever that 15 o
<av one made by the revolu
fion of any EVER curved lime
mu.t merely
¥mos how to draw strmsght
Lines 88 tancents.

1et the pven figure be that
made by the redolution of
<ome curve <uch as about
the ams AV and that this
ade of the glass recelves rays
commng from the powt L.
Furthermore let the thuch
ness AD of the mddle of the

rays to be all perfectly re=
umited whatever be the first

relrsction oceurnag at the
«urface

AR
1 say that for ths the sole
requirement 13 that the out
ine BDK 3 huch constitutes
the other su

rface hall
such that the path of the
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the incident rays coming to it
from the pomt A shall deviate
them toward the point B Then
considering ths other curve as
already known and that is
apex D 1s i the straight line
AB let us divide 1t up mnto an
mfinitude of small pieces by the
ponts G C F and having
drawn fromeach of these points
straight lines towards A to re
pre ent the meident rays and
other straight lines towards B
let there also be descnibed with
centre A the ares GL CM I'N
DO cutting the rays that come
fromAatL M N O andfrom
the ponts h G C T let there
be described the arcs KQ GR
CS TI'T cutting the rays towards Bat Q R S T and let us suppo e that the
= R

1 medium
wn to M
Descartes that the sine of the angle ZKA should be to the sine of the angle

TR B as 3 to 2 supposing that this1s the proportion of the refrction of glass

asdto. wuLuL vuu e
2&33&&2 :hat having drawn from some point which had been as;umed
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th'smBAcftheﬁ::e &K,th:hmsvbe:tmghtor 1Let there be alo
pvea m the ax. pmmLand‘heth:de:B&uhheglm and let 1t be
reqared to find the o.ber wurface KDB which receiving rav” that are parallel
to AB will drect ther m <ach wise that after being agait refracted at the

<arfee
From th. posst Llet there be drawn to some poumt of the gven ime AK the
craght foe LG whuch, = conadered 3s a 1AV of ight, 1ts refraction GD
1 then be found. Snd ths line beng then prolonged ut one ade or the other
Tl et the ctrught Tire BL, as hereat Y Let there then be erected on AB
the perpendiala. BC which will represent 3 Wave of light comng from the
& stely d:tast pont F ance we have <upposed the ravs to be parallel Then
1] the parts of the mwBCm\d.am\-eattheﬁmeumeaHhepomt L or
rather all the parts of a wave emanating
from the pomnt L must amve at the
came time at the strai ht line BC. And
furthshhsnecmrv(u&udmthelme
VGD tbe pont D <uch thst hsving
- =

CU pius 7 G 2 seee Y
@ven leng which 15 a <till eater prob-
Jem than the preceding con.truction.
'ﬂ)epmntDthusioundmllbeuneof
those through which the curve ought to
pass and the proof will be the same as
before And by thrat wmillbe proved that
the waves which eome from the pomnt L,
after havning passed through the glass
KAKB wll take the form of tra bt
line~ 85 BC which 15 the same thingas
saving that the ravs will become pars

flel Whence it follows rectprocally that

parallel falling
KDB w be reasersbled at the pomt L. ms fallng on the curface

v

- b

1t bas been found and about L as centre I

et there be de~c:
a n’c{.\e..(lu:g the <trarght Line AB at T 1n case the u:m‘;i} the sl
tan ot 0.betrwise the arc AH must be dexenibed about the &1;?::(:‘
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light from the point L to the surface Ak and from thence to the surface BDR
and from thence to the pont I' shall be trasersed everywhere equal times
and 1n each case 1n a time equal to that which the hght employs to pass along
the straight line LT of which the part AB 15 within the glass

Let LG be a ray falling on the are AL Its refraction OV wil] be gien by

means of the -~ - m GV the point
D must t the straight hine
GL may « v w wytiker with /5 of BA and the straight line Al

which as1s clear make up a grven length Or rather by deducting from each
the length of LG which 1s also grven 1t will merely be needful to adjust T'D
up to the straight ne VG i such a way that FD together with ¥4 of DG ss
equal to a mven straight lme which 1s o quite casy plane problem and the
pomt D wll be one of those through which the curve BDI ought to pass And
sumilarly having drawn another ray LM and found its refraction MO the
point N will be found n this hne and so on as many times ns one desires
To demanstrate the effect of the eurve let these be desenbed about the
centre L the circular are AH cutting LG at H and about the centre I the
arc BP and in AB let AS be taken equal to 24 of HG and ST equal to GD
Then pom A4 - he point L 1t 1s
! ¢ the ptece A will
« w w b e teansparent body only along AS for [ suppose as
above the proportion of the refraction to be as3 to 2 Now we hnow that the
pieee of wave which 1s tncident on G advances thence along the line GD
stnee GV 13 the refraction of the ray LG Then during the time that thss piece
of wave has taken from G to D the other prece which was at 8 has reached T
smee GD SE are equal But while the latter will advance from L to BB the
pieee of wave which was at D will have spread into the atr tts partial wave
the semu diameter of which DC (supposing thus wase to cut the hne DF at
C) will be 34 0f LB since the velocrty of light outside the medium 18 to that
mside as 3 to 2 Now 1t 13 easy to show that this wave nill touch the arc BP
at this pant C Tor since by construction FD+34 DG+GL are equal to I'B
+3/BA-+AL on deducting the equals LH LA there will remain TD+34DG +
GH equal to FB+3/B\ And sgam deducting from one side GH and from

the other 1ded/ ~€ 1@ = v 34 DG equal
toFBwithy o ' )18 equal to
IBwithy of v w Ly oy oLy uendeducting these equal

lengths from one side and from the other there will reman CF equal to I B
And thus 1t appears that the wave the semi-dizmeter of which 1s DC touches
the arc BP at the moment when the light commg from the pornt I hasarmved
at B along the ine LB It can be demonstrated sumiarly that at this same
maoment the hght that has come along any other ray such as I3 M\ will
have propagated the mosement which 15 termmated at the arc BP Whence
1t follows as has been often said that the propagation of the wave AH after
1t has pas.ed through the thickness of the gla s willbe the pherteal wave BI

all the pieces of which ought to advance along strught lines shich are the
rays of light to the centre T Which was to be proved Smularly the e cuncd
Lues can be found 1 all the cases which en be propesed as will be sufficienth

examples whieh T will add
Eh;:?t‘girgﬁ :‘tc‘:xothe surr;acc of the glass Ah made by the revolution about
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they €ross the glasses Jeaigned 2¢
cordinzto the con.tnlcuonwe have

to W been
o vn 80OV the strarght ine AD
which has he sum

(o
pece Dhas reached B «ow the lne Eh.1 not an
e evolute

are o o circle but 1> 3
¢ o as the of apother curve NC which touches all the
T welractions of {he parallel 1ay® i we

A pg de~enbes
at tsend b the S8 13 been thus
desenibed ¥ Sl how that the <md waLes - wresF G B
ete waltt uch

1t 15 certan that the cunne EB and all the others desenibed by the evolution
of tte curt AC with &ifferent tengths of thread will cut ol the rays HL:
0 - e and 1D «uch wise that the parts of ihem 1nter

1 for thus follows from what

ndulorum \O¥ 1magnite

1 sther if ne con.rder two of

RG andif ne <uppose the

GM pd mismy L the refraction
o P snd?!‘bcngper;\endncuhnu (R P oGP as3to2
that U 8 B th proportiod f the refraction 83 was hovn sbove 1 €%
paume 1B e Decartes And the same thing occurs n all the

arca GH 1A ¢ pam M that m the quadn\aleml Tuch enclose them the
£ de parall 1to the nnsxs!otheoppcﬂleﬂde as3to” Tbens\_oas:'ato'l\n\l
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cutting the straight hne LG ot H F

This arc GT (or AH 1 the other

case) will represent an incident wave

of hght the rays of which tend to-

wards L Similarly about the centre

F let there be deseribed the arcular y
arc DQ whch will represent o wave
emanating from the pomnt I'

Then the wave TG after having
passed through the glass must form
the wave QD and for this I observe
that the time taken by the hght along
GD 1n the glass must be equal to that
taken along the three TA B and
BQ of which AB slone 1s withm the
glass Or rather havung taken AS
equal to 24 of AT I observe thatd” of
GD ought tnt~~-

BQ and

FDorI(

1o be equa viw 1ss S of SB And
this last difference 15 a given length
and all that 1s required 15 to draw the
straight hine D from the grven pont
F to meet VG so that st may be thus
Which 1s o problem quite sumilar to
that which served for the first of these v
eonstructions where FDplus 24 0f GD

had ta be cqual to & giien length

In the demonstration 1t 1s to be observed that since ttn
the glass theremu t 1~
other side of QD T
wave GT armves at “ e 1oarmves ot Q which
1s casaly deduced from the construction 1t will be evident as a consequence
that the partinl wave generated at the pont D will touch the are RN at the
moment when the ptece Q shalt have come to R and that thus tins are will at
the ame moment be the termination of the movement that comes from the
wave TG whenee all the rest may beean ¥ 17

il

A

>y

P Tl )

& surfaces
o have
ar eliect w we

geveral im ” » i straight hnes wlach tntercest ¢ =it

angles the wases wh ¥ #m 1
Formntheea e

face ATE mtersec U cuon at difterent point  ag the

1
P 617] reprecents what can the naves of light be thns tran paren!
gg\(;:e E\ Tch ":]re cl:n at right angles by the converging my ?For they eannat be
sphencal And nhat will theee wase becomeafter the ud mvs begin tointer
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L m-dizmeter BD into twoequal
N

abing
Ly Oua then
diniding the chord O at ¥ s~ tes the

part FO for then F1s one of the required points
snd as the parailel rays are merely perpendiculars to the waves which fall
ave gurface which waves are parallel to AD 1t will be found that
- the surface AB they form on reflenon
hch ongmate from two oppoaite evolu
o taling AD as an wadent ware when
» tosay when the piece G shall

-~ aa

m
we

be
o~ the
his

that
curele 18 made €0 oA 3 1 ED and whose

centre 1s D So that tt 18 & kand of eyelord of whien wow the points can
be found geometncally

Tts length 1s exactly equal to #4 of the diameter of the sphere as can be found
and demonstrated by means of these waves nearly i the tame way a3 the
mensuration of the preceding curie though it may al.o be demoustrated m
other ways which I omit as outside the subject The area AOBEFA compniced
between the arc of the quarter-aircle the straight hine BE and the curve EF
13 equal to the fourth part of the quadrant DAB

PRNTED INTHE U § A.
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the sum of the one _ct be to the sum of the other thatistosay T to AS and
DL to \Ix and BE to Sk or DV suppe ing \ to be the nterseetion of the
curve Lk and the ray FO But making I'B perpendieular to DI the ratio of
3 10 2 15 also that of BE to the serm diameter of the sphereal wave which
emanated from the pomt F while the hght outside the transparent body
traversed the space BD Then 1t appears that this wave will intersect the
ray TM at the same point V where 1t 1s mtereeeted at nght angles by the
curve LK and consequently that the wave will touch thig cure In the
same way 1t can be proved that the same will apply to all the othier wates
obove mentioned ongmating st the ponts G H ete  to wit that they will
touch the curve EL at the moment when the picce D of the wave ED shall
have reached E

Now to say what these waves become after the rays have begun to cross
one another 1t 1s that from thence they fold back and are compased of two
contiguous parts one bemng a curve formed as evolute of the curve ENC i
one sense and the other as evolute of the same curve in the opposite sen ¢
Thus the wate KL while advancing toward the meeting place becomr ol
whereof the part ab 13 made by the ey -~
thia ¥ -
b N 3 tne same wae becomes
«y anunnally CY from whenee 1t subsequently spreads without
any fold but always along curved hnes which are evolutes of the cunve LNC
mereased by some straight hine at the ensd 0

T ch1g strught N being the pont

wh the sphere falls upon the refrac
tror wy toxs Wareh }ne =~ to touch the sphere The folding of
e up to the end of the curve C which

the proportion of the refraction as
Ccolog
As many other points as may be desired 1n the curve NC are found by a
Theorem which Mr Barrow has demonstrated 1 section 12 of his Lecfiones
Optice though for another purpose And it 1s to be noted that a straht fine
cqual in length to thiscunecanbam » T
) L

t

W ) .
w unatyy the waves that are

folded back wn refleuon by 2 con . \

cave pherical murror csn be

found Let ABC be the section N

through the a<us of a hollow hem A

1sphere the centre of which 18D

its aus being DB parallel to

which 1 suppo e the rays of hght .

tocome All thereflenons of tho ¢ 4] r o

rays which fall upon the quarter

arele AB will touch a curted line

AFE of which line the end T 13

at the focus of the hem phere













